
Int J Fract (2011) 169:113–131
DOI 10.1007/s10704-010-9578-2

ORIGINAL PAPER

A hybrid experimental/numerical technique to extract
cohesive fracture properties for mode-I fracture
of quasi-brittle materials

Arun L. Gain · Jay Carroll ·
Glaucio H. Paulino · John Lambros

Received: 29 April 2010 / Accepted: 2 December 2010 / Published online: 3 May 2011
© Springer Science+Business Media B.V. 2011

Abstract We propose a hybrid technique to extract
cohesive fracture properties of a quasi-brittle (not
exhibiting bulk plasticity) material using an inverse
numerical analysis and experimentation based on the
optical technique of digital image correlation (DIC).
Two options for the inverse analysis were used—a
shape optimization approach, and a parameter opti-
mization for a potential-based cohesive constitutive
model, the so-called PPR (Park-Paulino-Roesler)
model. The unconstrained, derivative free Nelder-
Mead algorithm was used for optimization in the
inverse analysis. The two proposed schemes were ver-
ified for realistic cases of varying initial guesses, and
different synthetic and noisy displacement field data.
As proof of concept, both schemes were applied to a
Polymethyl-methacrylate (PMMA) quasi-static crack
growth experiment where the near tip displacement
field was obtained experimentally by DIC and was used
as input to the optimization schemes. The technique
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was successful in predicting the applied load-displace-
ment response of a four point bend edge cracked frac-
ture specimen.
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1 Introduction

Cohesive zone modeling (CZM) has been extensively
used in the past in problems dealing with debonding,
delamination, crack propagation/initiation, etc. Baren-
blatt (1959) used the concept of CZM wherein fracture
in perfectly brittle materials can be modeled as mate-
rial separation across a surface. Later Dugdale (1960)
extended the concept to perfectly plastic materials by
suggesting the existence of plastic zone at the crack tip.
Hillerborg et al. (1976), based on the ideas of Dugdale
and Barenblatt, proposed the fictitious crack model for
analyzing crack growth in concrete, since then a very
popular model in civil engineering applications. Other
researchers such as Needleman (1987) came up with
exponential and polynomial type CZMs which were
used to simulate particle debonding in metal matrices.
Xu and Needleman (1993) later used the above mod-
els to study void nucleation at an interface between a
particle and matrix. Ritchie et al. (1997) studied the
behavior of cracks near a thin metallic layer joining
monolithic ceramic substrates.
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Although early Dugdale-Barenblatt type models
involved a surface with a constant traction-separation
relation, as has been seen through the efforts of many
researchers since, the shape of the specific traction-
separation relation in a CZM plays an important role in
its behavior in a simulation framework. For instance,
Volokh (2004) compared bilinear, parabolic, sinusoidal
and exponential CZMs using a block-peel test. Using
a block-peel test, they show that contrary to popular
belief that cohesive strength and fracture energy are the
sole important factors in a CZM, the shape of the CZM
significantly affects the results. A similar study was
performed by Alfano (2006) who utilized mode-I and
mode-II simulations to pinpoint the differences arising
because of the use of different traction-separation rela-
tions such as bilinear, linear-parabolic, exponential, and
trapezoidal. They concluded that the effect of the shape
of the CZM on numerical results depends on the bound-
ary conditions of the problem and the ratios of the inter-
face toughness and the stiffness of the bulk material.
Chandra et al. (2002) performed a detailed investiga-
tion of fracture processes in a number of material sys-
tems utilizing many well known CZMs and showed
that the shape of the CZM plays a critical role in deter-
mining the macroscopic response of a composite sys-
tem. Song et al. (2008) analyzed the influence of the
shape of CZMs on asphalt concrete fracture. Gu (1995)
showed that, under large scale bridging, the shape of
the cohesive zone model influences the load carrying
capacity of a plate with an elliptical hole. Different
crack bridging mechanisms, modeled using microme-
chanical models, also result in cohesive models with
varied shapes. For instance, Budiansky et al. (1995)
have shown that for the case when crack bridging is
done using weakly bonded, frictionally restrained long
fibers oriented perpendicular to the crack plane, the
cohesive stress increases proportionally to the square
root of the crack opening displacement. Spearing and
Evans (1992) have shown that fibers oriented paral-
lel to the crack plane produces a cohesive model in
which cohesive stress decreases with an increase in
crack opening displacement.

It is clear, therefore, that the shape, and of course val-
ues, of the traction-separation relations employed are
instrumental in the model’s usefulness. Thus, as with
many such failure theories that are externally imposed
from a simulation framework, how one goes about
extracting or developing a traction-separation relation
is a critical link in the methodology. There are several

ways in which one can obtain a cohesive zone model,
chief among them being some calibration with, or pre-
diction from, experiments. Direct tension tests have
been utilized in the past by some researchers (van Mier
and van Vliet (2001)) for this purpose, although a direct
connection from a macroscale experiment to a local
characteristic such as the CZM is not straightforward.
Another approach is to directly measure traction-sepa-
ration relations from some type of local or multiscale
experimentation (e.g., Abanto-Bueno and Lambros
2005). Kaute et al. (1993) directly obtained the rela-
tionship between bridging stress and crack opening for
delamination cracking in unidirectional SiC-fiber rein-
forced calcium aluminosilicate (CAS-SiC). Using the
concept of J integral Sorensen and Jacobsen (1998),
experimentally measured the bridging law for a dou-
ble cantilever beam specimen, composed of a unidirec-
tional carbon fiber epoxy composite, with pure bending
moments applied. Andersson and Stigh (2004) deter-
mined the stress-elongation relation for a thin epoxy
adhesive loaded in peel by using equilibrium of ener-
getic forces. There are also some indirect approaches
that have been proposed in the recent past that gener-
ally involve less difficult experimentation procedures.
Kandula et al. (2006) performed an indirect approach of
calibrating static CZM based fracture simulations with
locally measured failure quantities from independent
uniaxial tension experiments. Results of macroscale
force-displacement measurements in fracture experi-
ments were then used as a basis for successful calibra-
tion of the CZM and separate experiments were used
to validate the model. Elices (2002) have also docu-
mented a number of such indirect methods. A com-
mon characteristic in all these indirect methods is that
they all use global responses, such as load versus crack
mouth opening displacement, as an input to some sort
of inverse analysis which then provides the traction ver-
sus separation relation characteristic of the fracture of
the specimen material.

