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SUMMARY

We discuss the use of polygonal finite elements for analysis of incompressible flow problems. It is well-
known that the stability of mixed finite element discretizations is governed by the so-called inf-sup condition,
which, in this case, depends on the choice of the discrete velocity and pressure spaces. We present a low-
order choice of these spaces defined over convex polygonal partitions of the domain that satisfies the inf-sup
condition and, as such, does not admit spurious pressure modes or exhibit locking. Within each element, the
pressure field is constant while the velocity is represented by the usual isoparametric transformation of a
linearly-complete basis. Thus, from a practical point of view, the implementation of the method is classical
and does not require any special treatment. We present numerical results for both incompressible Stokes and
stationary Navier–Stokes problems to verify the theoretical results regarding stability and convergence of
the method. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The literature on finite element methods for analysis of incompressible flow is vast and growing (we
refer to the monographs on the topic [1–5] for a more exhaustive survey of the existing methods).
Stability is a critical issue concerning mixed finite element formulations, and it is well-known that it
is dictated by the so-called inf-sup condition [6,7]. Roughly speaking, in the present context, the inf-
sup condition delineates the appropriate balance between the velocity and pressure approximations.
The velocity space must be sufficiently rich in order to appropriately approximate the flow charac-
teristics in spite of the weak incompressibility constraint whose degree of enforcement is determined
by the choice of pressure space. Selecting too large a pressure space can overconstrain the velocity
field in turn leading to poor convergence (or non-convergence) and possibly a rank-deficiency in the
system in the form of pressure modes.

It turns out that many natural choices for the velocity–pressure approximation are not stable.
For example, in the case of element-wise constant pressure approximations (the lowest possible
order), piecewise linear velocities on simplicial meshes in general exhibit locking while piecewise
bilinear (trilinear, resp.) velocities on quadrilateral (hexahedral, resp.) meshes can lead to spurious
checkerboard modes. Equal-order discretizations are similarly unstable.

As low-order schemes are attractive from a computational perspective in many practical engi-
neering applications, there are several approaches satisfying the inf-sup condition for such schemes.
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For example, one approach is to introduce enrichments to the velocity space in the form of inter-
nal or edge bubble functions. A well-known example is the MINI element of Arnold et al. [8].
Stabilization methods that introduce residual or penalty terms to augment the variational statement
of the problem have also been successfully applied to obtain stable low-order formulations ‡ (see,
for example, [9–11]). However, mesh-dependent parameters in such formulations must be chosen
carefully, and special data structures may be needed for the numerical implementation [12]. In this
regard, we mention the recent work [13], based on local projection operators, which addresses the
aforementioned shortcomings. Finally, certain mesh topologies have been shown to be stable even
when the underlying spaces are in general not inf-sup compatible. One example is the macroelement
mesh in [14], which consists of a special arrangement of quadrilaterals. Another related approach is
due to Hauret et al. [15] where ‘diamond’ meshes are constructed from simplicial partitions of the
domain and the choice of spaces together with the special structure of the mesh ensure stability.

As illustrated in this paper, low-order velocity and pressure approximations based on a large
class of polygonal discretizations satisfy the inf-sup condition without the need for any additional
treatment. Intuitively, this stability can be attributed to the presence of more velocity DOFs for
polygonal elements with many sides (per pressure DOF) when compared to triangular and quadri-
lateral discretizations. We remark that we have observed similar characteristics of polygonal dis-
cretizations in topology optimization [16–19] where spurious checkerboard-like patterns also plague
triangular and quadrilateral discretizations [20].

While the development of polygonal finite elements has had a long history, dating back to the sem-
inal work of Wachspress [21], their numerical implementation and application to solving PDEs is
more recent (see, for example, [22–25]). From a practical perspective, the greater flexibility for mesh
generation is an attractive feature of polygonal finite elements. On the one hand, local modifications
of the mesh (e.g., refinement through element splitting used in [26]) is made possible by the fact
that not all the elements have to be topologically equivalent. On the other hand, a number of mesh
generation algorithms, harnessing the properties of Voronoi diagrams, have been developed recently
[27–30]. In addition to advantages in mesh generation, polygonal finite elements can outperform
their triangular and quadrilateral counterparts in terms of accuracy (see the example in section 3.2
of [17] where the overall system size can be smaller for a given level of error).

Recently, a number of mimetic finite difference (MFD) schemes have been developed for solving
PDEs on polygonal and polyhedral meshes. While some MFD formulations (e.g., [31]) are closely
related to mixed finite elements, purely nodal MFD schemes (e.g., [32, 33]) are related to primal
finite elements. This connection is elucidated in the recent work [34] wherein an FEM-like incarna-
tion of MFD, labeled Virtual Element Method, is developed. Of particular relevance to the present
work are the MFD formulations for incompressible Stokes flow for polygonal meshes reported in
[35, 36]. While the formulation in [35] features edge DOFs for the velocity field, the results in [36]
delineate the conditions on the mesh topology under which nodal velocity DOFs are sufficient to
ensure stability. For meshes consisting of convex elements, one such scenario is when each interior
node is incident to at most three edges. This property naturally excludes triangular and quadrilat-
eral grids and requires the elements to have many sides. Even though in the mimetic framework
an explicit construction of the basis functions is not needed, the present finite element scheme is a
realization of the MFD formulation considered in [36]. Thus, as we will show later in Section 5, the
results of [36] are applicable to our formulation.

