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Abstract. Probabilistic fracture analysis is performed for predicting uncertain fracture responses 
of Functionally Graded Material (FGM) structures. The uncertainties in material properties 
including Young's modulus and fracture toughness are considered. The limit state function for a 
crack initiation event is defined in terms of the J-integral for FGMs. The First-Order-Reliability-
Method (FORM) is used in conjunction with a finite element code that computes the J-integral 
with high accuracy. A two-step probabilistic analysis procedure is proposed to investigate the 
effects of the uncertainties in the spatial distribution of Young's modulus on the probability of 
crack initiation in FGMs. First, we investigate the effects of the uncertainties in the shape of the 
spatial distribution by considering the slope and the location of the inflection point of a spatial 
distribution profile as random quantities. Second, we investigate the effects of the spatial 
fluctuations of Young's modulus by making use of a discretized random field. The companion 
paper (Part II) implements this method into a finite element fracture analysis code and presents 
numerical examples. 
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INTRODUCTION 

Functionally graded materials (FGMs) possess spatially varied microstructures and 
macroproperties. Traditionally, fracture of FGMs has been analyzed by means of 
deterministic approaches [2, 3]. Previous investigations of probabilistic fracture 
include the work by Grigoriu et al. [4] and Rao and Rahman [5], which emphasize 
homogeneous materials; and the work by Rahman and Rao [6], and Ferrante and 
Graham-Brady [8] which emphasizes FGMs. 

This paper presents a probabilistic fracture analysis method to investigate the 
effects of uncertainties on the fracture responses of FGM structures. The uncertainties 
in material properties including Young's modulus and fracture toughness are 
considered. The limit state function for a crack initiation event is defined in terms of 
the J-integral for FGMs. The First-Order-Reliability-Method (FORM) is used in 
conjunction with a finite element code that computes the J-integral with high 
accuracy. A two-step probabilistic analysis procedure is proposed to investigate the 
effects of the uncertainties in the spatial distribution of Young's modulus on the 
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probability of crack initiation in FGMs. The companion paper (Part II, Nguyen et al. 
[I]) implements this method into a finite element fracture analysis code and presents 
numerical examples. 

UNCERTAINTIES IN FRACTURE ANALYSIS OF FGM 

In this study, probability of crack initiation in mode I is considered under uncertain 
variables. The random vector X is employed to model uncertainties in loads and 
material properties. For instance. Young's modulus E, Poisson's ratio v, far-field 
applied stress magnitude o, and mode-I fracture toughness at crack tip J^ are modeled 
as random variables, i.e. X= {£, v, a, J^ }^. In the FE-FGM code, the J-integral (J), 
which is available through the fracture analysis, is considered as the crack-driving 
force. In the simulation, a simple failure criterion is considered, i.e. failure occurs 
when J > J^. This condition carmot be defined deterministically because J is 
calculated through fracture analysis and depends on X. Therefore, the probability of 
crack initiation P, is evaluated as 

/ 

P, = P[g(X) < 0] = JA(x)fl'x (1) 
g(x)<0 

where /^ (x) is the joint probability density function of X, and 

g(X) = J , - j ( x ) 

is the limit state function. 

(2) 

I A = 0.002 

(a) (b) 

FIGURE 1. Example FGM strip: (a) geometry and boundary conditions; and (b) mesh detail. 
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Figure 1 illustrates the geometry and mesh details of an example FGM strip. In this 
study, we assume that the gradation of Young's modulus follows a smooth, hyperbolic 
tangent function of the spatial coordinate Xj: 

E{X,) = ElUk. + iLJlLtanh[6(X, - a)] (3) 

where b and a represent the slope and the location of the inflection point of the 
gradation profile, respectively. For given {a,b), we find E^ and E^ such that the 
Young's modulus at the left and right edge are 3 MPa and 1 MPa, respectively. Figure 
2 illustrates smooth gradation profiles with different slopes and inflection points. In 
reality. Young's modulus profile is not smooth but it can be described by fluctuation 
curve. Figure 3 illustrates the fluctuation of Young modulus in the FGM strip and its 
relationship with the mean function, standard deviation function and correlation length 
of the random field model by use of a simulated fluctuation. Figure 4 shows the effect 
of the correlation length on the correlation coefficient function of the random field. 
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(a) (b) 
FIGURE 2. Smooth gradation profile of Young's modulus: (a) E(Xi) with b=\ to 5 when a = - 1 ; and 
(h)E(X{) with a =-0.4 to 0.4 when 6 = 3. 

5.0 

4.0 

'i) 3.0 

2.0 

1.0 

'^^^f\/ 
^ ^ T P ^ 

Standard deviation 

I I 

Correlation length 

\ ^ M 

' ^ ^ ^ . y ^ . 1 YMX;,,.,JI4 ̂ >-
Mean ^ 

I I I 

-0.5 -0.3 0.3 -0.1 0.1 

FIGURE 3. Fluctuation of Young modulus in an FGM strip. 
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FIGURE 4. Correlation functions with different correlation lengths (C.L.) 
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FIGURE 5. Spatial fluctuation of Young's modulus 
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TWO-STEP PROBABILISTIC FRACTURE ANALYSIS 

The first order reliability method (FORM) is investigated in the present work. This 
is a work in progress and other methods may be used in the near-future, such as 
second order reliability method [9] and importance samphng method. The 
deterministic fracture analysis is based on the work by Song and Pauhno [3]. 

A two-step probabilistic fracture analysis procedure is proposed to clearly identify 
the effects of different uncertainties in material uncertainties. As a first step, we 
investigate the effects of the uncertainties in the shape of the spatial distribution of 
Young's modulus by considering the slope and the location of the inflection point of 
the spatial distribution profile as random quantities. The range of parameters 
considered is illustrated in Figure 2. Second, we investigate the effects of the spatial 
fluctuations of Young's modulus by making use of a discretized random field, as 
illustrated by Figure 5. 

SUMMARY 

A probabilistic fracture analysis framework is proposed for predicting uncertain 
fracture responses of FGM structures. The uncertainties in material properties include 
Young's modulus and toughness. The limit state function for a crack initiation event is 
defined in terms of the J-integral for FGMs. The First-Order-Reliability-Method 
(FORM) is used in conjunction with a finite element code that computes the J-integral 
with high accuracy. We remark that these conclusions are done with respect to the 
specific framework adopted herein. For instance, a relevant situation in fracture 
mechanics problems consists of investigating the crack length as a random variable, 
which has not been done in this work and is a topic for future research. The present 
analysis framework is explored in a companion paper (Part II), which implements this 
method into a finite element fracture analysis code and includes numerical examples. 
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