Recent developments in the field of optical devices
and image processing techniques have facilitated mea-
surement of full-field displacement fields. These
displacement fields combined with suitable inverse
computational technique have been used to identify
mechanical properties of materials. Avril et al. (2008)
have conducted a detailed study of inverse computa-
tion techniques based on full-field measurements. The
finite element model updating (FEMU) method (Cottin
et al. 1984; Pagnacco et al. 2005) is one of the pop-
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ular inverse technique of choice. FEMU minimizes
the variations between either known and predefined
forces (FEMU-F), or known and predicted displace-
ment fields (FEMU-U). The constitutive equation gap
method is another scheme which is based on minimiz-
ing the difference between a given stress field and the
stress field computed using an assumed constitutive
model along with a given displacement field (Lade-
vèze et al. 1994). An approach named as the virtual
field method, based on the virtual work principle, has
emerged more recently (Grédiac and Pierron 2006). It is
used to identify the mechanical properties of materials
for which strain fields are known experimentally. The
equilibrium gap method is an inverse analysis scheme
used to determine heterogeneous elastic fields by min-
imizing the equilibrium gap (Claire et al. 2004). An
inverse scheme termed the reciprocity gap method,
based on the Maxwell-Betti reciprocity theorem and
adjoint fields, is used in situations where mechanical
field measurements are available on the boundaries.
Mechanical properties are found by minimizing the rec-
iprocity gap for any adjoint field (Calderon 1980).

Nonetheless, none of these methodologies have been
in any way standardized, and much needs to be done
to improve ways of evaluating CZM properties. This
paper investigates a hybrid (numerical/experimental)
technique which makes use of both inverse numeri-
cal simulations and optical experimental technique of
Digital Image Correlation (DIC), making the use of
global load-deflection response an independent valida-
tion rather than a means of obtaining CZM properties.
The Nelder-Mead (N-M) scheme which is an uncon-
strained, derivative free optimization scheme, is used
for the inverse analysis. Physical constraints such as
positive traction along crack faces for mode-I fracture
are imposed using barrier functions. Two options for the
inverse analysis are adopted: namely, a shape optimi-
zation approach, and a parameter optimization for the
PPR (Park-Paulino-Roesler) potential-based CZM. In
the shape optimization approach, we optimize the loca-
tion of points in the traction-separation domain which
are later interpolated to obtain the inherent cohesive
zone model. In the parameter optimization for the PPR
potential-based CZM, we optimize the PPR parameters
of cohesive strength, fracture energy and shape param-
eter. Both the proposed schemes are verified for var-
ious plausible cases. The goal of the paper is also to
validate the hybrid scheme using PMMA quasi-static
crack growth experiment. Inverse analysis takes the

local displacement fields coming from the DIC pro-
cedure for PMMA as input and validates the result
against the global sample response. Recently, Shen and
Paulino (2010a) proposed a similar technique to extract
CZM associated with material fracture for an elastic
bulk material using combination of inverse analysis and
digital image correlation. They used a shape optimiza-
tion technique for the CZM, in which the FEMU-U
approach was used for the inverse analysis and applied
it to compute the cohesive properties of a ductile adhe-
sive, Devcon Plastic Welder II (with PMMA as the bulk
material), and G-10/FR4 Garolite. We have adopted the
FEMU-F approach for our inverse analysis schemes.
The modifications here are that in addition to a shape
optimization approach, we also use a parameter opti-
mization for the PPR (Park-Paulino-Roesler) potential-
based CZM which has not appeared in literature before.
Our validation experiment is aimed at estimating the
cohesive fracture properties of PMMA (single speci-
men without any adhesive bonding).

The remainder of the paper is organized as follows:
Section 2 presents the two proposed inverse analy-
sis approaches. Both direct and inverse problems are
discussed for the two schemes. Section 3 shows two
demonstrative examples, one for each approach. We
verified both schemes for various initial guesses, dif-
ferent displacement field data and noisy displacement
field data. Section 4 demonstrates the use of the pro-
posed concepts by applying the hybrid scheme to a
PMMA quasi-static crack growth four point bending
edge crack experiment.

2 Shape optimization approach

The underlying concept in the shape optimization tech-
nique is that the material specific CZM is obtained
from interpolation of points on the traction-separation
domain. The locations of points are determined using
the Nelder-Mead optimization technique.

2.1 Direct problem

Formulation of the direct problem is based on the prin-
ciple of virtual work. The sum of internal work done
by the virtual strain δε in the domain � and inter-
nal work done by the virtual crack opening displace-
ment δd along the crack line �c is equal to the external
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work done by virtual displacement δu along the trac-
tion boundary �. Moreover, Tc is the cohesive traction
generated on the surface of the crack due to applied vir-
tual displacement δu, and Text is the externally applied
traction. Thus, the weak form is expressed as

∫
�

δεT · σd� +
∫

�c

δdT · Tcd�c =
∫

�

δuT · Text d�

(1)

Using shape function derivative matrix B and shape
function matrix N, Eq. (1) can be rewritten as follows
(Park et al. 2009; Song 2006),
(∫

�
BT EB d� +

∫
�c

NT ∂Tc

δd
N d�c

)
u =

∫
�

Text d� (2)

(Kb + Kcoh(u, λcoh)) u = Fext (3)

where, E is the material tangent matrix, λcoh is the set
of cohesive parameters which defines the cohesive zone
model, and Kb, Kcoh , and Fext are given as

Kb =
∫

�

BT EB d�, Kcoh =
∫

�c

NT ∂Tc

δd
N d�c,

Fext =
∫

�

Text d� (4)

In the direct problem, the material properties (e.g.,
Young’s modulus, Poisson’s ratio and associated CZM)
are known a priori. Simulation output is obtained in
the form of load versus crack mouth displacement
(CMOD) or load versus load line displacement (LLD),
etc. At each loading step, the entire displacement field
of the specimen is also obtained. The Newton-Raphson
scheme is used to solve this nonlinear problem. Cur-
rent work concentrates on the two dimensional case
with mode-I symmetry. Consider a two dimensional
specimen as shown in the Fig. 1. The specimen is sim-
ply supported and loaded in four point bending such
that the crack propagates along the line of symmetry.
Taking advantage of symmetry, only half of the beam is
considered. Cohesive line elements are inserted directly
ahead of the starter crack along the line represented by
the thick line in Fig. 1.

