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SUMMARY

The interaction integral is a conservation integral that relies on two admissible mechanical states for eval-
uating mixed-mode stress intensity factors (SIFs). The present paper extends this integral to functionally
graded materials in which the material properties are determined by means of either continuum functions
(e.g. exponentially graded materials) or micromechanics models (e.g. self-consistent, Mori–Tanaka, or
three-phase model). In the latter case, there is no closed-form expression for the material-property vari-
ation, and thus several quantities, such as the explicit derivative of the strain energy density, need to be
evaluated numerically (this leads to several implications in the numerical implementation). The SIFs are
determined using conservation integrals involving known auxiliary solutions. The choice of such auxil-
iary �elds and their implications on the solution procedure are discussed in detail. The computational
implementation is done using the �nite element method and thus the interaction energy contour integral
is converted to an equivalent domain integral over a �nite region surrounding the crack tip. Several
examples are given which show that the proposed method is convenient, accurate, and computationally
e�cient. Copyright ? 2003 John Wiley & Sons, Ltd.

KEY WORDS: functionally graded material; fracture mechanics; stress intensity factor; �nite element
method; interaction integral; conservation integral; micromechanics models

1. INTRODUCTION

The interaction integral method was developed for mixed-mode fracture analysis, and has been
applied to homogeneous isotropic media [1], orthotropic solids [2] and bimaterial interface
problems [3]. The method is based on conservation laws of elasticity and fracture mechanics
concepts. The fundamental basis of the approach lies in the introduction of a conservation
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integral for two admissible states (actual and auxiliary �elds) of an elastic solid. The analysis
requires evaluation of the integral along a suitably selected path surrounding the crack tip
(far-�eld).
In recent years, the interaction integral has emerged as a useful and viable technique to

extract mixed-mode stress intensity factors (SIFs) in fracture mechanics problems. For exam-
ple, the method has been used to determine mixed-mode SIFs along three-dimensional (3D)
cracks in homogeneous materials [4, 5] and also in 3D bimaterial interface cracks considering
straight [6] and curved cracks [7]. The same approach has been extended to through-cracks
in Mindlin–Reissner plates by Dolbow et al. [8]. In the area of functionally graded materials
(FGMs), the interaction integral method has been used with the extended �nite element method
(X-FEM) by Dolbow and Gosz [9], and with the element-free Galerkin (EFG) method by Rao
and Rahman [10]. Both papers [9, 10] consider the material properties given by continuum
functions (e.g. exponential or linear) and do not address micromechanics models.
Other methods have also been developed to investigate fracture of FGMs—see, for example,

the review articles by Erdogan [11], Noda [12], Paulino et al. [13], and references therein.
These include analytical or semi-analytical approaches such as those by Delale and Erdogan
[14], Erdogan [11], Erdogan and Wu [15], and Chan et al. [16], who investigated various crack
problems in FGMs with exponentially varying elastic modulus. Delale and Erdogan [17] have
studied a crack in an FGM layer between two dissimilar homogeneous half-planes. Gu and
Asaro [18] investigated a semi-in�nite crack in an FGM strip. Shbeeb et al. [19, 20] have stud-
ied multiple cracks in an in�nite nonhomogeneous plate. Honein and Herrmann [21] studied
conservation laws in nonhomogeneous plane elastostatics and evaluated a semi-in�nite crack
by using the path-independent Je-integral, which is obtained by means of a special version of
Noether’s theorem. The solutions obtained by these methods (i.e. analytical=semi-analytical)
are used as benchmark results to validate the numerical methods in the present work.
Amongst the techniques used to investigate fracture of FGMs, the �nite element method

(FEM) has been one of the most popular methods. For mixed-mode crack problems, Eischen
[22] has obtained mixed-mode SIFs in FGMs by means of the path-independent J ∗

k -integral.
Kim and Paulino [23] have also evaluated mixed-mode SIFs in FGMs by means of the
path-independent J ∗

k -integral using the equivalent domain integral (EDI) concept. For Mode
I crack problems, Gu et al. [24] have presented a simpli�ed method for evaluating SIFs
using the standard J -integral. Anlas et al. [25] have calculated SIFs in FGMs by using the
path-independent J ∗

1 -integral with element-wise homogeneous elastic properties. Marur and
Tippur [26] have investigated a crack normal to the material gradient using the FEM in
conjunction with experiments. Bao and Cai [27] have studied delamination cracking in a
functionally graded ceramic=metal substrate under mechanical and thermal loads considering
power-law type material gradation. Bao and Wang [28] have investigated periodic cracking
in functionally graded ceramic=metal coatings under mechanical and thermal loads using the
three-phase micromechanics model.
In an earlier paper published in this journal, we have used the FEM to evaluate mixed-

mode SIFs in FGMs by means of the path-independent J ∗
k -integral [23]. We have observed that

the accuracy of J ∗
k -integral is usually superior in mode I (involves J ∗

1 ) than in mixed-mode
(involves J ∗

1 , J
∗
2 ) crack problems. This occurs essentially because the numerical treatment of

crack faces which is needed to ensure path-independency of J ∗
2 may lead to loss of accu-

racy [23]. Moreover, both the theoretical formulation and numerical implementation for J ∗
1

are much simpler than for J ∗
2 . From this point of view, a method that is based solely on
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the standard J -integral (J = J1 = J ∗
1 ) for evaluating mixed-mode SIFs would be a highly

attractive method. This is precisely the case with the interaction integral method [1–3],
which is the main focus of this paper. Here the interaction integral is implemented in
a �nite element framework and extended to evaluate mixed-mode SIFs in isotropic FGMs with
material properties determined by means of either continuum functions (e.g. exponentially
graded materials) or micromechanics models (e.g. self-consistent, Mori–Tanaka, or three-phase
model). Thus the contribution of this paper includes the interaction integral in conjunction
with micromechanics models for FGMs.
Because most of the present work focuses on SIFs obtained using micromechanics models

for FGMs, a few remarks about such models are in order. The central assumption in applying
classical micromechanics models to calculate e�ective properties of composites is the exis-
tence of a representative volume element (RVE) [29, 30]. However, the theoretical basis for
such applications remains unclear because the concept of an RVE is not unique for FGMs in
the presence of continuously changing properties due to non-uniform phase distribution [31].
To overcome such limitations, Aboudi et al. [31] have developed a higher-order microme-
chanical theory. Alternative approaches have been presented by Ostoja-Starzewski et al. [32]
and Li [33]. Zuiker and Dvorak [34], Reiter et al. [35], Reiter and Dvorak [36], and Dvorak
and Srinivas [37] have shown that, among various micromechanics models for conventional
composite materials, the Mori–Tanaka and self-consistent models may be used to estimate
the e�ective properties of graded materials with somewhat reasonable accuracy. Thus, in this
work, we employ the Mori–Tanaka method (MT) [38], the self-consistent method (SCM)
[39], and the three-phase model (TPM) [40], which is a generalized self-consistent model.
Although these speci�c models are used in this work, the methodology presented in this
paper, using the interaction integral to evaluate SIFs in FGMs, is independent of the actual
micromechanics model adopted and it can be used in conjunction with any micromechanics
model.
This paper is organized as follows. Section 2 presents auxiliary �elds suitable for the

interaction integral (called M -integral) method. Section 3 explains the M -integral formulation
together with solution procedures and numerical aspects. Section 4 deals with the determination
of material properties using both continuum models and micromechanics models. The direct
and indirect approaches are used for evaluating quantities involving derivatives of material
properties. The direct approach is associated with material properties given by closed form
expressions (e.g. exponential material gradation), and the indirect approach is associated
with e�ective material properties given by means of micromechanics models (no closed form
expressions available). The direct approach includes the singular crack-tip elements and the
indirect approach is implemented by either considering or neglecting the singular crack-tip
elements. Section 5 presents various numerical examples in which the SIFs are evaluated by
means of the M -integral. Finally, Section 6 presents some �nal remarks and conclusions.

2. AUXILIARY FIELDS

In order to apply the interaction integral to fracture mechanics, the auxiliary �elds, such as
stresses and displacements, are de�ned so that they involve SIFs. Figure 1 shows a crack in a
two-dimensional FGM elastic body with applied tractions and displacements on the boundary.
Local Cartesian and cylindrical co-ordinates originate from the crack tip. There are various
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Figure 1. Co-ordinate systems at the crack tip.

suitable choices for the auxiliary �elds. In this paper, we select the auxiliary �elds as the crack-
tip asymptotic �elds, which coincide for both FGMs and homogeneous materials [22, 41, 42].
Notice, however, that the higher order terms do di�er for FGMs and homogeneous materials
[22, 43]. The auxiliary stress �elds are chosen by neglecting the terms of O(1) (so-called
T-stress) and higher:

�auxij =
K aux
I√
2�r

fI
ij (�) +

K aux
II√
2�r

fIIij (�); (i; j=1; 2) (1)

and the corresponding auxiliary displacement �elds are:

uauxi =
K aux
I

�tip

√
r
2�

gIi(�) +
K aux
II

�tip

√
r
2�

gIIi (�); (i=1; 2) (2)

where �tip is the shear modulus at the crack tip, and K aux
I and K aux

II are the auxiliary mode I
and mode II SIFs, respectively. The standard angular functions fij(�) and gi(�) (i; j = 1,2) are
given in many references, e.g. Reference [44]. Next, three alternative formulations to treat the
auxiliary �elds are discussed: incompatibility formulation, non-equilibrium formulation, and
constant-constitutive-tensor formulation. The incompatibility and non-equilibrium formulations
are equivalent to each other, and are the most accurate schemes. The constant-constitutive-
tensor formulation involves derivatives of the actual stress �eld, which may introduce accuracy
problems. Here we adopted the incompatibility formulation.