The remainder of this paper is organized as follows: in the next section, we introduce the problem
of incompressible Stokes flow, which serves as the model problem for the theoretical discussion.
In Section 3, we present the mixed variational finite element discretization of the problem and dis-
cuss sufficient conditions for convergence. Next, in Section 4, we show the construction of the
low-order velocity and pressure space for convex polygonal meshes. The specific condition on the
mesh topology that is sufficient for stability is discussed and verified in Section 5. Numerical results
demonstrating convergence of the method for both Stokes and stationary Navier–Stokes problems
are provided in Section 6. We conclude the paper with some remarks in Section 7.

‡In some instances, one can establish an equivalence between enrichment and stabilized methods (see, for example [37]).
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136 C. TALISCHI ET AL.

We briefly and partially introduce the notation adopted in this paper. We denote by H k.�/ the
standard Sobolev space consisting of functions whose derivatives up to the kth order are square-
integrable over the given domain � and write k�kk for its norm. We write L2.�/ D H 0.�/ and
denote by H 1

0 .�/ functions in H 1.�/ that vanish on the boundary @�. For any subset E � �,
we denote by jEj its measure and by �E its characteristic (or indicator) function. This means that
�E .x/ D 1 if x 2 E and �E .x/ D 0 if x 2 �nE. The interior of E is denoted by int.E/ and its
closure by E.

2. MODEL PROBLEM: INCOMPRESSIBLE STOKES FLOW

Let � denote an open bounded domain in R2 with polygonal boundary. The incompressible Stokes
flow problem is given by

�2 div Œ��.u/�Crp D f in �

div uD 0 in �

uD 0 on @�

(1)

where u and p are the velocity and modified pressure (pressure divided by density) fields, respec-
tively, �.u/ D

�
ruCrT u

�
=2 is the rate-of-strain tensor, f 2

�
L2.�/

�2
is the applied body force

per unit of mass and � > 0 is the kinematic viscosity of the fluid. Defining the velocity and
pressure spaces

V D
�
H 1
0 .�/

�2
and QD L20.�/ WD

®
q 2 L2.�/ W

R
�qdxD 0

¯
(2)

the mixed variational form of (1) consists of finding .u,p/ 2 V �Q such that

a.u, v/C b.p, v/D `.v/, 8v 2 V (3)

b.q, u/D 0, 8q 2Q (4)

where

a.u, v/D 2
Z
�

��.u/ W �.v/dx, b.p, v/D�
Z
�

p div vdx, `.v/D
Z
�

f � vdx (5)

A sufficient set of conditions for the well-posedness of the abstract variational problem (3)–(4)
is that bilinear forms a.�, �/ and b.�, �/ and the linear form `.�/ are continuous, a.�, �/ is coercive on
V0 WD ¹v 2 V W b.q, v/D 0,8q 2Qº, that is,

9˛ > 0 such that a.v, v/> ˛ kvk2V , 8v 2 V0 (6)

and there exists a constant ˇ > 0 such that

inf
q2Qn¹0º

sup
v2Vn¹0º

b.q, v/
kqkQ kvkV

> ˇ (7)

The last condition is the continuous inf-sup condition.
In the Stokes problem, the natural norms associated with the velocity and pressure spaces are

kvkV WD krvk0 , kqkQ WD kqk0 (8)

and one can show, using Korn’s inequalities [38], that a.�, �/ is continuous and coercive on V
(and subsequently on V0). Continuity of b.�, �/ and `.�/ is also straightforward to verify. Finally,
the condition (7) follows from the fact that the divergence operator is a surjection from

�
H 1
0 .�/

�2
onto L20.�/ [1].

For the sake of simplicity, we have assumed that only homogenous velocity boundary con-
ditions are imposed in the model problem (1). However, the same abstract variational problem
can be obtained for inhomogenous boundary conditions by ‘lifting’ the boundary conditions and
changing variables [4]. The theoretical results also hold when the velocity boundary conditions are
imposed on �D ¨ @�, j�Dj ¤ 0 because krvk0 will again define a norm for the velocity space

¹v 2
�
H 1.�/

�2
W vD 0 on �Dº.
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3. FINITE ELEMENT APPROXIMATION

Considering the finite element subspaces Vh � V and Qh � Q, with h indicating the maximum
diameter of elements in the underlying mesh, the Galerkin approximation of (3)–(4) consists of
seeking .uh,ph/ 2 Vh �Qh such that

a.uh, vh/C b.ph, vh/D `.vh/, 8vh 2 Vh (9)

b.qh, uh/D 0, 8qh 2Qh (10)

The approximate problem (9)–(10) is well-posed if, in addition to the previously stated continuity
and coercivity requirements,

ˇh WD inf
qh2Qhn¹0º

sup
vh2Vhn¹0º

b.qh, vh/
kqhkQ kvhkV

> 0 (11)

This is nothing but the discrete version of the inf-sup condition (7) and is sometimes referred to
as the Ladyzenskaja-Babuska-Brezzi or LBB condition [6, 7]. Observe that for the Stokes prob-
lem, a.�, �/ is coercive on all of V , and so it follows that it is also coercive on the subspace
V0
h
WD ¹vh 2 Vh W b.qh, vh/D 0,8q 2Qhº §.