2.2 Inverse problem

The inverse problem is governed by the same equation
as the direct problem (Eq. (3)) with the only difference

31.6 31.6

W
 =

 3
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4

12.4 12.4
62.8 62.8a = 8

Units in mm

Fig. 1 Specimen geometry for the numerical examples. The
initial crack length is denoted by ‘a’

that now the displacement field u would be considered
known (either, for example, from the direct problem
simulation or from independent experimentation) and
the unknowns are the cohesive parameters λcoh which
represent the unknown coordinates of a number of
points on the traction-separation curve as shown in
Fig. 2, i.e. λcoh = {X1, X2, . . . , Xn, Y1, Y2, . . . , Yn}

The cohesive parameters are estimated using an
optimization scheme which minimizes the following
function including norm of the residual and barrier
functions,

min
λcoh

�(λcoh) = w1||Fext − Fint ||
+w f 1 f1(Y) + w f 2 f2(X), � : R

2n → R (5)

where, Fint = (Kb + Kcoh(u,λcoh)) u; 2n repre-
sents the number of cohesive parameters being opti-
mized; w1, w f 1, w f 2 are the weighting factors; X =
{X1, X2, . . . Xn} ; Y = {Y1, Y2, . . . Yn}. The inher-
ent CZM is obtained by interpolating the optimized
points. Piecewise Cubic Hermite (PCH) interpolation
has been used in this study. The optimization scheme is
terminated when the change in objective function is less
than 0.1 percent. This technique is capable of producing

σ=

σ

= Δ
Δ

( )

Fig. 2 Illustration of cohesive parameters for shape optimi-
zation approach. The circles represent the interpolation points
whose coordinates are being optimized. CZM is obtained by
interpolation of these points

123123



A hybrid experimental/numerical technique 117

CZMs of any shape regardless of the how complicated it
might be because the shape is not assumed beforehand
but rather comes out of an optimization, which is rarely
seen in literature (Shen 2009; Shen et al. 2010b). At this
stage, for technique development purposes, the inverse
problem takes the displacement fields resulting from
the direct problem as input. Note that, as will be sub-
sequently, the displacement field corresponding to any
single value of applied load in the direct problem can be
chosen for the inverse analysis provided that the com-
plete cohesive zone has been fully formed at this load.

Optimization is carried out using the Nelder-Mead
(N-M) optimization scheme (Nelder and Mead 1965).
The N-M algorithm belongs to the class of direct search
algorithms. It uses a series of simplexes (entities which
depend on the number of unknowns in the optimiza-
tion problem e.g., line for single unknown, triangle for
two unknowns, tetrahedron for three unknowns etc.)
to minimize a scalar function of variables using the
function value only. The distinguishing feature of the
N-M scheme is that it is an unconstrained optimization
(i.e., the variable being optimized x ∈ (−∞,∞)). It
is derivative free, so there is no need to calculate the
Jacobian or Hessian (thus avoiding a lot of potential
numerical errors). A flow chart illustrating the N-M
scheme is shown in Fig. 3. For algorithm details see
Nelder and Mead (1965).

The N-M scheme is an unconstrained optimization
so the cohesive parameters are allowed to take any
value ∈ (−∞,∞). However, physically it makes no
sense for the cohesive parameters to take any value e.g.
the tractions for mode-I fracture can only be tensile in
nature i.e. σ > 0, for mode-I fracture. Also X1 < X2 <
· · · < Xi−1 < Xi < Xi+1 < · · · < Xn would have to
be enforced to ensure no snap back behavior (i.e.,
Xi−1 > Xi). These constraints are incorporated
into the N-M optimization through the use of barrier
functions f1, f2 given by,

f1(Y) =
∑

i

10�1(γ1−γi), f2(X) =
∑

i

10�2(ζi−γ2) (6)

where, γi << 1, �i >> 1, also

ζi =
∣∣∣∣∣
Xi − Xi+1+Xi−1

2
Xi+1−Xi−1

2

∣∣∣∣∣ (7)

The barrier function assumes a negligible value
when in the feasible region but reaches a very high
value when the forbidden region is approached. In

the literature, various barrier functions have been used
such as inverse barrier functions, logarithmic func-
tions and exponential barrier functions (Nocedal and
Wright 2006). As seen in Eq. 6, exponential type
barrier functions have been chosen for the current
analysis.

