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Abstract: Asphalt paving layers, particularly the surface course, exhibit vertically graded material properties. This grading is caused
primarily by temperature gradients and aging related stiffness gradients. Most conventional existing analysis models do not directly
account for the continuous grading of properties in flexible pavement layers. As a result, conventional analysis methods may lead to
inaccurate prediction of pavement responses and distress under traffic and environmental loading. In this paper, a theoretical formulation
for the graded finite element method is provided followed by an implementation using the user material subroutine �UMAT� capability of
the finite element software ABAQUS. Numerical examples using the UMAT are provided to illustrate the benefits of using graded elements
in pavement analysis.
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Introduction

Modern pavement design procedures involve structural modeling
of the layered pavement system, as a tool to select and optimize
materials and layer thickness to satisfy the design criteria for
pavement serviceability under anticipated traffic loads and envi-
ronmental conditions. Ideally, the structural model used for
design will accurately estimate the critical responses in the
pavement system and predict, as a function of time, distress de-
velopment such as fatigue, fracture, and permanent deformation.
There are many complexities to consider in properly modeling
flexible pavement systems, including: nonlinear material be-
havior, variable interface conditions, complex tire load patterns,
and temperature and asphalt aging effects. Most of these com-
plexities can be adequately addressed by using finite element
modeling approaches �Myers et al. 2001; Kim and Buttlar 2002;
Bozkurt and Buttlar 2002�. It can be argued that the most impor-
tant aspect of flexible pavement modeling is the proper treatment
of near-surface materials, since this region is in direct contact
with vehicular loads and environment. Proper analysis is critical
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in the design of layer thickness and selection of surface materials
to avoid premature failure.

One shortcoming of commercially available finite element
codes at the present time is the inability to properly handle severe
material property gradients within elements. In particular, oxida-
tive hardening of the asphalt surface course is known to create a
severe modulus gradient with depth �Mirza and Witczak 1995�.
Of course, one benefit of the finite element method is the ability
to assign different material properties to elements in the mesh and
as a result, one can approximate a material property gradient
by assigning different properties to successive layers in the
model. In pavement, this layered approach has been quite com-
mon �Kim and Buttlar 2002; Sangpetngam et al. 2004; AASHTO
2002�. The following quotation extracted from the AASHTO
design guide is a good example illustrating the prevalence of
the layered approach in the analysis of pavements. “The original
pavement structure defined by the user usually has 4 to 6
layers. However, the Design Guide software may subdivide the
pavement structure into 12 to 15 sublayers for the modeling of
temperature and moisture variations. The Design Guide software
performs the sublayering internally based on the material type,
layer thickness and the location of the layer within the pavement
structure.” However, this approach requires a very fine mesh to
achieve accuracy, which can lead to excessive solution times.
This is particularly critical in pavements, where three dimensional
modeling is generally required, due to geometric asymmetries
�Kim 1999; Myers et al. 2001�.

Thus, it is desirable to model the material property variation
at the element level so that coarser meshes can be used, while
maintaining accuracy. Recently such elements �called graded fi-
nite elements� have been developed and applied to functionally
graded materials �FGMs� �Santare and Lambros 2000; Kim and
Paulino 2002a�. Significant advances have been made in the
analysis of FGMs using graded finite elements including fracture
mechanics investigations involving stress intensity factors and
T-stress evaluation �Kim and Paulino 2002b; Kim and Paulino
2003�. Unlike traditional laminated composites, in FGMs the
material grading is continuous. This has the benefit of avoiding

stress concentration and delamination, leading to a more durable
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material. Although the initial emphasis in FGM development was
for thermal barrier coating for spacecraft �Hirano et al. 1990�,
many other applications have followed. These include nuclear
breeder reactors �Igari et al. 1990�, high density magnetic record-
ing media �Tani and Liu 1993�, and biomaterials, such as dental
and other implants �Watari et al. 1996; Oonishi et al. 1994�. Al-
though an aged asphalt pavement is graded by environmental
causes rather than by design, many of the analysis tools used to
analyze FGMs can be applied or modified for use in flexible
pavement analysis and design. Such is the motivation for the
current work.

Thus, the graded finite elements are advantageous for two
main reasons: �1� to model material gradient in a single pavement
layer such as the stiffening effect induced by aging of the top
asphalt layer; �2� to model material gradient between two adjoin-
ing layers by means of a smooth transition of material properties
�rather than a sharp transition as in the traditional approach�. The
graded interlayer simulates the actual merit of materials that may
occur in engineering practice. The graded interlayer leads to
smoother and more reliable interfacial stress.