2.1. Incompatibility formulation

The auxiliary strain �eld is chosen as

�auxij = Sijkl(x) �auxkl (3)
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Figure 2. Illustration of the ‘incompatibility formulation’ accounting for material nonhomogeneity. No-
tice that, in general, S(x) �=Stip for x �=0. The area A denotes a representative region around the crack tip.

where Sijkl(x) is the compliance tensor of FGMs and, in general, Sijkl(x) �=(Sijkl)tip as shown in
Figure 2. Notice that the auxiliary stress �eld in Equation (1) is in equilibrium, i.e. �auxij; j =0 (no
body forces), but the auxiliary strain �eld in Equation (3) is not compatible with the auxiliary
displacement �eld in Equation (2), i.e. �auxij �=(uauxi; j + uauxj; i )=2. Thus such incompatibility has
to be considered in the interaction integral formulation. The expression described above was
proposed by Dolbow and Gosz [9], who applied it in conjunction with the extended FEM
(X-FEM) to evaluate the interaction integral. It was also used by Rao and Rahman [10]
(referred to as Method II in their paper), who applied it in conjunction with the element-free
Galerkin (EFG) method. Here this technique is used in conjunction with the FEM, in which
material properties are determined by means of either continuum functions or micromechanics
models.

2.2. Non-equilibrium formulation

This method is the dual counterpart to the previous one, and the actual formulation is given
by Kim and Paulino [45]. The auxiliary stress �eld is chosen as

�auxij =Cijkl(x) �auxkl (4)

where Cijkl(x) is the spatially variable constitutive tensor (e�ective moduli), and C−1
ijkl

(x)= Sijkl(x). Notice that the auxiliary stress �eld is not in equilibrium, i.e. �auxij; j �=0 (no
body forces). In this case, the auxiliary displacement �eld is given by Equation (2), and the
auxiliary strain �eld is the symmetric part of the gradient of the auxiliary displacement �eld,
i.e. �auxij =(u

aux
i; j + uauxj; i )=2. Therefore the auxiliary strain �eld is compatible with the auxiliary

displacement �eld. This choice of the auxiliary �elds has also been discussed by Dolbow and
Gosz [9].

2.3. Constant-constitutive-tensor formulation

Another alternative for the auxiliary �elds consists of choosing the auxiliary stress and dis-
placement �elds as given by Equations (1) and (2), respectively, and evaluating the auxiliary
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strain �elds by using the symmetric gradient of the auxiliary displacement �elds. In this case,
the stress-strain relationship is given by:

�auxij =(Cijkl)tip �auxij (5)

where (Cijkl)tip is a constant constitutive tensor evaluated at the crack tip. Notice that the con-
stitutive relation is only satis�ed at the crack tip location, and for other points around the crack
tip Cijkl(x) �=(Cijkl)tip. Thus the greater the distance from the crack tip, the stronger the viola-
tion of the actual constitutive behaviour is. The auxiliary stress �elds are in equilibrium and
the auxiliary strain �elds are compatible with the auxiliary displacement �elds. This choice
of the auxiliary �elds has been discussed by Dolbow and Gosz [9] and implemented by Rao
and Rahman [10] (referred to as Method I in their paper) using a meshless method. Their im-
plementation [10] requires the derivatives of the actual stress �eld, which may have accuracy
problems with standard C0 elements commomly used in the displacement-based FEM.

3. THE INTERACTION INTEGRAL: M -INTEGRAL

The interaction integral (M -integral)‡ is derived from the path-independent J -integral [49]
for two admissible states of a cracked elastic FGM body. For the sake of numerical e�-
ciency, the contour integral is transformed into an equivalent domain integral (EDI) [50].
First, the theoretical formulation is given, then the solution procedure and numerical aspects
are discussed. Afterwards, the extraction of mixed-mode SIFs is presented.

3.1. M -integral: formulation

The path-independent J -integral [49] is de�ned as

J = lim
�s→0

∫
�s
(W�1j − �ijui;1)nj d� (6)

where W is the strain energy density expressed by

W= 1
2 �ij�ij= 1

2 Cijkl�kl�ij (7)

and nj is the outward normal vector to the contour �s, as shown in Figure 3. Let us de�ne
the following contour integral:

H=
∮
�
(W�1j − �ijui;1)mjq d� (8)

‡The present M -integral should not be confused with the conservation integral M of References [46–48].
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Figure 3. Conversion of the contour integral into an equivalent domain integral (EDI) where �=
�o + �+ − �s + �−, mj = nj on �o and mj =−nj on �s.

where �=�o+�+−�s+�−, mj is a unit outward normal vector to the corresponding contour
(i.e. mj= nj on �o and mj=−nj on �s), and q is a weight function de�ned as a smoothly
varying function from q=1 on �s to q=0 on �o. Taking the limit �s → 0, one obtains

lim
�s→0

H= lim
�s→0

∫
�o+�++�−−�s

(W�1j − �ijui;1)mjq d�

= lim
�s→0

[∫
�o+�++�−

(W�1j − �ijui;1)mjq d�−
∫
�s
(W�1j − �ijui;1)njq d�

]
(9)

Because q=0 on �o and the crack faces are assumed to be traction-free, Equation (9) becomes

J =− lim
�s→0

H=− lim
�s→0

∮
�
(W�1j − �ijui;1)mjq d� (10)

Applying the divergence theorem and using the weight function q, one obtains the following
EDI:

J =
∫
A
(�ij ui;1 −W�1j); jq dA+

∫
A
(�ijui;1 −W�1j)q; j dA (11)

where q varies from unity at the crack tip to zero along the outer contour. Here the plateau
q-function is used, which can be found in many references, e.g. References [51, 52]. Let us
de�ne the �rst integral of Equation (11) as I, i.e.

I =
∫
A
(�ijui;1 −W�1j); jq dA=

∫
A
(�ij; j ui;1 + �ijui;1j −W;1)q dA (12)
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The derivative of the strain energy density (with respect to the local crack system) is
obtained as

W;1 =
@W
@x1

=�ij�ij;1 + 1
2 Cijkl;1�kl�ij (13)

where Cijkl=Cijkl(x) is the FGM constitutive tensor. Substituting the last expression of Equa-
tion (13) into Equation (12), one obtains

I =
∫
A

{
�ij(ui;1j − �ij;1)− 1

2 Cijkl;1�kl�ij
}
q dA (14)

in the absence of body forces, i.e. �ij; j=0. Although the actual �elds satisfy �ij�ij;1 =�ijui;1j,
we do not cancel out the terms underlined in Equation (14) but keep them through the
derivation of the M -integral. This derivation is based on the work by Dolbow and Gosz [9],
and it is done in order to anticipate the incompatiblity of the auxiliary strain �eld with the
auxiliary displacement �eld, which will be discussed later. Substitution of Equation (14) into
Equation (11) yields

J =
∫
A
(�ijui;1 −W�1j)q; j dA+

∫
A

{
�ij(ui;1j − �ij;1)− 1

2 Cijkl;1�kl�ij
}
q dA (15)

Let us now consider two independent admissible �elds which are the actual (u; U; �) and
auxiliary (uaux; Uaux; �aux) �elds. The J -integral of the superimposed �elds (actual and auxiliary)
can be written as:

J s =
∫
A

{
(�ij + �auxij )(ui;1 + uauxi;1 )− 1

2 (�ik + �auxik )(�ik + �auxik )�1j
}
q; j dA

+
∫
A

{
(�ij + �auxij )(ui;1j − �ij;1 + uauxi;1j − �auxij;1)

− 1
2 Cijkl;1(�kl + �auxkl )(�ij + �auxij )

}
q dA (16)

and can be conveniently decomposed into

J s= J + J aux +M (17)

where J is given by Equation (15), J aux is given by

J aux =
∫
A
(�auxij uauxi;1 −Waux�1j)q; j dA+

∫
A

{
�auxij (u

aux
i;1j − �auxij;1)− 1

2 Cijkl;1�auxkl �auxij

}
q dA (18)

which is analogous to Equation (15) with

Waux = 1
2 �

aux
ij �auxij =

1
2 Cijkl�auxkl �auxij (19)
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and M is the interaction integral (involving both actual and auxiliary �elds) given by

M =
∫
A

{
(�ijuauxi;1 + �auxij ui;1)− 1

2 (�ik�auxik + �auxik �ik)�1j
}
q; j dA

+
∫
A

{
(�ij(uauxi;1j − �auxij;1) + �auxij (ui;1j − �ij;1)− 1

2 Cijkl;1(�ij�auxkl + �auxij �kl)
}
q dA (20)

Because

�auxij ui;1j = �auxij �ij;1

�ij�auxij =Cijkl�kl�auxij =Cklij�auxij �kl=�auxkl �kl=�auxij �ij

Cijkl;1�auxij �kl =Cijkl;1�ij�auxkl

(21)

then Equation (20) becomes

M =
∫
A

{
�ijuauxi;1 + �auxij ui;1 − �ik�auxik �1j

}
q; j dA+

∫
A

{
�ij(uauxi;1j − �auxij;1)− Cijkl;1�ij�auxkl

}
q dA (22)

which is the interaction integral involving the actual and auxiliary �elds. Notice that the
incompatiblity terms, underlined in Equation (22), arise naturally in the M -integral formulation.