The inverse analysis is known to be ill-posed with
no unique solution. In order to prevent the algorithm
from getting bogged down at one of the local min-
ima, regularization needs to be performed. Through
regularizations we ensure that non-physical CZMs
are removed if and when they arise during optimi-
zation. The regularization schemes similar to one
used by Shen (2009), Shen et al. (2010b) have been
used. Our first regularization scheme ensures that the
points being optimized are certain predefined dis-
tance apart, preventing them from forming a clus-
ter. The cluster needs to be avoided to facilitate
convergence. Clusters are removed as follow. Con-
sider that we have n points (P1, P2, . . . , Pi, . . . , Pn)
on the traction-separation curve whose locations
({X1, Y1} , {X2, Y2} , . . . , {Xi, Yi} , . . . , {Xn, Yn}) we
are trying to optimize. First we calculate the distance
between adjacent points on the traction-separation
curve. Let the distances be (d1, d2, . . . , di, . . . , dn−1)
and the maximum distance be dmax. Suppose di <

α dmax(α is chosen by the user, we used α = 1/6),
which means points Pi and Pi+1 are too close to
each other. So point Pi+1 is removed and in its place,
a point Pk is added to the CZM such that Xk =
(Xi + Xi+2)/2 and Yk is the value of traction at Xk

on the previously converged CZM. Other scheme we
used removed any non physical CZM (such as highly
fluctuating CZM) that emerged during any iteration.
The fluctuations in CZM are removed as follows:
Consider the case when the points Pi−1, Pi, Pi+1 are
located close to each other such that (Xi−1 − Xi) ≈
(Xi − Xi+1) ≈ β Xmax (β is chosen by the user,
we used β = 1/20) and Yi >> Yi−1, Yi >>

Yi+1. Clearly the point Pi causes instability and
needs to be removed. So the points Pi and Pi+1 are
removed and in their place two points are added to
the CZM in a way similar to the cluster case dis-
cussed above. Both the above schemes are conducted
automatically after each iteration without any outside
intervention. Although these regularization schemes
are heuristic in nature, along with the barrier func-
tions they have proven sufficient to stabilize the
algorithm.
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Fig. 3 Flow chart illustrating Nelder-Mead optimization
scheme for three unknowns. λ′

is, i = 1 − 4, are the points in
the space defined by the three unknowns with corresponding
objective function values f ′

i s. For three unknowns, the simplex
is a tetrahedron. λr , λe, λc, and λcc are the reflection, expansion,
outside-contraction, and inside-contraction points respectively.
Assuming we have a minimization problem and f1 < f2 <

f3 < f4, the objective for each iteration is to replace the worst λi
(which is λ4 is this case) with a better approximation (λr, λe, λc,

or λcc). (λ̄ is the centroid of the triangle formed by λ1, λ2, and
λ3. At the end of each iteration, if none of the conditions for
fr , fe, fc, or fcc are satisfied then λ1 is retained (best point) and
rest of the three vertices are obtained by shrinking the tetrahedron

3 Parameter optimization for the PPR
potential-based CZM

The Park-Paulino-Roesler model (Park et al. 2009) was
chosen for this work because it provides a single closed
potential function which can be used to obtain traction-
separation curves for both mode-I and II and can pro-
vide both intrinsic and extrinsic CZMs. For the mixed
mode case, different fracture energies and cohesive
strengths can be specified. Just by determining few
parameters (the fracture energy, cohesive strength, and
shape parameter in an extrinsic mode-I case; and addi-
tionally the initial slope for the intrinsic case) the CZM
can be uniquely defined. Although we only deal with
mode-I here, the PPR provides a platform for our work
to be extended to mixed mode fracture.

3.1 Direct problem

The formulation for the direct problem is the same as
the previously proposed scheme (Eqs. (1)–(4)). The

CZM comes from the derivative of the PPR potential.
For the mode-I extrinsic model, the normal traction
versus normal separation relation is given by Eq. (8).
Knowing the parameters: fracture energy φn, cohesive
strength σc, and shape parameter α, the CZM can be
uniquely defined.

σn(�n) = α
φn

δn

(
1 − �n

δn

)α−1

(8)

where, αn is the normal traction, �n is the normal crack
separation, and δn are given by

δn = αφn

σc
(9)

3.2 Inverse problem

The objective in this approach is to optimize the cohe-
sive parameters λcoh = {φn, σc, α} using the Nelder-
Mead optimization scheme. The reason why PPR is
attractive for inverse analysis is that it is a unified model
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Fig. 4 Illustration of some of the plausible shapes for mode-I
extrinsic PPR model for different shape parameters α

that can represent a wide range of softening models
previously used in the literature, such as plateau, lin-
ear, exponential type, etc simply by changing the shape
parameter α, as shown in Fig. 4.

The objective function for the N-M optimization
scheme is defined as follows,

min
λcoh

�(λcoh) = w1||Fext − Fint ||
+w f 1 f1(α), � : R

3 → R (10)

where, Fint = (Kb + Kcoh(u,λcoh)) u;w1, w f 1 are
the weighting factors. As before, in order to account
for the constraints, barrier functions need to be defined.
f1is the barrier function that ensures α > 1.

f1(α) =
∑

10�(1−α) (11)

where, � >> 1. Here, as well, the optimization
scheme is terminated when the change in objective
function is less than 0.1 percent.

4 Numerical examples

In this section, two examples, one for each optimiza-
tion approach will be shown. Synthetic displacement
field data coming from a direct problem solution will
be used as the input for the inverse problem. We have
also shown that the inverse analysis technique works of
any choice of CZM used for the direct problem (Gain
2010) and does not depend on any prior knowledge of
the result.

4.1 Problem description

Four point bending of a simply supported single edge
notch beam (SENB) undergoing mode-I fracture is
used for the illustration. The geometry and boundary
conditions are shown in Fig. 1. Plane stress conditions
are assumed for the simulations. The bulk material is
assumed to be quasi-brittle (i.e., exhibiting linear elas-
tic response everywhere with the exception of the line
cohesive zone where all nonlinearities will be concen-
trated), with Young’s modulus E = 70 GPa, Poisson’s
ratio ν = 0.25, and initial crack length a = 8 mm. The
finite element mesh has finer elements along the axis
of symmetry along which the crack will propagate and
the elements gradually increase in size towards the sup-
ports. The finer elements ensure that the nonlinearity
due to the cohesive zone is captured accurately. In order
to take advantage of symmetry only half the beam is
modeled. The finite element mesh contains 2891 nodes,
2673 Q4 bulk elements and 608 cohesive line elements.
Based on a parametric study conducted by Song et al.
(2006), the size of the cohesive elements inserted along
the line of symmetry is 0.05 mm which is fine enough
to capture the nonlinearities due to fracture. In all cases
there are at least three elements in the failing cohesive
zone. The displacement field of the entire specimen
is used as input for the inverse scheme. The software
PATRAN is used to generate the meshes, and compu-
tational implementation is done in MATLAB.