The objectives of this paper are �1� to present the theoretical
framework for graded finite elements; �2� to verify user-defined
subroutine UMAT through which the graded elements are imple-
mented in the finite element software ABAQUS �2004�; and �3� to
illustrate the benefits of the graded finite elements by means of
numerical examples of pavement systems, which emphasize the
first reason above.

Graded Finite Elements

Graded elements can be compared with conventional homoge-
neous elements such as those used in traditional layered analysis
of pavement, as illustrated by Fig. 1. Notice that the graded ele-
ment incorporates the material property gradient at the size scale
of the element, while the homogeneous element produces a step-
wise constant approximation to a continuous material property
field such as the one shown in Fig. 1. Graded elements are imple-
mented by means of direct sampling properties at the Gauss
points of the element �Santare and Lambros 2000; Kim and
Paulino 2002a�, as illustrated by Fig. 2. The finite element stiff-
ness matrix relations can be written as �Hughes 1987�

Keue = Fe �1�

Fig. 1. Homogeneous versus graded finite elements: �a� property
variation along one coordinate axis; �b� homogeneous elements; and
�c� graded elements. Notice that the property of the homogeneous
elements corresponds to the property at the centroids of the graded
elements.
with

JOUR

Downloaded 24 Aug 2009 to 192.17.146.2. Redistribution subject to 
Ke =�
�e

BeT
De�x�Bed�e �2�

where ue�nodal displacement vector; Fe�load vector;
Be�strain-displacement matrix which contains gradients of the
interpolating functions; De�x��constitutive matrix �variable�; and
�e is the domain of element e. In the present work, the elasticity
matrix De�x�=De�x ,y� is assumed to be a function of spatial
coordinates.

The integral in Eq. �2� is evaluated by Gauss quadrature,
and the matrix De�x� is specified at each Gaussian integration
point. Thus for two-dimensional problems, the resulting integral
becomes

Ke = �
i=1

N

�
j=1

N

Bij
eT

Dij
e Bij

e Jijwiwj �3�

where the subscripts i and j refer to the Gaussian integration
points, Jij is the determinant of the Jacobian matrix, and wi are the
Gaussian weights.

A comparison between homogeneous and graded elements by
means of a simple element using spectral analysis reveals further
differences between elements. Consider a square element of unit
length with the origin at the left bottom corner. The Young’s
modulus is given by

E�x� = E1e�x �4�

where E1=1.0 and �=0.0 for the homogeneous material case and
�=1.0 for the nonhomogeneous material case. Figs. 3 and 4 il-
lustrate a comparison between the two cases for the Q4 element.
The following observations can be made.
• As expected, the number of rigid modes �3� and spurious de-

formation �zero energy� modes �e.g., two spurious modes for
Q4 with 1�1 Gauss integration� is the same for both cases
�homogeneous and graded elements�.

• Symmetry, as expressed by the deformation modes �eigenvec-
tors� is broken for graded elements, i.e., there are no repeated
eigenvalues.

• The total energy �Ui=�i /2 , i=1,… NDOFs� increases for the
FGM with ��0. Here NDOFs indicates the number of
degrees of freedom in the element and �i indicates the ith
eigenvalue.

Verification of UMAT

Analytical solutions �Erdogan and Wu 1997� for isotropic FGMs
where material properties vary exponentially along the x direction

Fig. 2. Graded element with direct sampling of properties at the
Gauss points. The notation P�x ,y� denotes a generic material
property such as Young’s modulus �E�x ,y�� and Poisson’s ratio
���x ,y�� in isotropic elasticity analysis.
are used as a reference to verify the implementation of the UMAT.
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Moreover, by means of this example, the benefit of using the
graded element approach is illustrated by comparing unaveraged
nodal stresses obtained with graded elements with those obtained
from the layered approach.

Consider a rectangular finite plate of width W=9 and height
H=9 as illustrated in Fig. 5. A constant traction of �t=1 perpen-
dicular to the material gradation is applied to the top edge and
displacement boundary conditions, u2=0 for the bottom edge
and u1=0 for the left bottom node, are prescribed �see Fig. 5�b��.
Consistent units are employed. The finite element mesh consists
of 81 Q8 elements, which are either graded or homogeneous
elements. The elastic modulus varies exponentially along the x
direction

E�x� = E�0�e�x, � =
1

W
log�E�W�

E�0� � �5�

where E�0�=1, E�W�=8, and � is an independent material non-
homogeneity parameter which has units �length�−1. Therefore 1/�

Fig. 3. Eigenanalysis for Q4 �2�2 Gauss quadrature� and �=0
tween the analytical solutions and the numerical results using
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is the length scale of nonhomogeneity. A constant Poisson’s ration
of 0.3 is employed. Plane stress condition and 3�3 Gauss
quadrature are adopted.