3.2. M -integral: solution procedure and numerical aspects

Since the FEM computation of displacements, strains, stresses, etc., is based on the global
co-ordinate system, the M -integral is evaluated �rst in the global co-ordinate system (Mglobal)
and then transformed to the local system (Mlocal). Equation (22) can be recast in the following
form (m=1; 2):

(Mm)local =
∫
A
{�ijuauxi;m + �auxij ui;m − �ik�auxik �mj} @q

@xj
dA+

∫
A
{�ij(uauxi;mj − �auxij;m)− Cijkl;m�ij�auxkl }q dA

(23)

where the underlined terms indicate the extra incompatiblity terms which arise in the formu-
lation. Thus for m=1, (M)local = (M1)local. The above expressions are represented by the local
co-ordinates xi, which can be expressed in terms of the global co-ordinates Xi by the
co-ordinate transformation xi= �ij(�)Xj, where �ij(�) is the standard co-ordinate transformation
matrix. The same transformation also holds for the M -integral, and thus (i; j=1; 2)

(Mi)local = �ij(�)(Mi)global; �ij(�)=

[
cos � sin �

− sin � cos �

]
(24)
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For the sake of numerical implementation by the FEM, Equation (23) is evaluated in global
co-ordinates. Therefore (m=1; 2)

(Mm)global =
∫
A
{�ijuauxi;m + �auxij ui;m − �ik�auxik �mj} @q

@Xj
dA+

∫
A
{�ij(uauxi;mj − �auxij;m)− Cijkl;m�ij�auxkl }q dA

(25)

The derivatives of the auxiliary strain �elds (due to incompatibility) in Equation (25) must be
carefully evaluated, as explained in Appendix A. The de�ned quantities (M1)global and (M2)global
in Equation (25) are computed in order to calculate Mlocal according to the transformation
given by Equation (24), i.e.

Mlocal = (M1)local = (M1)global cos �+ (M2)global sin � (26)

3.3. M -integral: stress intensity factors

The relationship among J -integral and the mode I and mode II stress intensity factors is
established as:

Jlocal =
K2
I + K2

II

E′
tip

(27)

where

E′
tip =

{
Etip generalized plane stress

Etip=(1−�2tip) plane strain
(28)

By superimposing the actual and auxiliary �elds, and using Equation (27), one obtains

J s
local =

(KI + K aux
I )2 + (KII + K aux

II )
2

E′
tip

(29)

= J auxlocal + Jlocal +Mlocal (30)

where

J auxlocal =
(K aux

I )2 + (K aux
II )

2

E′
tip

(31)

and

Mlocal =
2
E′
tip
(KIK aux

I + KIIK aux
II ) (32)

The mode I stress intensity factor (KI) can be computed by setting K aux
I = 1:0 and K aux

II
= 0:0, i.e.

KI =
E′
tip

2
M (1)
local (33)
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Similarly, the mode II stress intensity factor (KII) can be obtained by setting K aux
I = 0:0 and

K aux
II = 1:0, i.e.

KII =
E′
tip

2
M (2)
local (34)

Relationships (33) and (34) are essentially the same as those by Yau et al. [1], the only
di�erence being that, for the FGM case, the material properties are evaluated at the crack-tip
location.

4. MATERIAL PROPERTIES

The model used to evaluate material properties has major implications on the implementa-
tion of the interaction integral (M -integral). According to Table I, both direct and indirect
approaches are used for evaluating quantities involving derivatives of material properties.
The direct approach is associated with material properties given by closed form expressions
(e.g. exponential material gradation), while the indirect approach is associated with e�ective
material properties obtained by means of micromechanics models. In the latter case, there are
no closed form expressions for the material property variation. The direct approach includes
the singular crack-tip elements. The indirect approach is implemented by either neglecting or
considering the crack-tip elements, as illustrated by Figure 4. The motivation for this compar-
ison is to show the in�uence of the singular crack-tip elements on the solution. By neglecting
the crack-tip elements, an exclusion region is introduced at the stage of post-processing the
�nite element solution to evaluate fracture parameters (e.g. SIFs). Exclusion of the crack-tip
elements was also considered by Raju and Shivakumar [50] to solve 2D mixed-mode crack
problems.

4.1. Continuum models

For the so-called continuum models with known functions of material properties (e.g.
exponential gradation or linear gradation), the M -integral can be evaluated directly by using
Equation (23). This constitutes the so called direct approach (see Table I). For instance, con-
sider the general case of an exponentially graded material in which the material gradation can

Table I. Material property evaluation.

Derivatives

Approach Direct Indirect

Material Continuum Micromechanics
functions models

Crack-tip Included Included
elements Excluded
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(a) (b)

Figure 4. Illustration of the domain used in the ‘Indirect approach’ to evaluate SIFs by the conservative
M -integral: (a) including crack-tip elements; and (b) excluding crack-tip elements.

vary in any direction and is characterized by the nonhomogeneity parameters 	1 and 	2, i.e.

E(x1)=E0 exp(	1X1 + 	2X2) (35)

The derivatives of interest, with respect to the global co-ordinate system (Xj), are (m=1; 2)

Cijkl;m = 	mCijkl

�auxij;m = Sijkl;m�auxkl + Sijkl�auxkl;m

=−	mSijkl�auxkl + Sijkl�auxkl;m (36)

Substitution of Equation (36) into Equation (25) yields (m=1; 2)

(Mm)global =
∫
A
{�ijuauxi;m + �auxij ui;m − �ik�auxik �mj} @q

@Xj
dA+

∫
A
{�ijuauxi;mj − �auxij;m�ij}q dA (37)

where the second identity in Equation (21) has also been used to simplify the above expres-
sion.

4.2. Micromechanics models extended to FGMs

The e�ective material properties in FGMs, which usually possess large variations in volume
fractions of the constituent materials, can (arguably) be predicted over the entire range of
volume fractions (e.g. 0:06Vf61:0) by extending existing micromechanics models. In this
case, special consideration should be taken for implementing the M -integral, especially in
dealing with derivatives of material properties.
For two-phase FGMs, the volume fraction is assumed here in the form of a power function,

i.e.

Vi(X )= (X=L)p (38)
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Figure 5. Volume fractions of the inclusion phase.

where the subscript i stands for the ‘inclusion phase’, and L is the material gradation length.
Thus X =0 corresponds to pure matrix phase and X =L to pure inclusion material. Figure 5
shows the volume fraction of the inclusion phase for various values of p. The exponent p
dictates the nature of the desired distribution function. For example, in FGMs of TiC=Ni, the
optimum value for p was reported to be in the range [0:5− 0:7] [53].
The volume fraction of the material constituents may or may not be represented by explicit

functions such as the one in Equation (38). Thus we evaluate material properties by using
discrete values of the volume fraction. Moreover, here we do not use closed-form expressions
to evaluate derivatives of material properties because these expressions would be speci�c to
each speci�c micromechanics model. Thus, for the sake of generality, we determine derivatives
of material properties by using shape function derivatives of �nite elements [23, 62].

4.2.1. Selected micromechanics models. Various micromechanics models can be applied to
predict the e�ective elastic properties of FGMs, either based on classical approaches [54] or
alternative ones [31]. As motivated in the introduction of this paper, in this work we inves-
tigate the self-consistent method [39, 55–57], the three phase model [40], and the Mori–Tanaka
method [38]. These speci�c models are considered, as well as the Hashin–Shtrikman
bounds [58], which provide practical, closely spaced bounds on the elastic moduli of compos-
ite materials. For FGMs, these models are evaluated as many times as needed by considering
the range of interest of the volume fraction of the constituent materials.