4.2 Shape optimization approach

As load is applied sequentially in the direct simula-
tion through fixed displacement intervals, the crack
at some critical value initiates and then propagates
along a straight line resulting in compliance change
of the configuration of the beam. The direct problem is
solved using 100 displacement controlled loading steps
with maximum displacement of 0.13 mm applied in the
downward direction. A power law traction-separation
is used to spontaneously initiate and grow the crack.
The global response in the form of load versus crack
mouth opening displacement (CMOD) obtained from
the direct simulation is shown in Fig. 5. The software
ABAQUS has been used on the same direct problem to
verify the results from the numerical implementation
developed for this work. As seen in Fig. 5, there is excel-
lent agreement between our MATLAB implementation
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Fig. 5 Load versus CMOD plot for SENB using power relation

and ABAQUS results. All future results of both direct
and inverse problems shown in this work will be from
our numerical implementation.

A loading step when the crack has propagated sig-
nificantly into the specimen ligament is selected (spe-
cifically, load level=92 N), and the displacement field
corresponding to this loading step is used to run the
inverse analysis. Note that the displacement field cor-
responding to only one loading step is used and the
selection of the loading step is essentially arbitrary as
long as the crack has propagated sufficiently away from
the initial pre-crack forming complete cohesive zone.
In addition, other than the 2D displacement field at this
time instant and the bulk elastic properties, presum-
ably obtained independently, no other cohesive param-
eters are used as input to the optimization scheme. Both
cohesive parameters (cohesive strength, cohesive frac-
ture energy) and the shape of the traction-separation
relationship are outcomes of the optimization. Figure 6
shows the evolution of the CZM with different itera-
tions of the N-M optimization scheme. The top part
of the figure shows the history of the objective func-
tion � (Eq. 4) during the minimization process. The
six panels (a- f ) below the main figure show the evolu-
tion of the traction-separation relation corresponding to
the iterations marked in the main figure above. As can
be seen neither the maximum cohesive stress, nor the
displacement, nor the shape of the curve are predeter-
mined. The relation shown in ( f ), which corresponds
to the state after a large number of iterations with near
zero �, is very similar to that shown in (e) illustrating
the robust convergence of this scheme after a relatively

small number of iterations. In terms of run time, the 400
iterations correspond to 2–3 min for the current mesh
discretization.

In order to verify the inverse analysis implementa-
tion, various plausible cases of direct problem condi-
tions have been investigated and the inverse analysis
results have been compared to the known direct prob-
lem input CZM curves. The process is discussed in the
subsequent sections.

4.2.1 Displacement field obtained from various
loading steps

One possible source of non-uniqueness of the solu-
tion could be the choice of load level from which we
pick the displacement field used in the minimization
scheme. The implementation needs to be verified for
different sets of displacement field data taken from dif-
ferent loading levels to ensure that the extracted CZMs
are similar. To this end, displacement fields taken from
the direct problem loading levels corresponding to 170,
123, 92, 74 and 56 N, along the descending part of
the load-CMOD curve, are used as input and corre-
sponding CZMs extracted from the inverse problem
are shown in Fig. 7. Six points are used in the CZM.
Based on our numerical experiments, using more than 6
points does not add to the accuracy but rather only adds
to the computational cost. The optimization scheme
starts with an initial guess for CZM as linear soften-
ing between points (σn,�n) = (1, 0) and (0, 0.05) and
evolves with every iteration, finally converging to the
results shown in Fig. 7. As can be seen in Fig. 7, the
extracted CZMs are almost identical for the different
displacement fields. Thus, as mentioned previously, the
displacement field from any loading point can be cho-
sen for the inverse analysis provided that the complete
cohesive zone have been formed since crack initiation.

4.2.2 Different number of interpolation points
in the CZM

The accuracy of the implementation is tested next when
different number of interpolation points ranging from
4 to 7 are used in the CZM. Although interpolation of 7
points can represent most of the CZM available in liter-
ature, the implementation is flexible to include as many
points as desired. The displacement field from the load
level of 92 N is taken with an initial guess of linear soft-
ening CZM between the points (σn,�n) = (1, 0) and
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Fig. 6 Evolution of CZM
with different iterations of
N-M scheme. Six
interpolation points have
been used for the CZM
evolution. In subplot ( f ),
dotted line represents the
CZM used for the direct
problem
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(0, 0.05). Virtually identically shaped CZMs, including
the intercept values on the traction and separation axes,
are obtained in all the cases as is evident from Fig. 8.

4.2.3 Initial guess for the optimization

Generally the initial guess used in minimization/opti-
mization problems plays a vital role in the converged
solutions, especially for highly nonlinear problems. It
is important that the algorithm is robust and converges
for different initial guesses within reasonable limits.
The present numerical implementation has been ver-
ified for a large number of different initial guesses

(approximately 50) and the results for two vastly dif-
ferent ones are shown in Fig. 9. Six interpolation points
are used to obtain the CZM with the displacement field
coming from load level 92 N. Both the over- and the
under-estimate converge to almost identical traction-
separation relation used in the direct problem.