For tension loading, the compatibility condition �	yy
2 /�x2=0,

yields strain and stress fields given by �Erdogan and Wu 1997�

	yy = Ax + B , �6�

�yy�x� = E��0�e�x�Ax + B� �7�

where E��0� is E�0� for plane stress and E�0� / �1−�2� for plane
strain. The coefficients A and B are determined from the follow-
ing equilibrium conditions for the tension loading:

�
0

W

�yy�x�dx = N and �
0

W

�yy�x�x dx = M �8�

where N is �tW and M is assumed to be zero. So the stress
distribution is �Erdogan and Wu 1997�

ogeneous material�. The numbers indicate the eigenvalues ��i�.
�yy�x� =
�N

2
e�x	�W�2e�W − 2�e�W + W�2 + 2�

e�W�2W2 − e2�W + 2e�W − 1
�x +

e�W�e�W�− W2�2 + 3�W − 4� + W2�2 − 2�W + 8� − �W − 4

�e�W − 1��e�W�2W2 − e2�W + 2e�W − 1� 
 �9�
Fig. 6 compares unaveraged nodal stresses interpolated from
stresses at Gauss points using graded and homogeneous Q8 ele-
ments. The abscissa indicates the horizontal distance from the
zero coordinate. The ordinate indicates �y. Bending effects due to
both the exponential material gradation and the constant traction
perpendicular to the material gradation lead to the trend that the
exact solution first increases and then decreases with the increase
of x �see Fig. 6�. The homogeneous Q8 elements show piecewise
variation due to the stepwise approximation of the continuous
material property. However, the graded Q8 elements show re-
markably smooth stress variation and match with the analytical
solution quite well demonstrating the verification of the UMAT
implementation. The relatively small differences observed be-
the graded Q8 elements may be attributed to the fact that the
analytical solution is derived based on an infinite plate length,
while the numerical results are determined based on a finite
length. Regarding performance of both graded and homogeneous
elements, the graded elements are superior to homogeneous ele-
ments for the following reasons: �1� unaveraged stresses using
layered elements show large differences between the boundary
where material property is not continuous, while graded elements
predict almost identical unaveraged stresses at the same bound-
ary; �2� unaveraged stresses using graded elements show much
better approximation to the exact solution in every element than
those using homogeneous elements. Nodal averaging schemes
and refined meshes can improve the performance of the layered
�hom
approach. However, averaging of nodal stresses may lead to
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inaccurate responses especially in the vicinity of corners, cracks
or other discontinuities. Furthermore, refined meshes can in-
crease computational expense, particularly for three dimensional
analysis which is generally required in pavement analysis due to
geometric asymmetries. Notice that the use of graded elements
leads to averaging or approximation process in the material prop-
erties �by adopting a variable D matrix—see Eq. �2�� rather than
averaging at the end, i.e., after discretization and solution of the
boundary value problem.

Fig. 4. Eigenanalysis for Q4 �2�2 Gauss quadrature�

Fig. 5. Functionally graded plate: �a� geometry—the domain covered
by dotted line indicates the geometry used in the FEA; �b� a finite
plate used in FEA with boundary conditions and material properties
JOUR
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Application of UMAT for a Pavement System

A numerical example was chosen to coincide with a pavement
case study previously conducted at the University of Illinois in-
volving highway I-155, a four-lane divided interstate pavement
in central Illinois near the town of Lincoln �see Fig. 7�. This
pavement section has received considerable attention because it
has shown several surface related problems, such as block crack-
ing, thermal cracking, and longitudinal surface cracking �Lippert
1993; Huber and Scherocman 1994�. I-155 is a full-depth asphalt
pavement, with 375 mm of hot-mix asphalt on a lime-stabilized
clay subgrade.

Although a detailed case study of I-155 is beyond the scope
of this paper, it is hoped that the theoretical framework and pre-
liminary analysis conducted herein will be of future benefit for
forensic investigations of I-155 and other pavements showing

=1 �FGM�. The numbers indicate the eigenvalues ��i�.