Moreover, under these conditions, the finite element solution pair .uh,ph/ satisfies the following
error estimates [4]:

ku� uhkV 6
�
1C

ca

˛

��
1C

cb

ˇh

	
inf

vh2Vh
ku� vhkV C

cb

˛
inf

qh2Qh
kp � qhkQ (12)

kp � phkQ 6
ca

ˇh

�
1C

ca

˛

��
1C

cb

ˇh

	
inf

vh2Vh
ku� vhkV

C

�
1C

cb

ˇh
C
cacb

˛ˇh

	
inf

qh2Qh
kp � qhkQ (13)

for some positive constants ca and cb ¶.
With the typical choice of finite element spaces, standard interpolation error estimates show that

the distances infvh2Vh kv� vhkV and infqh2Qh kp � qhkQ vanish under mesh refinement as h! 0.
The estimates (12)–(13) then prove convergence of the finite element solutions provided that ˇh
remains bounded away from zero. More specifically, if ˇh > ˇ0 for some fixed constant ˇ0 > 0 and
all h, then the distance between .u,p/ and .uh,ph/ is on the order of the distance between .u,p/
and its best approximation in Vh � Qh, and the method achieves an optimal rate of convergence.
Otherwise, if ˇh ! 0 with h, the finite element formulation is said to exhibit locking. Intuitively,
locking occurs when, given a finite element pressure space Qh, the velocity space Vh is not suf-
ficiently rich to both satisfy the weak incompressibility constraint (4) and approximate the flow
characteristics. Mesh refinement does not alleviate the problem because it also enriches the pressure
space Qh. Therefore, it is important to recognize that preventing locking involves the appropriate
selection of Vh with respect to the given choice of pressure discretization.

Aside from locking, the other important issue related to stability of the mixed finite element for-
mulations is the appearance of spurious modes. The pair of spaces Vh and Qh admits a spurious
pressure mode if there exists Qph 2Qhn¹0º such that

b . Qph, vh/D 0 8vh 2 Vh (14)

§In general, coercivity of a.�, �/ on V0 does not imply its coercivity on V0h because we may have V0h ª V0. In such cases,
the latter must be verified independently for the given spaces Vh and Qh.

¶These constants are in fact the norms associated with the bilinear forms a.�, �/ and b.�, �/. Notice that in these estimates,
we have used the fact that a.�, �/ is ˛-coercive on V0h (see the remark in the previous footnote).
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138 C. TALISCHI ET AL.

If pressure modes are present, then the discrete inf-sup condition (11) cannot be satisfied (the sta-
bility constant ˇh is simply zero), and so the finite element problem is not well-posed. Observe that
if .uh,ph/ is the solution to (9)–(10), then .uh,ph C s Qph/ is also a solution for any s 2 R and
a spurious pressure mode Qph. Conversely, for finite-dimensional spaces Vh and Qh, the violation
of the discrete inf-sup condition implies existence of spurious modes. We note that the appearance
of pressure modes is problem-dependent (for the same velocity–pressure pair, the pressure mode
may or may not exist depending on the boundary conditions of the problem) while locking is more
intrinsic to the degree of interpolation of velocity and pressure fields.

We conclude this brief discussion by noting that there exists certain improved error estimates,
most notably for the bilinear-velocity constant-pressure element, which show that the approximate
velocity solution in some cases can be accurate, despite the failure to satisfy the inf-sup condition
[2,39–42]. However, such elements can be unreliable in general and should be used only by knowl-
edgable practitioners. For example, the presence of spurious modes can lead to an ill-posed discrete
problem (one with no solutions) when certain inhomogenous boundary conditions are prescribed
(see, for example, [43, 44]).

4. VELOCITY AND PRESSURE SPACES ON POLYGONAL DISCRETIZATIONS

In this section, we define a low-order pair of velocity and pressure spaces defined on polygonal
meshes that leads to a stable finite element approximation. Consider a mesh Th D ¹�mºMmD1 con-
sisting of closed strictly convex polygons that form a partition of the domain � ||. The mesh size h
is the maximum diameter of the elements in Th. Aside from the usual shape-regularity assumptions,
we must require certain conditions of the topology of Th in order to ensure the satisfaction of the
inf-sup condition. These will be discussed in the next section.