4.2.4 Noise in the displacement field data

The goal of the current work is to develop a hybrid
technique which uses displacement fields obtained
from actual experimentation using a technique sensi-
tive to in-plane displacements, such as digital image
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Fig. 7 Extracted CZMs using displacement fields from various
loading points in direct problem. Six interpolation points have
been used for the CZM evolution
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Fig. 8 Extracted CZMs using different number of interpolation
points in the numerical scheme. Displacement field at 92 N load
has been used

correlation (DIC) (see Sect. 5.1). Unlike the results of
the direct numerical simulation used above, DIC, as any
other experimental technique, will have noise embed-
ded in its results. So it is vital that the inverse code
be able to robustly handle noise in the input displace-
ment field data. The primary source of noise in DIC
measured displacements can be related to (1) the reso-
lution of the digital camera being used for DIC, and (2)
the details of the DIC correlation algorithm employed.
Modern cameras and optics can achieve resolutions up
to the order of 0.1–100 μm/pixel or better. Correlation
algorithms are known to obtain a sub-pixel accuracy
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Fig. 9 Extracted CZMs for different initial guesses

Table 1 Levels of noise added to synthetic displacement field
data obtained from the direct problem

Maximum noise Standard deviation Percentage
(μm) in noise (μm) noise

0 0 0

0.1 0.05–0.07 0.02

1.0 0.35–0.55 0.20

10.0 3.47–4.92 2.00

of 0.005 pixels or higher (Lu and Cary 2000; Shen
2009). Overall, this technique can resolve quantities
of the order of 0.0005–0.5 μm or better. The levels of
noise that have been analyzed in this work are shown in
Table 1. Noise added to the synthetically obtained dis-
placement field data from the direct problem solution
is randomly generated from a standard uniform dis-
tribution on the open interval (0,1). Percentage noise
refers to the average of the percentage deviations of
the nodal noisy displacement values from the corre-
sponding nodal synthetic displacement values, over all
the nodes.

Percentage noise

=
T otal nodes∑

i=1

(∣∣∣∣∣
unoisy

i − usynthetic
i

usynthetic
i

∣∣∣∣∣ × 100

)

Six interpolation points are used in the CZM. Displace-
ment fields are taken from load level of 92 N. Results
using the noisy data are close to the case with no noise
in data (Fig. 10)
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Fig. 10 Extracted CZMs using displacement field with various
levels of noise

4.3 Parameter optimization for the PPR
potential-based CZM

In this section, numerical examples for parameter
optimization for the PPR potential-based CZM tech-
nique are demonstrated. Displacement fields needed for
inverse analysis are again obtained synthetically from
the direct problem. The cohesive zone model used is
generated from the PPR model with a shape parameter
α = 1.3, fracture energy φn = 500 N/m and cohe-
sive strength σn = 5 MPa. The direct problem is solved
using 100 intervals of displacement controlled loading.
The global response in the form of load versus CMOD
is shown in Fig. 11 for this case. As can be seen, it is
different in nature than that shown in Fig. 5, with the
longer saturation load duration being a direct result of
the PPR model used.

In the parameter optimization for the PPR potential-
based CZM approach, the cohesive parameters that
are being optimized are λcoh = {φn, σn, α} con-
trary to the previous scheme where the cohesive
parameters were the coordinates of the interpola-
tion points. The idea here is to optimize the cohe-
sive parameters and substitute back into the closed
form equation of PPR to get the CZM associated
with material fracture. A load level of 286 N is
picked for the displacement field. Six interpolation
points are used in the CZM with an initial guess for
CZM as linear softening between points (σn,�n) =
(1, 0) and (0, 0.05). Inverse analysis is carried out
using the displacement field resulting from the direct
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Fig. 11 Load versus CMOD plot from implementation for
SENB using extrinsic PPR with shape parameter α = 1.3

problem. The evolution of CZM with different iter-
ations of the N-M optimization scheme is shown in
Fig. 12.

4.3.1 Displacement field obtained from different
loading steps

We again verify the parameter optimization for the PPR
model approach implementation for different sets of
displacement field data. Displacement fields from load-
ing levels 533, 399, 217 and 170 N on the descending
branch of the load versus CMOD curve are consid-
ered, and corresponding extracted CZMs are shown in
Fig. 13. The optimization scheme starts with an ini-
tial guess for CZM as linear softening between points
(σn,�n) = (1, 0) and (0, 0.05). The CZM evolves with
each iteration, finally converging to the results shown
in Fig. 13. The extracted CZMs are virtually identical
for different displacement fields.

4.3.2 Initial guess for the optimization

The implementation is next verified for different initial
guesses (approximately 50) and the results for two of
them are shown in Fig. 14. The displacement field from
load level 286 N is taken.

4.3.3 Noise in the displacement field data

Different levels of noise in the displacement field data
are again considered to demonstrate the robustness of
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Fig. 12 Evolution of CZM
with different iterations of
N-M scheme. In subplot
( f ), dotted line represents
the CZM used for the direct
problem
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the proposed scheme. Figure 15 shows plots of the
extracted CZM using displacement field data with the
levels of noise shown in Table 1. The results using noisy
displacement field data are similar to the case with no
noise in the data.

5 Validation experiments using PMMA

The technique is applied to Polymethyl Methacrylate
(PMMA), modeled as a quasi-brittle material where all
non-linearity is concentrated in a line cohesive zone
ahead of the crack tip. The section starts with the
description of experimental setup for a four point bend-
ing experiment of PMMA and, the corresponding DIC
experimental results. Thereafter, computational results

are shown using both the shape optimization approach
and the parameter optimization for the PPR potential-
based CZM.

5.1 Experimental setup and DIC experiments

PMMA is chosen because at the rates and temperatures
used in this work, it exhibits only limited plasticity
and generally fails in a brittle fashion through craz-
ing (Li and Lambros 2001; Morgan and Ward 1977).
Specimens were machined to the dimensions shown
in the photograph of Fig. 16. The PMMA chosen for
the experiment had a Young’s modulus of 3.25 GPa
and Poisson’s ratio 0.35. Prior to testing, the following
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Fig. 13 Extracted CZMs using displacement fields from
different loading points in direct problem
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Fig. 14 Extracted PPR CZMs for different initial guesses

procedure was employed to create a sharp crack—a pre-
requisite for valid material failure property measure-
ments. First, a 15 mm long and 1 mm wide notch was cut
with a bandsaw. A razor blade was then used to extend
the notch by 3 mm in what was a sharper, crack-like
feature, but still not a sharp crack. The specimen was
then placed in a servohydraulic load frame in the four
point bend configuration shown in Fig. 16. The top of
the specimen was supported by two semicircular cylin-
ders spaced 80 mm apart while the bottom was loaded
by two semicircular cylinders spaced 280 mm apart. To
create a microstructurally sharp crack, the specimen
was then fatigue loaded in four point bending to grow a
crack from the razor notch to a total length of 35.5 mm.
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Fig. 15 Extracted CZMs using displacement field with various
levels of noise