Fig. 6. Stress distribution ��y� using Q8 elements for tension loading
perpendicular to the exponential material gradation along the
x direction. The inserts show the specimen before and after
deformation.
and �
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premature distress development. Early testing of recovered binder
from I-155 indicated very severe aging of the surface. For ex-
ample, the binder viscosity at 60°C which was approximately
4,000 Poise just after construction, had increased to over 100,000
Poise near the surface after three years in service.

Input Parameters and Assumptions

To evaluate the response of the I-155 pavement structure using
the graded finite element approach, a description of the asphalt
mixture property gradients as a function of depth was needed,
particularly near the pavement surface where gradients are most
severe. Gradients in material properties within a given pavement
asphalt arise for two main effects: �1� oxidative hardening �aging�
of the asphalt layer, particularly near the surface and �2� tem-
perature gradients within the pavement, giving rise to material
gradients due to the extreme sensitivity of asphalt modulus and
Poisson’s ratio to temperature. Unfortunately, insufficient mixture
testing of materials obtained at multiple depth in the pavement
was available at the time of this study to completely describe the
material property gradients on I-155. Fortunately, empirical
models have been developed by Mirza and Witczak �1995� and
Witczak �1998�. Thus, they were used to approximate the con-
crete material property gradients based upon asphalt viscosity,
pavement age, depth below the pavement surface, air void con-
tent, asphalt content, etc. The severe aging gradients obtained
with these models were found to be consistent with those reported
in the experimental field investigations of Huber and Scherocman
�1994� and Lippert �1993�. Table 1 summarizes the inputs used in
the global aging model and modulus prediction model.

In order to obtain pavement moduli under a realistic tempera-
ture gradient, it was necessary to predict pavement temperatures
versus depth at I-155. To accomplish this, the enhanced integrated
climatic model �EICM� �Larson and Dempsey 1997� was em-
ployed along with measured air temperature at Lincoln, Illinois as
tracked by the Illinois State Water Survey at the University of
Illinois at Urbana-Champaign. The EICM program is a one-
dimensional coupled heat and moisture flow model, which was

Fig. 7. Typical pavement cross section for Illinois I-155
used in the current study to predict pavement temperature profiles
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as a function of measured air temperature, latitude, percent
sunshine, emissivity, surface short wave absorptivity, maximum
convection coefficient, wind speed, and several other factors. The
predicted pavement temperature versus depth for I-155, at 5 a.m.
on July 4, 1997 is given in Fig. 8. Although the selection process
of this specific temperature event was somewhat arbitrary for the
purposes of this analysis, the selected temperature profile ap-
peared to create a fairly high stiffness gradient �which was desir-
able from the standpoint of illustrating differences between the
graded element approach and the layered approach�. Temperature
profiles from cooler months were found to produce higher overall
pavement stiffness, but much lower stiffness gradients. This is
because the mixture stiffness, as obtained from Witczak �1998�
modulus prediction model, tends to approach a plateau at approxi-
mately 21 GPa. Since all other model coefficients were held con-
stant, this mixture plateau is caused primarily by a plateau in the
binder stiffness master curve as the glassy modulus is approached.
In the case of an aged pavement such as I-155, a very low stiff-
ness gradient was predicted during the winter months and even
portions of the spring months.

Figs. 9 and 10 present the dynamic modulus and Poison’s ratio
versus depth based upon the empirical prediction models of Mirza

Table 1. Input Parameters for Global Aging Model Runs to Compute
Asphalt Concrete Modulus Gradient with Depth �T Denotes Temperature�

Input Parameter Value

Cumulative percent retained on 3/4� sieve 0

Cumulative percent retained on 3/8� sieve 8.0

Cumulative percent retained on 4 Sieve 42.0

Percent passing 200 sieve 4.6

Volume of effective asphalt content 10.0

Loading time �s� 0.1

Mean average air temperature 51.4

Pavement age in months 96

In-place air voids �percent� 7

A= �log Penetration at
T1−log Penetration at T2� / �T1−T2�

11.0248

VTS= �log log viscosity at
T2−log log viscosity at T1� / �log T1−log T2�

−3.7053

Fig. 8. Predicted pavement temperature versus depth for I-155, near
Lincoln, Illinois, at 5 a.m. on July 4, 1997
ASCE license or copyright; see http://pubs.asce.org/copyright



and Witczak �1995�. Clearly, the combination of temperature and
aging gradients creates a large gradient of predicted E* with depth
for the selected conditions, particularly in the first 100 mm of
depth. Poisson’s ratio is predicted to increase with depth in pave-
ment. Simple polynomial models were fit, as shown on Figs. 9
and 10, to facilitate input of these parameters into the graded and
layered finite element FE models.