• Hashin–Shtrikman Bounds
Hashin and Shtrikman [58] derived upper and lower bounds for the e�ective elastic moduli
of multiphase materials, consisting of isotropic phases, by means of variational principles for
non-homogeneous and isotropic elasticity in the case of prescribed surface displacements.
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For two-phase materials, the bounds on the e�ective shear and bulk moduli are [58]
(i; j=1; 2):

�e
i = �i + Vj

/{
1

�j − �i
+
6(
i + 2�i)Vi

5�i(3
i + 4�i)

}


e
i = 
i + Vj

/{
1


j − 
i
+

3Vi

(3
i + 4�i)

}
; (i �= j)

(39)

where the superscript e refers to the e�ective quantity, Vi is the volume fraction of phase i,
�i is the shear modulus of phase i, and 
i is the bulk modulus of phase i. Moreover, 
e

2¿
e
1

and �e
2¿�e

1.

• Self-consistent method (SCM)
The self-consistent method was derived as a means to model the behaviour of single-phase
polycrystalline materials, but because of the random or partially random orientation of the
crystals, discontinuities in properties exist across crystal interfaces. In the application to poly-
crystalline aggregates, a single anisotropic crystal is viewed as a spherical or ellipsoidal inclu-
sion embedded in an in�nite medium with the unknown isotropic properties of the aggregate.
Then the system is subjected to uniform stress or strain conditions at large distances from the
inclusion. Next the orientation average of the stress or strain in the inclusion is set equal to
the corresponding applied value of the stress or strain, hence the name ‘self-consistent’ for
this procedure.
For a two-phase composite, the shear and bulk moduli (�, 
) are given as [39]

1

+ 4�=3

=
V1


1 + 4�=3
+

V2

2 + 4�=3

(40)

(
V1
1


1 + 4�=3
+

V2
2

2 + 4�=3

)
+ 5

(
V1�2
� − �2

+
V2�1
� − �1

)
+ 2=0 (41)

where V1 and V2 are the volume fractions of phases 1 and 2, respectively. After the above
equations are solved locally for � and 
, the Young’s modulus E and the Poisson’s ratio �
of the composite are obtained as

E=
9�


�+ 3

; �=

3
 − 2�
2(�+ 3
)

(42)

• Three phase model (TPM)
The three phase model is also referred to as the generalized self-consistent method because
it follows from the original self-consistent method, which involves directly embedding the
inclusion phase in the in�nite medium of unknown e�ective properties.
The �nal solution for shear modulus � is obtained by solving the following quadratic

equation [40]:

A(�=�1)2 + 2B(�=�1) + C=0 (43)
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where the constants A, B, and C are given in Reference [40] in terms of the material properties
of the inclusion (�1; �1) and matrix (�2; �2) phases, and the volume fraction of the inclusion
(V2). The solution for the e�ective bulk modulus is given by


=
1 + V2(
2 − 
1)
/[
1 + V1

{

2 − 
1


1 + 4�1=3

}]
(44)

As before, the Young’s modulus E and the Poisson’s ratio � of the composite are obtained
using Equation (42).

• Mori–Tanaka Method (MT)
Like the self-consistent method, the Mori–Tanaka method also uses the average local stress and
strain �elds of the constituents of the composite to estimate the e�ective material properties.
However, the key to the Mori–Tanaka method is essentially mathematical and involves average
strain, average stress, and concentration tensors for dilute and non-dilute conditions. The Mori–
Tanaka method when applied to the spherical inclusion problem under non-dilute conditions
yields [38]:

�= �1 + V2(�2 − �1)

/
1 + V1




�2 − �1

�1 +
�1(9
1 + 8�1)
6(
1 + 2�1)





 (45)


= 
1 + V2(
2 − 
1)
/[
1 + V1

{

2 − 
1


1 + 4�1=3

}]
(46)

Again, the Young’s modulus E and the Poisson’s ratio � of the composite are obtained using
Equation (42).

4.2.2. M -integral implementation for regular elements. When micromechanics models are
used, there is no closed form expression available for the e�ective material properties (as
in Section 4.1). The indirect approach, which is associated with micromechanics models,
is implemented by either neglecting or considering the crack-tip elements (cf. Table I and
Figure 4). In both cases, the following form of the M -integral is used for regular elements
(i.e. non-singular), which is derived from Equation (22):

M =(M1)local =
∫
A
(�ijuauxi;1 + �auxij ui;1 − �st�auxst �1j)

@q
@xj

dA

+
∫
A
(�ijuauxi;1 + �auxij ui;1 − �st�auxst �1j); jq dA

=
∫
A
(�ijuauxi;1 + �auxij ui;1 − �st�auxst �1j)

@q
@xj

dA

−
∫
A
(�st;1�auxst + �st�auxst;1)q dA+

∫
A
(�ijuauxi;1j + �auxij ui;1j)q dA (47)
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As explained in Section 3.2, the numerical implementation (FEM) of the M -integral is done
in global co-ordinates (m=1; 2)

(Mm)global =
∫
A
(�ijuauxi;m + �auxij ui;m − �st�auxst �mj)

@q
@Xj

dA

−
∫
A
(�st; m�auxst + �st�auxst; m)q dA+

∫
A
(�ijuauxi;mj + �auxij ui;mj)q dA (48)

and then transformed to the local system according to Equation (26). Notice that the quantities
uauxi;m , �

aux
ij , �

aux
ij , and uauxi;mj do not involve derivatives of the spatially varying constitutive tensor,

so these auxiliary quantities can be evaluated analytically. However, the quantity �auxst; m does
involve its derivatives, and is numerically calculated. One of the ways to evaluate �auxst; m is to
use shape function derivatives and Gauss-point quantities of the auxiliary strain �elds �auxst .
This is illustrated below for both Q8 and T6 elements, but the procedure is also valid for
other element types.
For Q8 elements [50],

�auxst (�; �)= a1 + a2�+ a3�+ a4�� (49)

where � and � are natural co-ordinates. Using 2× 2 Gaussian quantities of the auxiliary strain
�elds, one writes �auxst as

�auxst (�; �)= [1 � � ��] T �auxst(G) (50)

where

T=
1
4



1 1 1 1

−
√
3

√
3 −

√
3

√
3√

3
√
3 −

√
3 −

√
3

−3 3 3 −3


 (51)

and

[�auxst(G)]
T = [�auxst(G1) �auxst(G2) �auxst(G3) �auxst(G4)]

T (52)

in which �auxst(G1), �
aux
st(G2), �

aux
st(G3), and �auxst(G4) are the auxiliary strain values at the Gaussian points

as shown in Figure 6(a). The partial derivatives @�auxst =@� and @�auxst =@� are{
@�auxst =@�

@�auxst =@�

}
=

[
0 1 0 �

0 0 1 �

]
T �auxst(G) (53)

Then the derivatives @�auxst =@Xm (m=1; 2) can be readily obtained as{
@�auxst =@X1

@�auxst =@X2

}
=J−1

{
@�auxst =@�

@�auxst =@�

}
(54)

where J−1 is the inverse of the Jacobian matrix.
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Figure 6. Gaussian quadrature: (a) Q8 element (2× 2); and (b) T6 element (4 point).
Nodes are numbered counter-clockwise.

Similarly, for T6 elements,

�auxst (�; �)= b1 + b2�+ b3�+ b4�� (55)

where � and � are triangular natural co-ordinates. Using four Gauss sampling points as shown
in Figure 6(b), one uses Equation (50) with the matrix T given by

T=
1
4



9 −5 −5 5

−45 25 15 5
−45 15 25 5
225 −75 −75 −75


 (56)

The derivatives (@�auxst =@�, @�auxst =@�), and @�auxst =@Xm (m=1; 2) can be obtained using Equations
(53) and (54), respectively (same procedure as for the Q8 elements).

4.2.3. M -integral implementation for crack-tip elements. For the case in which crack-tip
elements are included, the M -integral is recast as follows (cf. Equation (22)):

Mlocal = (M1)local =
∫
A
{�ijuauxi;1 + �auxij ui;1 − �ik�auxik �1j} @q

@xj
dA

+
∫
A

{
�ij(uauxi;1j − �auxij;1)− Cijkl;1�ij�auxkl

}
q dA (57)

which is Equation (23) with m=1. According to Section 3.2 (Equation (25)), the numerical
implementation (FEM) of the M -integral is done in global co-ordinates (m=1; 2)

(Mm)global =
∫
A
{�ijuauxi;m + �auxij ui;m − �ik�auxik �mj} @q

@Xj
dA

+
∫
A
{�ij(uauxi;mj − �auxij;m)− Cijkl;m�ij�auxkl }q dA
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and then transformed to the local system according to Equation (26). In the above expression,
the derivatives of the auxiliary strain �eld are obtained as follows:

�auxij;m= Sijkl;m�auxkl + Sijkl�auxkl;m (58)

The approach given in Section 4.2.2 to compute �auxij;m (see Equation (48)) for regular (non-
singular) elements, (see Equation (53) for Q8 and T6) is not employed here because of the
singular nature of the auxiliary strain �eld of O(r−1=2) in the region with special crack-tip ele-
ments (r→ 0). An alternative and feasible approach consists of evaluating Cijkl;m (see expres-
sion above for (Mm)global) and Sijkl;m (see Equation (58)) by using shape function derivatives,
as shown below.
Let P denote the material property (either Cijkl or Sijkl). For crack-tip elements (T6qp), it

is approximated as follows:

P(�; �)= b1 + b2�+ b3�+ b4�� (59)

Using four Gauss points to sample the material property tensor components, one writes P as

P(�; �)= [1 � � ��] T PG (60)

where PG denotes the material properties at the Gauss points. The derivatives (@P=@�, @P=@�),
and @P=@Xm (m=1; 2) can be obtained by Equations (53) and (54), respectively.