Load control was used for this fatigue loading; con-
sequently, the stress intensity factor amplitude �K ,
increased with the crack length. To keep a relatively
constant �K level throughout fatigue crack growth,
the load was dropped periodically so that �K was
always between 1.45 and 1.60 MPa

√
m. The loading

frequency was 2 Hz with a loading ratio, R, (minimum
load divided by maximum load) of 0.05. Approximate
crack length was determined by markings drawn on the
specimen before it was placed in the load frame. Even-
tually, digital images at a known scale were used for
much higher accuracy measurements of the final crack
length. Fatigue loading was stopped once the total crack
length reached 35.5 mm (a/W = 0.29). The specimen
was then loaded monotonically to failure in the man-
ner described later, during which time the displacement
field measurements were made.

We obtained full-field displacement measurements
using the non-contact optical technique of Digital
Image Correlation (DIC). Speckled patterned images
recorded before and after the deformation are corre-
lated to obtain the displacement and strain fields. The
ability of DIC to provide full field displacement field,
which is precisely the input needed in our minimization
scheme, was the main motivation behind using DIC in
the current work.

A speckle pattern was applied to the front of the
specimen using black and white spray paint. An IMI-
Tech model IMB-202FT firewire camera with a resolu-
tion of 1,600× 1,200 pixels was used to capture images
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Fig. 16 Specimen dimensions and loading configuration for
both fatigue cracking and monotonic loading (dimensions in mm)

throughout the experiment at a rate of 7.5 frames per
second and a scale of 15.3. Lighting was provided by
two 250 W halogen lights aimed at the specimen. A
Labview program, developed by National Instruments
Corporation, was used to control both the load frame
and the camera, allowing for precise synchronization of
captured images with load levels—an important feature
for relating the experimental measurements to corre-
sponding load levels from the simulations. The speci-
men was loaded in displacement control at a constant
rate of 0.02 mm/s. During the monotonic loading exper-
iment, a crack initiated from the fatigue crack and grew
in a stable manner across the entire specimen width.
Images were captured within the rectangular region
outlined in Fig. 16 during both the pre-initiation phase
and the crack growth phase of monotonic loading. At
the same time, far-field applied load was recorded by
a load cell. Figure 17 shows the load versus load line
displacement measurement during the monotonic load-
ing phase. While load and displacement measurements
were taken every 10 ms, Fig. 17 shows only those data
points corresponding to times at which images were
acquired.

Digital image correlation was performed on images
captured throughout the experiment in order to obtain
displacement measurements for the cohesive models.
The DIC reference image was captured before mono-
tonic loading began with a preload force of 0.1 kN on
the specimen. Of primary interest are the images in
which the crack was propagating through the imaging
region. The DIC results used for this work are from
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Fig. 17 Load-displacement measurement during monotonic
loading phase. Each point on the plot represents the time at which
an image was captured. The images used for DIC results shown
in this paper are indicated by arrows

image number 166, indicated in Fig. 17, in which the
crack had grown through the majority of the imaging
region. Correlation was performed using commercially
available digital image correlation software (Vic2d
developed by Correlated Solutions Inc.) with a subset
size of 101 by 101 pixels, a subset spacing of 15 pix-
els, and second order displacement gradients. Figure 18
shows the DIC displacement fields u and v (perpen-
dicular and parallel to the crack respectively) corre-
sponding to the applied displacement level of 0.55 mm
(image 166), i.e., well after the crack has initiated. The
displacement fields shown in Fig. 18 have been mod-
ified from the raw DIC results to relate them to the
cohesive models. Note that only a subset of the entire
specimen need have the displacement field specified.
Since the cohesive models assume symmetry about the
crack line, only half of the DIC displacement field
was used. Rigid translation was estimated and sub-
tracted from the displacement fields, but rigid rota-
tions (around 0.05◦) and mode-II crack opening effects
were not subtracted from the displacement field as they
were found to be negligible based on the authors’ anal-
ysis. DIC displacement fields are less reliable when
spanning the discontinuity across the crack plane, and
the fracture process zone. We therefore eliminate a
region approximately 1 mm (0.008 H) next to the crack
plane. For the inverse analysis, we consider displace-
ment fields approximately up to a distance of 0.05 H

123123



A hybrid experimental/numerical technique 127

Fig. 18 Segment of DIC
displacement fields for the
right half of image number
166. a Contour plot of
v-displacements (parallel to
the crack line). b Contour
plot of u-displacements
(perpendicular to the crack
line). In these plots, the
origin for these plots is on
the crack line at the notch
mouth

(6 mm) horizontally from the crack plane and 0.15 H
(19 mm) vertically downwards from the crack tip.

5.2 Results from inverse analysis

The geometry of the specimen that was modeled
numerically is that shown in Fig. 16. In order to take
advantage of symmetry only half of the beam is sim-
ulated. The finite element mesh used for this inverse
analysis is shown in Fig. 19.

The initial guess for the inverse analysis is taken as
a linear softening curve between the points (σn,�n) =
(1, 0) and (0, 0.05).

5.2.1 Shape optimization approach

The inverse analysis was performed initially with six
interpolation points for the CZM traction-separation
relation. Piecewise cubic Hermite interpolation is used
to interpolated between the optimized points to obtain a
complete curve. Even with the robustness studies done
before, the actual error is significant enough to neces-
sitate smoothing the DIC displacements to acceptable
noise levels. Different levels of displacement field data
smoothing was tried. The extracted CZMs are shown
in Fig. 20, where p refers to the level of smoothing
applied to experimental displacement field data (p=0,
represents a least square straight line fit to the data and

p=1 represents a cubic spline interpolation). Smooth-
ing of the experimental displacement field data is per-
formed using MATLAB function csaps, which returns
a smoothing spline function f , which minimizes the
objective,

H = p
n∑

j=1

w( j)|y(:, j)

− f (x( j))|2(1 − p)

∫
τ(t)|D2 f (t)2dt

where, w is the weight vector; x( j) is the data site with
data value y(:, j); τ is the piecewise constant weight
function; D2 f denotes the second derivative of func-
tion f and n is the number of entries of x .