We define the discrete pressure space Qh to simply consist of element-wise constant functions on
Th, that is

Qh D
®
qh 2 L

2
0.�/ W qhj�m D constant, 8mD 1, : : : ,M

¯
(15)

This is, in some sense, the lowest possible order discretization for the pressure field. Observe that
each admissible pressure function qh 2Qh has the form

qh D

MX
mD1

cm��m (16)

where cm is the constant value of qh over themth element (recall that ��m � 1 on�m and vanishes
elsewhere). However, because

R
� qhdxD 0, the coefficients must satisfy the following relation:

MX
mD1

cm j�mj D 0 (17)

In order to enforce the zero-mean condition, we consider the following set of pressure basis
functions

 m WD ��m �
j�mj

j�M j
��M , mD 1, : : : ,M � 1 (18)

Observe that Qh D span ¹ 1, : : : , M�1º and that themth DOF, for 16m6M �1, corresponds to
the pressure in �m (we refer the reader to [45] for a more general discussion of such construction).
Using the standard finite element approximation theory, we can show that for p 2H�.�/\Q, with
0 < �6 1, we have infqh2Qh kp � qhkQ DO.h�/.

||Therefore,[MmD1�m D� and int .�m/\ int .�m0/D; ifm¤m0. By strictly convex, we mean that no three vertices
of the polygon are collinear.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2014; 74:134–151
DOI: 10.1002/fld



POLYGONAL FINITE ELEMENTS FOR INCOMPRESSIBLE FLUID FLOW 139

For the velocity space Vh, we consider a conforming space where, as usual, the DOFs are asso-
ciated with the interior vertices in the mesh. If N denotes the number of internal vertices of the
mesh, then the velocity space has dimension 2N . Over each polygonal element, the velocity field is
represented by the expansion of an appropriate set of barycentric basis functions. By definition, the
barycentric functions are non-negative and linearly complete (i.e., capable of representing any linear
field exactly) and, as a result, satisfy the Lagrangian (Kronecker-delta) property and vary linearly
on the boundary of the element [46]. The latter property, together with the choice of DOFs, ensures
a conforming approximation.

Denoting by P.E/ the span of such basis over polygon E, the velocity space is defined as

Vh D
°

vh 2
�
C 0.�/

�2
\ V W vhj�m 2 ŒP.�m/�2 8mD 1, : : : ,M

±
(19)

A number of barycentric basis functions are available for general convex polygons, and we refer
the reader to [23] for a review on the topic. We next proceed to describe the choice of P.E/ used
in this work, which follows the isoparametric construction of [22]. The main advantage of using the
isoparametric basis functions is that the element-level calculations are carried out over a reference
(parent) domain, and as a result, the basis functions and the quadrature rule need to be computed,
tabulated and stored once for each type of n-gon. This lowers the cost associated with the geomet-
ric construction of basis functions to a level comparable to that of traditional Lagrangian elements
for which the basis functions have analytical expressions. Moreover, for triangles and quadrilate-
rals, the resulting finite elements coincide with the commonly used linear and isoparametric bilinear
elements, respectively.

Consider a regular closed n-gon OEn with vertices located at �i D Œcos.2�i=n/, sin .2�i=n/� for
i D 1, : : : ,n. For � 2 int. OEn/, the Wachspress interpolation function corresponding to i th vertex is
defined as [21, 46]

O'i .�/D
wi .�/Pn
jD1wj .�/

(20)

where wi are given by **

wi .�/D
A.�i�1, �i , �iC1/

A.�i�1, �i , �/A.�i , �iC1, �/
(21)

Here, A denotes the area of the triangle with vertices located at its arguments (Figure 1(a)). Because
the n-gon is regular,A.�i�1, �i , �iC1/ is the same for all i and thus can be factored out of expression
(20). In particular, instead of (21), we can use

wi .�/D
1

A.�i�1, �i , �/A.�i , �iC1, �/
(22)

in (20).
It is immediate from the construction of O'i that they are positive in the interior of the polygon and

form a partition of unity, that is, for � 2 int. OEn/,

nX
iD1

O'i .�/D 1 (23)

Moreover, one can show that (see, for example, the appendix of [47]),

nX
iD1

O'i .�/�i D � (24)

Observe that (23) and (24) indicate that any linear field can be represented by O'i , and so the
Wachspress functions form a set of barycentric coordinates for the polygon OEn. While � thus far

**By convention, we set �nC1 D �1 and �0 D �n in this expression.
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140 C. TALISCHI ET AL.