5. NUMERICAL EXAMPLES

The performance of the M -integral method for extracting SIFs in FGMs is examined by means
of numerical examples. In order to assess the various features of the method, the following
examples are presented:

(1) Composite strip under mode I loading
(2) Plate with an interior inclined crack—direct versus indirect approaches
(3) Edge crack in an FGM strip
(4) Functionally graded coating with multiple parallel cracks
(5) Plate with a crack and a hole

All the examples are analysed using the FEM code I-FRANC2D§ (Illinois–FRacture
ANalysis Code 2D), which is based on the code FRANC2D [59, 60] developed at Cornell
University. The I-FRANC2D code considers spatial changes in material properties (either by
means of continuum functions or micromechanics models) and special techniques to evaluate
mixed-mode SIFs in FGMs including the M -integral. The I-FRANC2D element library for
FGMs consists of graded elements [23, 61, 62], which incorporate the material property gradi-
ent at the size-scale of the element. These elements are used either as regular elements, special
crack tip elements or transition elements. The speci�c graded elements used here are based on
the generalized isoparametric formulation presented by Kim and Paulino [23], who have also
compared the performance of these elements with that of conventional homogeneous elements
(produces a step-wise constant approximation to a continuous material property �eld) [62].

§The FEM code I-FRANC2D was formerly called FGM-FRANC2D [23].
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All the examples are discretized with isoparametric graded elements using the I-FRANC2D
code. In particular, singular quarter-point six-node triangles (T6qp) are used as crack-tip
elements, eight-node serendipity elements (Q8) are used over most of the mesh, and T6
elements are used in the transition region between the T6qp and the Q8 elements. The mesh
discretization of examples 1, 3, and 4 could be reduced further by means of symmetry, but was
not due to meshing restrictions and to the fact that these meshes will be used for automatic
crack propagation under general material variation, i.e. not necessarily in the directions used
in this manuscript. Moreover, the discretization of these three examples allows one to check
that the expected symmetries are present in the results of the analyses.
The �rst example uses the direct approach to evaluate derivatives of material properties

(see Section 4), the second example compares both the direct and indirect (see Section 4
and Table I) approaches, and the remaining three examples use the indirect approach where
material properties are obtained by means of micromechanics models with volume fraction
distribution given by Equation (38) with p=1:0. All the examples include SIF results. In
addition, the �rst example addresses the convergence of the M -integral to evaluate SIFs
as the region for the EDI becomes larger. The second example investigates the in�uence
of the incompatibility in the M -integral formulation for FGMs. The third and last exam-
ples compare the in�uence of di�erent micromechanics models (SCM, TPM, and MT) on
Mode I and mixed-mode SIFs, respectively. The fourth example deals with periodic crack-
ing in the graded coating layer of a coating=substrate system. The last example consists of
a complicated geometry and boundary conditions for which there is no analytical or semi-
analytical solution available and it represents a severe test of the FEM code and the M -integral
implementation.

5.1. Composite strip under mode I loading

Figure 7(a) shows a composite strip with an edge crack of length a, Figure 7(b) illustrates the
two types of material variation considered, Figure 7(c) shows the complete mesh con�guration,
and Figure 7(d) shows a mesh detail and contours using 8 sectors (S8) and 7 rings (R7)
around the crack tip. The applied load corresponds to �22(X1; 1)= �� �E(X1)= ��E(X1)=(1−�2),
and this stress distribution was obtained by applying equivalent nodal forces along the top
horizontal edge of the mesh. The displacement boundary condition is prescribed such that
u2 = 0 along the lower edge and u1 = 0 for the node at the left hand side. This loading results
in a uniform strain �22(X1; X2)= �� in a corresponding uncracked structure.
Young’s modulus varies as a hyperbolic tangent function of X1. Its expression and spatial

derivative are given by

E(X1) =
E1 + E2
2

+
E1 − E2
2

tanh(	(X1 + 0:1)) (61)

dE(X1)
dX1

=
E1 − E2
2

	[1− tanh2(	(X1 + 0:1))] (62)

respectively, while Poisson’s ratio is constant. Equations (61) and (62) are used in the
direct approach (see Table I), which involves computation of the constitutive tensors C and S
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Figure 7. Example 1: composite strip: (a) geometry and BCs; (b) two types of material
gradation; (c) typical �nite element; and (d) mesh detail and 8 contours around the crack

tip using 8 sectors (S8) and 7 rings (R7) of elements.

and their derivatives in the process of evaluating SIFs by means of the M -integral. Figure 8
shows the modulus variation in the interval X1 ∈ [−0:5; 0:5] considering (E1; E2)= (1:0; 3:0)
MPa for various values of the nonhomogeneity parameter 	a. Notice that as 	a→ 20 the
material gradient becomes very steep. The mesh discretization consists of 807 Q8, 84 T6, and
8 T6qp elements, with a total of 899 elements and 2757 nodes. The following data were used
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Figure 8. Example 1: material gradation pro�le considering (E1; E2)= (1:0; 3:0)MPa
and various nonhomogeneity parameters 	a.

Table II. Example 1: normalized SIFs (KI=( �� �E(−0:5)
√
�a))

for a composite strip with (E1; E2)= (1:0; 3:0) MPa.

Rao and Rahman [10]

	 a Direct Method I Method II Eischen [22]

0 2.109 2.133 2.133 2.112
2 2.289 2.304 2.348 2.295
4 2.549 2.589 2.670 2.571
6 2.729 2.769 2.879 2.733
20 3.050 3.314 3.579 3.228

for the FEM analysis: a=W =0:4; L=W =1:0; 	a=0; 2; 4; 6; 20; ��=1:0; �=0:3; plane strain;
and 2× 2 Gauss quadrature.
Tables II and III show normalized SIFs using the M -integral for two di�erent material

variations corresponding to (E1; E2)= (1:0; 3:0)MPa and (E1; E2)= (3:0; 1:0)MPa, respectively.
Notice that the results for normalized SIFs agree well with reference solutions. Table II refers
to the material variation illustrated by the solid line in Figure 7(b), and also by Figure 8. The
present SIF results are in good agreement with the reference results of Eischen [22] using
the J ∗

k -integral method, and those of Rao and Rahman [10] using the element-free Galerkin
method and two techniques to evaluate the M -integral (Method I uses a constant constitutive
tensor at the crack tip region and Method II uses a spatially varying constitutive tensor).
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Table III. Example 1: normalized SIFs (KI=( �� �E(+0:5)
√
�a))

for a composite strip with (E1; E2)= (3:0; 1:0) MPa.

	 a Direct MCC

0 2.109 2.099
2 0.856 0.858
4 0.732 0.740
6 0.684 0.696
20 0.584 0.620

Table IV. Example 1: convergence of normalized
SIFs (KI=( �� �E(−0:5)

√
�a)) for a composite strip with

(E1; E2)= (1:0; 3:0) MPa and 	a=4:0 (see Figure 7(d)).

Contour SIF

1 2.565
2 2.544
3 2.546
4 2.548
5 2.548
6 2.549
7 2.549
8 2.549

Table III refers to the material variation illustrated by the dashed line of Figure 7(b). The
SIF results are in good agreement with those obtained by the modi�ed crack closure (MCC)
method presented by Kim and Paulino [23]. Because the results are normalized, it is worth
mentioning that the magnitude of SIFs for FGMs in Table III are actually lower than the
corresponding ones in Table II. In both Tables II and III, the biggest discrepancy in the
comparative results occurs for 	a=20. This is expected because this case corresponds to
the steepest material gradation (see Figure 8).
Table IV shows convergence of normalized SIFs for 	a=4:0 considering 8 contours as

shown in Figure 7(d). Each contour is a ring of elements completely surrounding the crack
tip from one crack face to the opposite crack face. The SIFs are obtained by means of the
equivalent domain integral (EDI) implementation and they converge quickly to the �nal result.