Pavement Model

A four-lane pavement structure of length 2L=14,600 mm with
thickness of surface and binder 374.7 mm, thickness of subgrade
304.1 mm, and thickness of soil 9144 mm was analyzed in con-
junction with the UMAT where graded and homogeneous ele-
ments were implemented. To reduce the model size, a symmetry
condition was adopted. Displacement boundary conditions of
u2=0 for the bottom edge were prescribed. Normal and shear
stresses induced by a truck tire, based upon measured contact
stresses by Myers et al. �1999� for a radial tire, were used. For

Fig. 9. Dynamic modulus versus depth computed from aging,
climatic, and modulus models with fitted function

Fig. 10. Poisson’s ratio versus depth computed from aging, climatic,
and modulus models with fitted function
JOUR
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simplicity, a single radial truck tire was applied to the pavement
surface because the purpose of this analysis is primarily focused
on making a relative comparison between the graded element
and layered element approaches. The material properties where
aging and temperature are taken into account were applied
to surface and binder courses �see Figs. 9 and 10�. Young’s modu-
lus was taken as E=138 MPa in the lime-cemented subgrade and
E=35 MPa in the soil. Four layered pavement systems were con-
structed using 23,840 Q8 elements. The plane strain condition
was adopted with 3�3 Gauss quadrature.

Pavement Modeling Results

Three strategic evaluation regions within the pavement model
were examined to quantify the difference between graded
elements and the traditional layered approach as shown in
Figs. 11–14. Fig. 11 illustrates unaveraged horizontal stress pro-
files for graded and homogeneous elements along the depth at the

Fig. 11. Graded model versus layered model: Unaveraged horizontal
stress ��x� with depth �d� at the location where maximum tensile
stresses occur

Fig. 12. Graded model versus layered model: Unaveraged horizontal
stress ��x� with depth �d� along the center of the tire loads
NAL OF ENGINEERING MECHANICS © ASCE / MARCH 2006 / 245
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location where maximum surface tension occurs. It is located at
2,400 mm away from the center of the applied load. The abscissa
indicates the vertical evaluation depth to 40 mm below the sur-
face and the ordinate indicates unaveraged horizontal stresses,
i.e., �x. Along the boundaries where material properties are not
continuous, layered elements predict a large difference in un-
averaged stress, while graded elements predict almost identical
unaveraged stresses, illustrating the superiority of graded ele-
ments. Moreover, surface tensile stresses, which are important
in thermal cracking problems, are underestimated when homoge-
neous elements are used, as shown in Fig. 11.

Fig. 12 shows the unaveraged tensile stresses using graded and
homogeneous elements. The abscissa indicates the vertical evalu-
ation depth up to 40 mm below the surface, starting just below the
center of the applied loads. The ordinate indicates the horizontal
stress, i.e., �x. As expected, homogeneous Q8 elements show
piecewise variation. However, this does not occur with the graded
elements. Moreover, the surface stresses are underestimated when
homogeneous elements are adopted. A benefit of graded elements
is pronounced when the stiffness gradient is severe �see Fig. 9� for
this problem. Notice that although the realistic tire loads �Myers
et al. 1999� consisting of the normal and shear traction are ap-
plied, surface tension under the tire loads are not observed in this
simulation.

Unaveraged �z versus vertical depth is plotted for two differ-
ent approaches in Fig. 13. The absolute magnitude of �z decreases
as the vertical distance increases. However, for �z, which is an
important stress component in evaluating rutting potential in
pavements, the two approaches yield almost identical results. Un-
averaged tensile strains for graded and layered approaches are
illustrated in Fig. 14. The abscissa indicates the vertical distance
from the bottom of the surface to 85 mm above this point, directly
beneath the center of the applied loads. The absolute magnitude
of 
x decreases almost linearly with position. As expected, the
difference between graded and layered approaches are insignifi-
cant in this case, where material gradations are small. Thus, for
the purpose of a traditional fatigue analysis �bottom-up cracking
due to bending induced tensile stresses�, the traditional layered

Fig. 13. Graded model versus layered model: Unaveraged vertical
stress ��z� with depth �d� along the center of the tire loads
approach may suffice.
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Summary and Conclusion

This paper presents the development and application of graded
finite elements for pavement analysis. A theoretical formulation
for the graded finite element method was provided. The imple-
mentation of the UMAT was verified by comparing the numerical
results with the analytical solutions by means of the isotropic
graded materials where Young’s modulus varies perpendicular to
the loading direction. Numerical examples illustrate the benefits
of using graded elements.