Figure 1. (a) Illustration of the triangular areas Ai .�/ WD A.�i�1, �i , �/ used to define the interpolant wi ;
(b) contour lines of a Wachspress basis function O'i over the regular (reference) hexagon OE6; (c) contour

lines of the ‘isoparametric’ basis function 'E
i

over an irregular (physical) hexagon E.

has been restricted to the interior of OEn in order for the interpolants wi to be well-defined, the
Wachspress basis (and in fact any barycentric basis) can be extended continuously to OEn such that
if � lies on the edge between �i and �iC1, we have

O'i .�/D 1�
k� � �ik

�iC1 � �i

 , O'iC1.�/D

k� � �ik

�iC1 � �i

 , O'j .�/D 0 8j ¤ i , i C 1 (25)

As such, Wachspress functions are linear along the edges of the polygon and satisfy the Kronecker-
delta property O'i .�j / D ıij (Figure 1(b)). Moreover, this means that properties (23) and (24) hold

for all � 2 OEn. We remark that Wachspress function are C1 in the interior of OEn. Also, for n D 3
and nD 4, that is, when OEn is a triangle or a square, the Wachspress basis recovers the usual linear
and bilinear shape functions.

We use the Wachspress basis to construct an isoparametric mapping from OEn to any strictly con-
vex n-gon E. If x1, : : : , xn denotes the location of the vertices of E, ordered counterclockwise, then
the isoparametric map F W OEn!E defined by

F E .�/D

nX
iD1

O'i .�/xi (26)

is one-to-one and onto [48]. Notice that by virtue of (25), F E maps the vertices and edges of
OEn to the corresponding vertices and edges of E. With such mapping in hand, following the stan-

dard procedure in isoparametric finite elements, we consider the following basis functions for the
element E

'Ei WD O'i ıF
�1
E , i D 1, : : : ,n (27)

and define

P.E/D span
®
'E1 , : : : ,'En

¯
(28)

It is straightforward to show that P.E/ contains linear fields over E (cf. section 3.3 of [42]). Linear
completeness together with their positivity implies that 'E1 , : : : ,'En are in fact barycentric
coordinates for the polygon E. As a result, they are necessarily linear on the boundary @E and
satisfy the kronecker-delta property, that is, 'Ei .xj /D ıij .

Under appropriate shape-regularity conditions on E, the transformation map F E and its inverse
remain well-behaved, and optimal interpolations estimates for Vh are expected to hold. More specif-

ically, for u 2
�
H 1C�.�/

�2
\ V , with 0 < � 6 1, we would have infvh2Vh ku� vhkV D O.h�/.

While such error estimates have appeared for a number of barycentric basis (along with suitable
shape-regularity conditions) (cf. [49]), such analysis, to the best of our knowledge, has not been car-
ried out for isoparametric basis functions on polygons. However, the numerical results presented
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Figure 2. Illustration of the integration scheme using ‘quadrangulation’ of the polygon (a) integration points
using 2� 2 Gauss quadrature for each cell of the reference hexagon; (b) location of the integration points in
the physical element; (c) location of integration points in the physical element for the ‘triangulation’ scheme.

in the next section confirm this conjecture. Note that the choice of spaces Vh and Qh is opti-
mal in that both terms in the approximation errors (12)–(13) are O.h/ when the exact solution is
sufficiently smooth.

We close this section by discussing the quadrature scheme used for evaluating the weak form
integrals. For n D 3 and n D 4, we use the standard quadrature rules for triangles and quads, and
for n > 5, we divide OEn into n quadrilaterals (by connecting the centroid to the midpoint of each
edge) and use the well-known Gauss quadrature rules on each quadrilateral (cf. Figure 2). We have
found that this scheme provides better accuracy compared to the triangulation approach adopted in
[17,22]. We should also note that a number of specific quadrature rules for polygonal domains have
recently appeared [50,51], although, for the purposes of this work, the adopted scheme is sufficient.

Finally, we observe that with the present choice of velocity and pressure spaces, the bilinear form
b.�, �/ can be evaluated exactly (this fact is also noted and used in [36]). Indeed, for any qh 2 Qh
and vh 2 Vh,

b.qh, vh/D�
MX
mD1

qhj�m

Z
�m

div vhdxD�
MX
mD1

qhj�m

Z
@�m

vh � nds (29)

where we have used the fact that qh is element-wise constant. Because vh varies linearly over @�m,
the last integral can be computed using the nodal values of vh. In fact, the particular construction of
barycentric basis functions over�m is immaterial for the bilinear form b.�, �/ because all barycentric
basis functions are linear on the boundary.

5. STABILITY AND SATISFACTION OF THE INF-SUP CONDITION

Without additional restrictions on the family of meshes Th, the pair of discrete spaces Vh and Qh
defined in the previous section does not necessarily satisfy the inf-sup condition. So far, we have
not yet excluded the cases where Th is a triangular or quadrilateral mesh.

In [36], a set of conditions on the topology of Th that guarantees the satisfaction of the inf-sup
condition for the choice of velocity and pressures defined here is identified. Although the original
proof by Beirão Da Veiga and Lipnikov is given in the context of MFD, the results are applicable
to the present setting because the pressure spaces are identical and Vh is one particular realization
of the velocity space considered in [36] when no bubble DOFs are present. Furthermore, in light of
equation (29) in the previous section and equations (6) and (9) in [36], the definition of bilinear form
b.�, �/ is also identical. In fact, the main difference between the two formulations is the treatment of
bilinear form a.�, �/.