5.2. Plate with an interior inclined crack—direct versus indirect approaches

Konda and Erdogan [63] have investigated the mixed-mode crack problem in an unbounded
nonhomogeneous elastic medium considering plane state conditions (either generalized plane
stress or plane strain). The crack is arbitrarily oriented with respect to the material property
gradient. This problem is solved here by means of the FEM by considering a plate that is
large relative to the crack size (a=W =0:1), as illustrated by Figure 9(a), which shows an
interior inclined crack of length 2a with angle � in a �nite two-dimensional plate, Figure 9(b)
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Figure 9. Example 2: FGM plate with an inclined crack with angle �: (a) geometry and BCs under
�xed-grip loading; (b) typical �nite element mesh; (c) contours for EDI computation of M -integral;
(d) mesh detail using 12 sectors (S12) and 4 rings (R4) around the crack tips (�=36◦ clockwise).

shows a typical mesh con�guration, Figure 9(c) shows the �ve contours used to evaluate the
M -integral, and Figure 9(d) shows a mesh detail using 12 sectors (S12) and four rings (R4)
around the crack tip. The applied load corresponds to �22(X1; 10)= �� �Ee	X1 , and this stress
distribution was obtained by applying equivalent nodal forces along the top horizontal edge
of the mesh. The displacement boundary condition is prescribed such that u2 = 0 along the
lower edge and u1 = 0 for the node at the left hand side. This loading results in a uniform
strain �22(X1; X2)= �� in a corresponding uncracked structure.
Young’s modulus is an exponential function of X1, while Poisson’s ratio is constant

(�=0:3). The typical mesh discretization consists of 1565 Q8, 173 T6, and 24 T6qp elements,
with a total of 1762 elements and 5344 nodes. The following data were used for the FEM anal-
ysis: a=W =0:1; L=W =1:0; E(X1)= �Ee	X1 ; �E=1:0; �=�=(0:0 to 1:0); 	a=0:0; 0:5; ��=1:0;
�=0:3; plane stress; and 2× 2 Gauss quadrature.
Figure 10 shows the normalized SIFs at the right crack tip as a function of the crack

inclination angle � computed by using the direct approach of the M -integral for both 	a=0
(homogeneous material) and 	a=0:5 (FGM). Figure 11 shows an analogous plot for the left
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Figure 10. Example 2: normalized SIFs versus angle � (measured clockwise) for the right crack tip of
an interior inclined crack in a plate (K0 = �� �E

√
�a).
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Figure 11. Example 2: normalized SIFs versus angle � (measured clockwise) for the left crack tip of
an interior inclined crack in a plate (K0 = �� �E

√
�a).

crack tip. A comparison between Figures 10 and 11 reveals that for homogeneous materials
(	a=0) the SIFs at the left and right crack tips are approximately the same because the
plate is large relative to the crack length (a=W = a=L=0:1). By the symmetry of the FGM
problem illustrated in Figure 9, the SIFs at the left and right crack tips are related as follows:
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Table V. Example 2: comparison of normalized mixed-mode SIFs for the
direct approach ((S12, R4) and K0 = �� �E

√
�a). The FGM is characterized by

the nonhomogeneity parameter 	a=0:5 (see Figure 9).

Method �◦ K+
I =K0 K+

II =K0 K−
I =K0 K−

II =K0

0 1.424 0:000 0.674 0:000
18 1.285 −0:344 0.617 −0:213

Konda and 36 0.925 −0:548 0.460 −0:365
Erdogan [63] 54 0.490 −0:532 0.247 −0:397

72 0.146 −0:314 0.059 −0:269
90 0.000 0:000 0.000 0:000

0 1.4234 0:0000 0.6657 0:0000
18 1.2835 −0:3461 0.6104 −0:2109

Present 36 0.9224 −0:5510 0.4559 −0:3621
54 0.4881 −0:5344 0.2451 −0:3940
72 0.1451 −0:3147 0.0587 −0:2670
90 0.0000 0:0000 0.0000 0:0000

0 1.445 0:000 0.681 0:000
Dolbow 18 1.303 −0:353 0.623 −0:213
and Gosz [9] 36 0.930 −0:560 0.467 −0:364
(X-FEM) 54 0.488 −0:540 0.251 −0:396

72 0.142 −0:316 0.062 −0:268
90 0.000 0:000 0.000 0:000

KL
I (�)=KR

I (�− �) and KL
II (�)=−KR

II (�− �). This trend is observed in the numerical results
of Figures 10 and 11. Table V compares the normalized mixed-mode SIFs obtained by the
direct approach (using 12 sectors (S12) and 4 rings (R4) of elements around the crack
tips) considering 	a=0:5 with the reference results by Konda and Erdogan [63] and the
numerical results by Dolbow and Gosz [9], who used 60 × 60 quadrilateral elements for
the X-FEM mesh discretization. The error in our calculations ranges from 0 to 1:3%, and
the overall average error is 0:64%. Moreover, our numerical values on average appear to be
more accurate than those reported by Dolbow and Gosz [9], which may be due to the careful
crack-tip discretization used in the present investigation.
Figures 12 and 13 compare normalized SIFs computed by both including and neglecting the

incompatibility terms (see Equation (25)) in the M -integral formulation. Notice that the con-
verged solution is obtained when including the incompatibility term, however, such behaviour
is not observed when neglecting the incompatibility term. Analogous observations have also
been made by Dolbow and Gosz [9] using the extended �nite element method (X-FEM).
In order to assess the accuracy of the indirect approach in comparison with the direct

approach, the M -integral is evaluated by both approaches for the problem described above
(see Figure 9). To this end, the indirect approach is employed considering the same material
properties used for the direct approach, i.e. E(X1)= �Ee	X1 , �=0:3; however, the analytical
expression for the modulus is not used to obtain closed form expressions for the deriva-
tives of material properties. Instead, the numerical evaluation of derivatives is employed (see
Section 4.2.3). Therefore, it is expected that the normalized SIF results for the indirect
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Figure 12. Example 2: comparison of normalized SIFs (KI) using M -integral both consid-
ering and neglecting incompatibility terms for the right crack tip of an inclined crack with

angle �=36◦ clockwise (K0 = �� �E
√
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Figure 13. Example 2: comparison of normalized SIFs (KII) using M -integral both consid-
ering and neglecting incompatibility terms for the right crack tip of an inclined crack with

an angle �=36◦ clockwise (K0 = �� �E
√
�a).

approach are not as accurate as those for the direct approach. This statement can be ver-
i�ed by examining the data given in Table VI, which shows a comparison of normalized
mixed-mode SIFs computed with 12 sectors (S12) and 4 rings (R4) of elements around
the crack tips and considering the length scale of nonhomogeneity 	a=0:5. Notice that the
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Table VI. Example 2: comparison of normalized mixed-mode SIFs for the
direct and indirect approaches (K0 = �� �E

√
�a). The FGM is characterized

by the nonhomogeneity parameter 	a=0.5 (see Figure 9).

Method �◦ K+
I =K0 K+

II =K0 K−
I =K0 K−

II =K0

Konda and 18 1.285 −0:344 0.617 −0:213
Erdogan [63] 36 0.925 −0:548 0.460 −0:365

72 0.146 −0:314 0.059 −0:269
Direct 18 1.2835 −0:3461 0.6104 −0:2109
(S12,R4) 36 0.9224 −0:5510 0.4559 −0:3621

72 0.1451 −0:3147 0.0578 −0:2670
Indirect 18 1.2970 −0:3373 0.6053 −0:2082
(S12,R4) 36 0.9230 −0:5390 0.4559 −0:3551

72 0.1446 −0:3184 0.0534 −0:2659

(a) S8, R4 (c) S16, R4(b) S12, R4

Figure 14. Example 2: mesh detail using 4 rings (R4) of elements and various sectors around the crack
tips and �=81◦: (a) 8 sectors (S8); (b) 12 sectors (S12); and (c) 16 sectors (S16).

normalized SIF results for the direct approach are in remarkable agreement with those by
Konda and Erdogan [63] (maximum di�erence 2.1%, average di�erence 0.71%), however, (as
expected) the results by the indirect approach (maximum di�erence 9.5%, average di�erence
2.16%) are worse, especially as the angle � (de�ning the crack inclination) increases.
To achieve a level of accuracy comparable to that of the direct approach, the indirect

approach can be improved by means of a local selective mesh re�nement around the crack tip,
which can be done either with respect to the hoop (number of sectors) or the radial (number
of rings) discretizations. The former point is illustrated by Figure 14 and Table VII, and the
latter point is discussed in the next paragraph. Figure 14 shows three mesh details using a �xed
number of rings (R4) and a variable number of sectors (S8, S12, S16) considering �=81◦

(crack inclination angle) for the FGM plate of Figure 9(a). Table VII shows the reference
normalized SIFs given by Dong and Paulino [64] in addition to those obtained by the direct
(S12) and indirect (S8, S12, S16) approaches. Such reference results for �=81◦ are not
available from Konda and Erdogan [63]. Table VII indicates that the normalized SIF results
obtained with the indirect approach are quite sensitive to the crack tip discretization, especially
K−
I =K0. To obtain results comparable to the S12 discretization by the direct approach, at least
an S16 discretization is needed by the indirect approach.
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Table VII. Example 2. normalized mixed-mode SIFs at the tips of a crack inclined at
angle �=81◦: direct versus indirect approaches ((R4) and K0 = �� �E

√
�a). The FGM is

characterized by the nonhomogeneity parameter 	a=0:5 (see Figure 14).