The shapes of the CZMs show a similar trend with
cohesive strength of around 35 MPa and critical crack
opening of 30 , both reasonable quantities for PMMA.
For PMMA, Elices (2002) reported a cohesive strength
of 80 MPa and a critical crack opening of 3.8 μm.
Murphy et al. (2006) obtained a cohesive strength of
80 MPa and a critical crack opening of 2.1 μm. After
trying different levels of smoothing, CZMs whose
shapes are similar to ones available in literature (Elices
2002; Murphy et al. 2006), are obtained correspond-
ing to smoothing parameter p in the range of 0.6–0.8
(Fig. 20). From the set of CZMs obtained above, the
CZM with p = 0.6 is assumed as the representative CZM
(since the shape of this CZM is closest to the shape of
the CZM used by Elices 2002), and will be used here
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Fig. 19 Finite element
discretization for PMMA
specimen a Left portion of
the specimen, b Meshing
detail
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Fig. 20 Extracted CZMs using shape optimization technique
for different levels of displacement field smoothing

onwards for discussions pertaining to the shape opti-
mization approach.

As an additional verification, the direct problem is
solved using the representative CZM (p=0.6) obtained
from the inverse problem. The load versus load line dis-
placement (LLD) plot from the experiments (Fig. 17)
and the direct problem simulations are shown in Fig. 21.
Both results are close to each other which gives confi-
dence in the extracted CZM. The peak strength is not
captured as accurately, possibly because the displace-
ment fields are not being resolved accurately enough
or the cohesive zone length is very small for PMMA
(of the order of microns) which is difficult to resolve
using inverse analysis. Our simulations showed cohe-
sive zone lengths of 20–200 μm. Note that further mesh
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Fig. 21 Comparison between the experimental and simulation
global responses of PMMA specimen

refinement may provide more accurate results, but only
if the DIC results were comparably refined also. (Other-
wise we would be merely generating extrapolated data
for assignment to the finer FEA mesh.) Furthermore,
it should be noted that there is an obvious tradeoff
between the refinement level used and the computa-
tional cost associated with it.

The extracted CZM can also be verified by compar-
ing fracture energies. For the experiments, the fracture
energy is taken as the area under the load versus
LLD curve divided by fracture area, calculated at
0.75 N/ mm. For the simulations, the fracture energy
is computed as,

G =
�c∫

0

σn · d�n (12)

123123



A hybrid experimental/numerical technique 129

0 0.005 0.01 0.015 0.02 0.025
0

10

20

30

40

50

Δn (mm)

σ n (
M

Pa
)

Initial guess
p = 0.6
p = 0.7
p = 0.8
p = 0.9

Fig. 22 Extracted CZMs using PPR model for different levels
of displacement field smoothing

which yielded approximately 0.61 N/ mm for the
representative CZM used. Overall the simulations
resulted in fracture energy in the range of 0.61 ±
0.35 N/ mm for all the CZMs in the solution set.

5.2.2 Parameter optimization for the PPR
potential-based CZM

Results for the inverse analysis of PMMA using the
parameter optimization for the PPR potential-based
CZM technique will be shown next. The initial guess
is the same as the shape optimization case which corre-
sponds to PPR model parameters (λcoh)ini tial = {φn =
2.5 N/m, σn = 1.0 MPa, α = 2} The extracted CZMs
are shown in Fig. 22. As before, parameter p refers
to the level of smoothing applied to the experimental
data. The shapes of the CZMs, using the PPR model,
show a similar trend with an average cohesive strength
of around 42 MPa and critical crack opening of 23 μm.
From the set of CZMs obtained above, the CZM with
p=0.6 is assumed as the representative CZM (to be
consistent with the smoothing to the displacement field
data in Sect. 5.2.1), and will be used here onwards for
discussions pertaining to parameter optimization for
the PPR potential-based CZM approach.

The direct problem is again solved using the repre-
sentative CZM from the PPR parameters minimization.
The load versus load line displacement (LLD) plot from
the experiments and simulations are shown in Fig. 23
where a similar agreement to that seen earlier (Fig. 21)
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Fig. 23 Comparison between the experimental and simulation
global responses of PMMA specimen

is observed. However, once again the peak load is also
not captured accurately.

The fracture energy directly obtained directly throu-
gh parameter optimization for the PPR potential-based
CZM is approximately in the range 0.68 ± 0.15 N/ mm
for all the CZMs in the solution set, as compared with
the 0.75 N/ mm experimental value.

6 Conclusions

A hybrid experimental/numerical technique to acquire
cohesive fracture properties of a quasi-brittle material
for mode-I fracture has been proposed. The technique
involves a computational scheme of inverse analy-
sis and optical experimentation based on DIC. Two
approaches for the inverse analysis have been sug-
gested, namely: a shape optimization approach and
a parameter optimization for the PPR potential-based
CZM. The shape optimization approach and param-
eter optimization for the PPR potential-based CZM,
have been verified for a power relation CZM and a pla-
teau type CZM (shape parameter α = 1.3) respectively.
The approaches have proven to be robust for various
cases of different initial guesses, various synthetic and
noisy displacement field data. As a proof of concept,
the proposed techniques have been applied to a PMMA
quasi-static crack growth experiment. The shape of the
CZM, cohesive strength, and fracture energy obtained
for PMMA through both the techniques are very com-
parable to each other, and to the ones available in the
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literature. For final verification of the extracted CZM,
the global response in the form of load versus LLD and
the fracture energy were compared to those measured
experimentally. The results were in good agreement.
Improved results can be obtained by employing higher
resolution DIC imaging and finer meshes for the inverse
analysis.
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