The combination of temperature and aging gradients led to the
prediction of a large E* gradient with depth for the selected
conditions on interstate pavement I-155 in Illinois. The stiffness
gradient was found to be severe as far down as 100 mm of depth.

In general, the graded finite element method used here pro-
vides superior results over the conventional finite element
solution, which involves assigning mixture properties in layers.
As expected, the differences were most pronounced when evalu-
ating near-surface pavement responses, where severe material
gradients are present due to environmental exposure. The use
of fine meshes and stress averaging techniques can be used to
minimize errors in the layered approach. However, both of these
techniques can have significant drawbacks. For instance, very
fine meshes are computationally expensive, particularly when
conducting three-dimensional analyses. Furthermore, averaging
of nodal stresses was shown to lead to inaccuracies at layer inter-
faces of different materials, and may lead to inaccuracies in areas
of high stress gradients, such as in the vicinity of cracks or other
discontinuities.
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Appendix

The ABAQUS user subroutine UMAT for graded elements is presented here. It is written in Fortran language.

c

c ----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

c � REFERENCE

c W.G. Buttlar, G.H. Paulino and S.H. Song

c (University of Illinois at Urbana-Champaign)

c “Application of graded finite elements for asphalt paving”

c submitted to ASCE Journal of Engineering Mechanics

c

c � PROBLEM DESCRIPTION

c This UMAT user subroutine is for isotropic and isothermal materials.

c This subroutine handles for 3-D and plane strain problems.

c This subroutine needs to be modified for plane stress.

c Both homogeneous and graded properties are possible by selecting

c appropriate functional form of “props”.

c This UMAT is based on “direct integration method”.

c

c � IMPORTANT NOTICE

C For new problems, choose the function for

c the material variation and the values of “props”.

c After that, go to the section -CHANGE- and change the function and

c values accordingly.

c ----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

c

subroutine UMAT�stress, statev, ddsdde, sse, spd, scd,

& rpl, ddsddt, drplde, drpldt,

& stran, dstran, time, dtime, temp, dtemp, predef, dpred, cmname,

& ndi, nshr, ntens, nstatv, props, nprops, coords, drot, pnewdt,

& celent, dfgrd0, dfgrd1, noel, npt, layer, kspt, kstep, kinc�

c

include ’ABA_PARAM.INC’

c

character�80 cmname

dimension stress�ntens�, statev�nstatv�,

& ddsdde�ntens, ntens�,

& ddsddt�ntens�, drplde�ntens�,

& stran�ntens�, dstran�ntens�, time�2�, predef�1�, dpred�1�,

& props�nprops�, coords�3�, drot�3,3�, dfgrd0�3,3�, dfgrd1�3,3�

c

c Determine material properties based on global coordinates of gauss points.

c

c coords�1� is X-coordinate of gauss points.

c coords�2� is Y-coordinate of gauss points.

c coords�3� is Z-coordinate of gauss points.

c props is defined by users.

c The function can be also defined by users.

c

c ----CHANGE ------------------------------------------------------------------------------------------------------------------------------------------------------

E�props�1��props�2��coords�1��props�3��coords�2�

& �props�4��coords�3�

v�props�5��props�6��coords�1��props�7��coords�2�

& �props�8��coords�3�

c ----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

c

c Determine Lame’s constants

c

c amu is mu
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c alambda is lambda

c

amu=E/2.0d0/(1.0d0+v)

alambda=E�v/(1.0d0+v)/(1.0d0-2.0d0�v)

c

c Determine the tangent(Jacobian) matrix

c

c ndi is number of normal stresses �e.g. Sxx, Syy, Szz��

c nshr is number of shear stresses �e.g. Sxy�

c ntens is dimension of constitutive matrix�ntens�ndi�nshr�

c

do i=1, ndi

do j=1, ndi

if (i.eq.j) then

ddsdde(i,i)=alambda+2.0d0�amu

else

ddsdde(i,j)=alambda

endif

enddo

enddo

do i=ndi+1, ntens

ddsdde(i,i)=amu

enddo

c

c Determine the stress and update the stress

c

do i=1, ntens

do j=1, ntens

stress(i)=stress(i)+ddsdde(i,j)�dstran(j)

enddo

enddo

c

return

end
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