Method Sectors K+
I =K0 K+

II =K0 K−
I =K0 K−

II =K0

Dong and Paulino [64] — 0.0452 −0:1595 0.0072 −0:1473
Direct S12 0.0448 −0:1608 0.0073 −0:1464

S8 0.0420 −0:1625 0.0031 −0:1422
Indirect S12 0.0392 −0:1638 0.0050 −0:1446

S16 0.0470 −0:1624 0.0065 −0:1462

(a) S16, R2 (c) S16, R4(b) S16, R3

Figure 15. Example 2: mesh detail using 16 sectors (S16) and various rings of elements around the
crack tips and �=81◦: (a) 2 rings (R2); (b) 3 rings (R3); (c) 4 rings (R4).

Table VIII. Example 2: normalized mixed-mode SIFs at the crack tips of a crack
at angle �=81◦ using indirect approaches: including versus excluding �rst ring
of crack-tip elements ((S16) and K0 = �� �E

√
�a). The FGM is characterized by

the nonhomogeneity parameter 	a=0:5 (see Figure 15).

Method Rings K+
I =K0 K+

II =K0 K−
I =K0 K−

II =K0

Dong and Paulino [64] — 0.0452 −0:1595 0.0072 −0:1473
R2 0.0477 −0:1625 0.0064 −0:1461

Included R3 0.0472 −0:1624 0.0062 −0:1462
Indirect R4 0.0470 −0:1624 0.0065 −0:1462

R2 0.0475 −0:1675 0.0058 −0:1417
Excluded R3 0.0470 −0:1654 0.0058 −0:1442

R4 0.0469 −0:1642 0.0063 −0:1448

Figure 15 shows three mesh details using a �xed number of sectors (S16) and a variable
number of rings (R2, R3, R4) considering �=81◦ (crack inclination angle) for the FGM plate
of Figure 9(a). Table VIII shows the reference normalized SIFs given by Dong and Paulino
[64] in addition to those obtained by the indirect approach both including and excluding the
crack-tip elements. As stated above, such reference results for �=81◦ are not available from
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Table IX. Example 2: comparison of normalized SIFs either including or excluding
crack-tip elements around the crack tip (S16, R4) using indirect approaches (K0=
�� �E
√
�a). The FGM is characterized by the nonhomogeneity parameter 	a=0:5:

Method �◦ K+
I =K0 K+

II =K0 K−
I =K0 K−

II =K0

0 1.424 0 0.674 0
18 1.285 −0:344 0.617 −0:213

Reference 36 0.925 −0:548 0.460 −0:365
values [63, 64] 54 0.490 −0:532 0.247 −0:397

72 0.146 −0:314 0.059 −0:269
81 0.0452 −0:1595 0.0072 −0:1473
90 0 0 0 0
0 1.4262 0 0.6612 0
18 1.2835 −0:3350 0.6076 −0:2121
36 0.9156 −0:5280 0.4489 −0:3587

Included 54 0.4876 −0:5239 0.2414 −0:3920
72 0.1486 −0:3145 0.0550 −0:2655
81 0.0470 −0:1624 0.0065 −0:1462

Indirect 90 0 0 0 0
0 1.4415 0 0.6550 0
18 1.2953 −0:3420 0.6019 −0:2085
36 0.9218 −0:5372 0.4463 −0:3536

Excluded 54 0.4893 −0:5309 0.2406 −0:3873
72 0.1488 −0:3179 0.0550 −0:2630
81 0.0469 −0:1642 0.0063 −0:1448
90 0 0 0 0

Konda and Erdogan [63]. Table VIII indicates that four rings of elements (R4) best estimate
the normalized SIFs for both cases, i.e. ‘including’ and ‘excluding’ the �rst ring of crack-tip
elements.
Based on the above results, the best combination of mesh re�nement for the indirect

approach consists of 16 sectors (S16) and 4 rings (R4) of elements. This combination is
used for evaluating the normalized SIFs shown in Table IX. Table IX shows the FEM results
for normalized SIFs using the indirect approach by considering and neglecting crack-tip ele-
ments in comparison with those reference results by Konda and Erdogan [63] and Dong and
Paulino [64]. The case ‘including’ crack-tip elements produces on average higher accuracy of
SIFs (maximum di�erence 9.8%, average di�erence 2.28%) than the case ‘excluding’ crack-tip
elements (maximum di�erence 12.5%, average di�erence 2.55%)—the maximum di�erence
occurs for �=81◦. Thus for the remaining three examples using the indirect approach, the
crack-tip elements are included in all the calculations.

5.3. Edge crack in an FGM strip

Figure 16(a) shows a long FGM strip with an edge crack of length ‘a’, Figures 16(b)
and 16(c) illustrate the tension and bending loadings, respectively, applied on the top and
bottom edges, Figure 16(d) shows the typical �nite element mesh discretization, and
Figure 16(e) shows the crack tip mesh detail using 16 sectors (S16) and 4 rings (R4) of
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Figure 16. Example 3: FGM plate: (a) geometry, BCs, and material properties; (b) tension
loading; (c) bending loading; (d) typical �nite element mesh; and (e) mesh detail using 16

sectors (S16) and 4 rings (R4) around the crack tip.

elements. The applied load corresponds to �22(X1;±4)= ± 1 for tension and �22(X1;±4)= ±
(−2X1 + 1) for bending. The displacement boundary condition is prescribed such that u2 = 0
on the crack tip node and u1 = u2 = 0 for the node in the middle of the right edge.
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Figure 17. Examples 3 and 4: variation of Young’s modulus for various micromechanics models.
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Figure 18. Examples 3 and 4: variation of Poisson’s ratio for various micromechanics models.

The e�ective material properties for Young’s modulus (E) and Poisson’s ratio (�) are
obtained using the self-consistent (SCM), the three-phase (TPM), and the Mori–Tanaka (MT)
methods. Figures 17 and 18 show the variation of Young’s modulus and Poisson’s ratio using
each of these models. The mesh discretization consists of 821 Q8, 230 T6, and 16 T6qp
elements, with a total of 1067 elements and 3159 nodes. The following data were used for
the FEM analysis: a=W =0:25; 0:5; 0:75; L=W =8; E1 = 3; �1 = 0:2; E2 = 1; �2 = 0:3333; plane
stress; and 2× 2 Gauss quadrature.
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Table X. Example 3: SIFs for an edge crack in a long FGM
strip under tension and bending loads.

Tension Bending

Method a SCM TPM MT SCM TPM MT

0.25 1.391 1.392 1.398 1.235 1.225 1.225
M -integral 0.50 3.935 3.914 3.905 2.222 2.207 2.198

0.75 13.90 13.89 13.87 5.762 5.751 5.744

0.25 1.408 1.408 1.414 1.248 1.238 1.237
MCC 0.50 3.933 3.915 3.907 2.224 2.210 2.201

0.75 13.62 13.83 13.58 5.588 5.579 5.571

X1

ε 0 ε 0

2X

2L

a
FGM

coating

Metal Substrate

w

Figure 19. Example 4: periodic multiple cracks in an FGM coating=substrate system.

Table X shows FEM results for SIFs using the M -integral in comparison with those of
the modi�ed crack closure method (MCC) [65] for both tension and bending loadings. The
present SIF results agree well with the MCC. Notice that, for both loading cases, the SIFs
increase as the crack length a increases, and the SIFs obtained by using SCM, TPM and
MT are similar because the material variation pro�le provided by these three models are
also similar. For instance, notice the narrow range of Young’s modulus and Poisson’s ratio
variations shown in Figures 17 and 18, respectively.

5.4. Functionally graded coating with multiple parallel cracks

This example, which is illustrated by Figure 19, was studied by Bao and Wang [28].
Figure 20(a) shows a typical unit of periodic multiple cracks of length a located in a
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Figure 20. Example 4: typical unit of multiple cracks in coating=substrate system under
constant displacement loading: (a) geometry and BCs; (b) complete �nite element mesh;
(c) mesh detail along the graded coating region; and (d) zoom around the crack tip using 16

sectors (S16) and 4 rings (R4) of elements.

coating=substrate system under �xed grip loading, Figure 20(b) shows the complete �nite
mesh con�guration, Figure 20(c) shows a detail around the coating graded region, and Fig-
ure 20(d) shows a zoom around the crack tip using 16 sectors (S16) and 4 rings (R4) of
elements.
The applied displacements correspond to u2(06X16301; 20)=�=1:0 along the top edge.