As mentioned in the introduction, for meshes consisting of convex polygons, their result guaran-
tees the satisfaction of inf-sup condition if every internal node/vertex in the mesh is connected to at
most three edges. This, for example, holds for meshes obtained from a Voronoi tessellation of the
domain where no four neighboring seeds lie on a circle and thus each internal vertex is incident to
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142 C. TALISCHI ET AL.

exactly three edges. By contrast, a structured grid of rectangular elements violates it because the
internal vertices are connected to four edges.

In practice, such convex polygonal meshes can be constructed using an appropriate Voronoi-based
meshing algorithm [27, 28, 52]. While it is possible that the Voronoi tessellation of a non-convex
domain from an arbitrary set of seeds contains non-convex elements near the boundary, the approach
proposed in [27, 28, 52] avoids this by including additional seeds, obtained from reflections of the
interior seeds about the boundary, and considering the Voronoi tessellation of the entire plane. A
suitable mesh is given by a subset of this Voronoi diagram, which necessarily consists only of
convex elements. In [28], the regularity of the mesh is ensured by requiring that the Voronoi dia-
gram is centroidal (that is, the centroid of each element coincides with the generating seed). We
will show numerical results for both random Voronoi and centroidal Voronoi (CVT) meshes in
this paper.

We validate the applicability of the previous condition in the present setting by computing the
stability parameter ˇh for different families of meshes and a sequence of progressively finer meshes
for each family. While this ‘test’ only furnishes a necessary condition for satisfaction of the inf-sup
condition, it is shown in [53] to reliably correlate with the known theoretical results. In the fol-
lowing, we briefly discuss the procedure for the calculation of the stability parameter following the
approach of [53].

Let us first define the space of spurious pressure modes

Q0h D ¹qh 2Qh W b.qh, vh/D 0,8vh 2 Vhº (30)

and define the

Q̌
h WD inf

qh2.Q0h/
?

sup
vh2Vh

b.qh, vh/
kvhkV kqhkQ

(31)

Observe that compared to ˇh in (11), the pressure space Qh in the previous expression is replaced

by the orthogonal complement of the space of pressure modes
�
Q0
h

�?
. If no pressure modes exists,

that is, Q0
h
D ¹0º, then

�
Q0
h

�?
D Qh and so Q̌h D ˇh. Otherwise, we know from previous discus-

sion that ˇh D 0 and the discrete problem is not well-posed. The advantage of working with the
restricted space is that it makes the numerical evaluation of (31) easier. Note that for a given mesh,
one can directly check for the existence of pressure modes by computing the rank of the matrix
associated with b.�, �/. However, the present procedure is also capable of detecting the presence of
spurious pressure modes.

To see how Q̌h can be numerically evaluated, let us denote by …h W L
2
0.�/! Qh the projection

operator such that for any g 2 L20.�/,Z
�

qh…h.g/dxD
Z
�

qhgdx, 8qh 2Qh (32)

In the case of the piecewise constant pressure space, we have the explicit expression

…h.g/D

MX
mD1

1

j�mj

�R
�m
gdx

�
��m (33)

With this definition, we can show that ††

�
Q0h
�?
D ¹…h .divwh/ W wh 2 Vhº (34)

Therefore, we can rewrite (31) alternatively as

Q̌
h D inf

wh2Vh
sup

vh2Vh

b .…h .divwh/ , vh/
k…h .div wh/kQ kvhkV

(35)

††Note that for any qh 2Q0
h, we have

R
�
qh…h .divwh/dxD

R
�
qh divwhdxD 0 for all wh 2 Vh.
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Figure 3. Representative example of the family of meshes: (a) uniform quadrilateral, (b) uniform hexagonal,
(c) random Voronoi and (d) centroidal Voronoi (CVT).

Moreover, from (32), we have

b .…h .div wh/ , vh/D
Z
�

…h .div wh/ div vhdxD
Z
�

…h .div wh/…h .div vh/dx (36)

which gives the symmetric expression

Q̌
h D inf

wh2Vh
sup

vh2Vh

R
�
…h .div wh/…h .div vh/dx

k…h .div wh/kQ kvhkV
(37)

Let us denote by ¹'iº
2N
iD1 the set of basis functions for the velocity space Vh and define the following

matrices associated with the terms in (37):

ŒSh�ij D
Z
�

r'i W r'jdx, ŒGh�ij D

Z
�

…h .div 'i /…h

�
div 'j

�
dx (38)

Observe that Sh is positive definite and Gh is positive semi-definite. We have the following relation
for Q̌h

Q̌
h D inf

W2R2N
sup

V2R2N

WTGhV�
WTGhW

�1=2 �
VT ShV

�1=2 (39)

From this and after some algebra, one can show that [2, 53, 54]

Q̌
h D
p
� (40)

where � is the smallest nonzero eigenvalue for the following eigenvalue problem

GhVD �ShV (41)

The number of spurious pressure modes can also be obtained from the eigenvalue problem (41). If
there are k � 1 zero eigenvalues, then there are max .k � 2N CM � 1, 0/ pressure modes present,
where N and M are the total number of nodes and elements, respectively. We note that Q̌h > 0 in
such a case even though ˇh D 0 and the inf-sup condition is not satisfied.