The displacement boundary condition is prescribed such that u1 = u2 = 0 for the corner node
on the right and bottom edges and u2 = 0 for the nodes of the bottom edge—see Figure 20(a).
The e�ective material properties for Young’s modulus (E) and Poisson’s ratio (�) are

obtained using the three-phase model (TPM). Figures 17 and 18 show the variation of Young’s
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Figure 21. Example 4: normalized energy release rates (left axis) and mode I SIF KI (right axis) versus
crack length. For this example, G0 =�2w=E′

m and E′
m=Em=(1−�2m).

modulus and Poisson’s ratio for the graded region. The mesh discretization consists of 881
Q8, 225 T6, and 16 T6qp elements, with a total of 1122 elements and 3246 nodes. The
following data were used for the FEM analysis: a=w=0:0 to 1:0; L=20;w=1;W =300;
E1 = 3; �1 = 0:2; E2 = 1; �2 = 0:3333; plane strain; and 2× 2 Gauss quadrature. Figure 21
shows normalized energy release rates and mode I SIF (KI) versus the crack length a=w. The
energy release rate is evaluated using G=K2

I =E
′
tip, and the results are normalized with respect

to G0 =�2w=E′
m where E′

m=Em=(1−�2m). The average stress � corresponding to the applied
strain �0 =�=L is obtained as [28]

�=
�0

w +W

[
W

Em

1−�2m
+
∫ w

0

E(X1)
1−�2(X1)

dx
]

(63)

which is used to obtain G0. Figure 21 shows an excellent agreement of normalized energy
release rates between our results and those by Bao and Wang [28]. Notice also that the mode
I SIF (KI) increases as the normalized crack length varies from 0 to 0:6, but decreases as it
goes from 0:6 to 1:0. The trends for G and K di�er, as well as the locations for their peak
values.

5.5. Plate with a crack and a hole

The motivation for this example is to validate the numerical procedure of the interaction
integral method in various aspects such as micromechanics models, an inclined material gra-
dation, a crack interacting with a hole, and a complicated geometry. This example also shows
capabilities and advantages of the present FEM implementation for general problems.
Figure 22(a) shows an FGM plate of complicated geometry with a crack of length a emanat-

ing from a hole. The material properties change along a line inclined at 30◦ with the Cartesian
axes, which illustrates the case of a general material gradation. The material properties con-
sidered here are those of a SiC/C (silicon-carbide=carbon) FGM system [54]. Figures 22(b)

Copyright ? 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 58:1457–1497



ACCURATE SCHEME FOR MIXED-MODE FRACTURE 1491

Figure 22. Example 5: FGM plate with a crack emanating from a hole: (a) geometry and BCs (units:
GPa, mm); (b) �nite element mesh for a=1:0; (c) �nite element mesh for a=3:0; (d) mesh detail
showing 16 sectors (S16) and 4 rings (R4) of elements around the crack tip for the case a=1:0.

and 22(c) show the complete �nite element meshes for a=1:0 and 3:0, respectively, and
Figure 22(d) shows the mesh detail around the crack tip for a=1:0.
The applied load corresponds to �22(X1; 9)=�0 = 1 GPa and �11(0; 66X269)=�0 =−1 GPa,

where �0 is a reference quantity that scales the applied stress. The displacement boundary
condition is prescribed such that u2 = 0 along the lower edge and u1 = 0 for the node at the
left hand side.
The e�ective material properties for bulk modulus (
) and Poisson’s ratio (�) are obtained

using the self-consistent (SCM), three phase (TPM), and Mori–Tanaka (MT) methods.
Figures 23 and 24 show the variation of bulk modulus and Poisson’s ratio. Notice that the
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Figure 23. Example 5: variation of bulk modulus for micromechanics models.
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Figure 24. Example 5: variation of Poisson’s ratio for micromechanics models.

range of material property variation is wider than in Example 3 (cf. Figures 24 and 18). This
wide range of properties signi�cantly in�uences the results obtained by using each microme-
chanics model. The typical mesh discretization consists of 2130 Q8, 204 T6, and 16 T6qp with
a total of 2350 elements and 7190 nodes. The following data were used for the FEM anal-
ysis: a=W =1:0 to 3:0; L=W =1:0; EC =28 GPa; �c=0:3; ESiC =320 GPa; �SiC =0:25; plane
stress; and 2× 2 Gauss quadrature. The basic two-phase material properties were obtained
from Zuiker’s paper [54].
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Table XI. Example 5: SIFs for an FGM plate with a
crack emanating from a hole.

SCM TPM MT

a KI KII KI KII KI KII

1.0 2.316 −1:508 2.403 −1:467 2.248 −1:427
1.5 2.459 −1:740 2.570 −1:729 2.418 −1:675
2.0 2.642 −1:890 2.755 −1:921 2.625 −1:853
2.5 2.954 −2:003 3.098 −2:087 2.957 −2:002
3.0 3.548 −2:138 3.687 −2:292 3.569 −2:207

Table XI shows FEM results for SIFs using the M -integral for di�erent crack lengths. As
expected, the SIFs increase as the crack length a increases. Moreover, the SIF results obtained
from the SCM, TPM, and MT di�er more from one another than in Example 3 (cf. Tables X
and XI) due to the wider range of material property variation (cf. Figures 24 and 18).

6. CONCLUDING REMARKS AND EXTENSIONS

This paper presents an accurate and robust scheme for evaluating mixed-mode SIFs by means
of the interaction integral (M -integral) method considering arbitrarily oriented cracks in two-
dimensional (2D) elastic FGMs. The scheme is robust in the sense that reasonable SIF
estimates can be obtained with relatively coarse meshes. Two kinds of numerical implemen-
tations have been developed: direct approach for continuum models and indirect approach for
micromechanics models. The latter is a generalized scheme which can handle any type
of material gradation. The direct approach exhibits high accuracy. However, the indirect
approach may lose accuracy due to numerical approximation of derivatives of material-related
quantities. The numerical experiments reveal that mesh re�nement, especially in the angular
direction (�) around a crack tip, substantially improves accuracy. We recommend that at least
sixteen sectors (S16) of singular crack-tip elements be used with the indirect approach, and 12
sectors (S12) with the direct approach. In both approaches, 4 rings (R4) of elements around
the crack-tip su�ce.
A discussion on the practical usefulness of the present methodology is in order. A potential

advantage of the computational fracture scheme developed here is its connection with fracture
experiments on both monolithic (uniform composition) and FGM specimens (e.g. initiation
toughness and R-curve). For instance, prior to a fracture experiment, a parametric study can
be conducted to investigate the in�uence of the scale of the property gradation on the energy
release rate or SIFs. This investigation can guide the type and quantity of experiments to
be performed, and it is especially important for FGMs due to the potential high cost of
such materials (e.g. ceramic FGMs [66] or metal=ceramic FGMs [67]). More speci�cally, the
computational scheme developed here can be used in conjunction with experimental work
such as the single edge notched bend (SENB) specimen tests done by Lin et al. [68] and by
Marur and Tippur [26]. The former deals with mode I fracture (crack face parallel to material
gradation) in aluminium alloy 2124=SiC FGMs, and the latter deals with mixed-mode fracture
(crack perpendicular to material gradation) in epoxy graded with uncoated solid glass sphere
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�llers. For instance, in a previous paper in this journal [23], we have compared Marur and
Tippur’s [26] experimental=numerical results with our numerical results for KI, KII, and the
mixed-mode parameter  = tan−1 (KII=KI). Moreover, carefully designed experiments can also
be used to calibrate the parameters used in the computations by providing some of the critical
values of material properties, e.g. toughness function, which can be used for crack propagation
simulation.
This work o�ers room for potential extensions to self-adaptive analysis and three-dimen-

sional (3D) fracture mechanics. The self-adaptive mesh-re�nement can lead to a systematic
selection of the (near-) optimal crack-tip mesh, and also to the mesh transition away from the
crack-tip (see, for example, Figures 14 and 15). This h-re�nement study can build upon the
techniques presented by Paulino et al. [69]. Finally, the 3D investigation allows assessment of
the thickness e�ect with respect to crack depth and the variation of SIFs throughout a crack
front, which are not detectable in two-dimensional problems.

APPENDIX A. DERIVATIVES OF AUXILIARY STRAIN FIELDS DUE TO THE
INCOMPATIBILITY TERMS

The auxiliary stress �elds with respect to the global co-ordinates are given as

�g11(r; �) = cos
2!(�l11(r; �))

2 + sin2!(�l22(r; �))
2 − sin(2!)�l12(r; �)

�g22(r; �) = sin
2!(�l11(r; �))

2 + cos2!(�l22(r; �))
2 + sin(2!)�l12(r; �)

�g12(r; �) = (cos
2!− sin2!)�l12(r; �) + sin! cos!(�l22(r; �)− �l11(r; �))

(A1)

where (·)g and (·)l denote the global and local co-ordinates, respectively, and ! denotes the
angle of local co-ordinates with respect to the global co-ordinates, as shown in Figure 1.
Using the relationship between stresses and strains, one obtains the auxiliary strain �elds with
respect to the global co-ordinates as

�gij(r; �)= Sijpq(X)�gpq(r; �) (A2)

The derivatives of the auxiliary strain �elds can be evaluated with respect to the global
co-ordinates as follows (k=1; 2):

�gij; k =
@�gij
@Xk

=
@�gij
@r

@r
@Xk

+
@�gij
@�

@�
@Xk

(A3)

where

@r
@Xk

=
@r
@x1

@x1
@Xk

+
@r
@x2

@x2
@Xk

(A4)

and

@�
@Xk

=
@�
@x1

@x1
@Xk

+
@�
@x2

@x2
@Xk

(A5)
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with

@r
@x1

= cos �;
@r
@x2

= sin �

@�
@x1

=
− sin �

r
;

@�
@x2

=
cos �
r

(A6)
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