We consider four families of meshes over the unit square �D .0, 1/2, and as in the model prob-
lem (1), the velocity boundary conditions are imposed on the entire boundary @�. A representative
mesh for each family is shown in Figure 3. For each mesh type, the quantity Q̌h was computed on
five progressively finer meshes ‡‡, and the results are shown in Figure 4. For the bilinear quads, Q̌h
is evidently O.h/, consistent with the existing theory [5] and thus decays with mesh refinement.
However, this quantity remains bounded away from zero for the three types of polygonal meshes.
This is the case in spite of the fact that there are few occasions in the CVT meshes where an internal
edge is connected to four edges (this is due to a procedure in the algorithm proposed in [28] that
collapses very small edges in the mesh into a single vertex). Finally, while a checkerboard mode is
detected for every square grid, the polygonal meshes are free of any spurious pressure modes.

‡‡The mesh size is the maximum diameter of the elements in the mesh, that is, hDmaxm diam.�m/.
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Figure 4. Computed values of the stability parameter Q̌h and mesh size h for different families of meshes.
Note that the horizontal axis is in reverse (decreasing) order.

6. NUMERICAL STUDIES

In this section, we present a variety of numerical results confirming the stability and convergence of
polygon finite elements and assess their performance for the families of meshes used in the previous
section.

First, we consider a Stokes flow problem on the unit square � D .0, 1/2 with known analytical
solution given by §§

u1.x/D r.x1/ sin.ax2/, u2.x/D r 0.x1/ cos.ax2/=a, p.x/D x1x22 � 1=6 (42)

where r.x/ D .1 � x/ sin.ax/ and a D 2.2� . The velocity boundary conditions on @� as well
as the body force f are prescribed in accordance with (42) and � D 1. For polygonal elements, a
second-order quadrature rule, as illustrated in Figure 2(a and b), is used. We consider 10 randomly-
generated meshes for each mesh level for the random Voronoi and CVT families. In addition to the
polygonal meshes, we also provide the results for uniform triangular meshes ¶¶ consisting of the
stable MINI element [8] for the purposes of comparison.

We consider three measures for the error in the finite element solution given by

ku� uhk0 , ku� uhkV , kp � phkQ (43)

The convergence plots are shown in Figure 5 where, in the case of random Voronoi and CVT meshes,
the figures show the average errors and the mesh sizes for each mesh level. The results indicate that
in every case, the solutions exhibit the optimal rates of convergence in the respective error norms.
In fact, the L2-error in pressure converges at a faster rate than O.h/ for all the mesh families. This
optimal performance is even exhibited, on average, by the random Voronoi meshes despite the varia-
tions in the meshes (we note, however, that the variations of error become smaller for finer meshes).
Finally, we observe that the quadrilateral discretization, while not inf-sup stable, does provide con-
vergent velocity solutions. The pressure field, however, contains spurious checkerboard modes in
every quadrilateral mesh.

As a way of comparing the performance of the different discretizations, we next plot the
error as a function of number of DOFs in Figure 6. While the number of DOFs indicates the size

§§This problem is proposed and solved in [36].
¶¶The triangular meshes are obtained by splitting each element in the uniform quadrilateral grids along its left diagonal.
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Figure 5. Plots of error versus mesh size for problem (42): (a) L2-error in velocity, (b)H1-error in velocity
and (c) L2-error in pressure. Note that the horizontal axis is in reverse (decreasing) order.

Figure 6. Plots of error versus the number of DOFs for problem (42): (a) L2-error in velocity, (b) H1-error
in velocity and (c) L2-error in pressure.

of the associated discrete system, it is not a perfect measure for computational performance because
it does not account for the cost of computing the element matrices and the structure of the linear
system and its influence of the convergence of linear solver. Nevertheless, we observe several note-
worthy facts from these plots. First, the CVT and hexagonal meshes, owing to their regularity,
perform better than the random Voronoi meshes. While the velocity errors are comparable for
CVT and hexagonal families, CVT meshes provide more accurate pressure solutions. Also, it is
interesting to note that all polygonal discretizations, including random Voronoi meshes, require a
smaller number of DOFs for a given level of accuracy than the MINI discretization. The difference is
pronounced for pressure solutions where, in the range of errors considered, the MINI discretization
requires two orders of magnitude more DOFs than the CVT family. It is also interesting to note
that the quadrilateral meshes provide better performance for the calculation for the velocity field.
This may be attributed to the fact that the exact velocity field for this problem is multiplicatively
separable in x1 and x2 and is thus particularly well-suited for approximation by the tensor product
in quadrilateral meshes.

We also examine the error in approximating the incompressibility of the velocity field. Figure 7
shows plots of the L2-norm of div uh as a function of mesh size and number of DOFs. We can see
that the div uh converges to div u� 0 with a linear rate in h for all mesh families. The accuracy in
capturing the incompressibility constraint, in terms of the total number of DOFs, is about the same
for quadrilateral, hexagonal and CVT meshes.
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Figure 7. Plots of error in the satisfaction of the incompressibility constraint as a function of (a) mesh size
h and (b) number of DOFs.

We continue our comparison of the performance of polygonal discretizations by considering the
problem on the L-shaped domain � D .�1, 1/2 n .Œ0, 1/� .�1, 0�/ with exact solution given by
(cf. [55])

u1.r , 	/D r�
�
‰0.	/ cos 	 C .1C �/ sin 	‰.	/

�
u2.r , 	/D r�

�
‰0.	/ sin 	 � .1C �/ cos 	‰.	/

�
p.r , 	/D�r��1 .1� �/�1

h
.1C �/2‰0.	/C‰000.	/

i (44)

Here, .r , 	/ are polar coordinates with respect to the origin,

‰.	/D .1C �/�1 sin Œ.1C �/ 	� cos.3��=2/� cos Œ.1C �/ 	�

� .1� �/�1 sin Œ.1� �/ 	� cos.3��=2/C cos Œ.1� �/ 	�
(45)

and � is the smallest positive root of sin .3��=2/ � � D 0, which is approximately � �
0.54448373678246. The force function associated with (44) is f D 0. Moreover, the pressure field
p and velocity gradient ru exhibit singularity at the origin, similar to the behavior one encounters

at re-entrant corners. Because u 2
�
H 1C�.�/

�2
and p 2H�.�/, the optimal convergence rates of

the finite element approximations for this problem are O.h�/ for a sequence of uniformly-refined
meshes. Low-order elements are well-suited for solving this type of problems because one cannot
improve convergence rates using higher-order elements.

We consider three family of meshes that are shown in Figure 8. As before, we present average
results for 10 CVT meshes. Figure 9 shows plots of velocity and pressure error as a function of
number of DOFs ||||. As in the previous example, the computed pressure fields on the quadrilateral
meshes contain spurious modes. We can see that CVT meshes, on average, provided better accu-
racy for both velocity and pressure approximations. The MINI discretization requires one order of
magnitude more DOFs than the polygonal meshes for a given level of accuracy in the pressure field.
These examples illustrate how the proposed low-order polygonal discretizations can be useful for
solving problems with nonsmooth solutions.

For the next set of numerical results, we consider the classical lid-driven cavity problem for
stationary Navier–Stokes flow with governing equations given by

.u � r/u� 2 div Œ��.u/�Crp D 0 in � (46)

||||Although we have omitted the plots of error as a function of mesh size, we have observed optimal convergence rates of
O.h�/ for all three meshes types.
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Figure 8. Representative example of the family of meshes for the L-shaped problem: (a) MINI, (b) uniform
quadrilateral and (c) centroidal Voronoi.

Figure 9. Plots of error versus the number of DOFs for L-shaped problem (44): (a) L2-error in velocity, (b)
H1-error in velocity and (c) L2-error in pressure.

subject to the incompressibility constraint. The cavity problem is posed on the unit square � D
.0, 1/2 with the following boundary conditions prescribed

uD .1, 0/T on � , uD 0 on @�n� (47)

Here, � D ¹x 2 @� W x2 D 1º. These correspond to stationary bottom and side walls and a horizon-
tally moving top wall of the cavity. Because of the jump in the boundary conditions on the top two
corners, there are singularities in the resulting flow at these points. In particular, the pressure and
vorticity fields are not finite at the top corners. Because the characteristic velocity and length of the
flow are equal to unity, the Reynolds number for this flow is given by ReD 1=�.

We solve the nonlinear algebraic system of equations that arise from the finite element discretiza-
tion by using the classical Newton–Rhapson method. For all the numerical results, we consider the
‘non-leaky’ approximation to the boundary conditions wherein no-slip conditions are imposed at
the nodes located at the top two corners. We refer to [56] for an analysis of the convergence of
such approximation.

First, we consider the case ReD 100 and compute the extrema of horizontal and vertical velocity
fields along the centerlines of the cavity as well as the vorticity !.u/ D @u2=@x1 � @u1=@x2 at
the center of the cavity, that is, point x D .0.5, 0.5/T . We use uniform hexagonal meshes for this
study and compare the solutions to the benchmark results reported in [57]. As seen from Table I, the
results indicate the convergence of finite element solutions.

Next, we plot the velocity profiles along horizontal and vertical centerlines of the cavity for
Re D 100 as well as the higher Reynolds number of Re D 1000. In this case, we use a fine CVT
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Table I. Convergence of the extrema of the velocity through the centerlines of the cavity and the vorticity
at the center of the cavity for ReD 100 computed on uniform hexagonal meshes.

# Elements .u1/min .x2/min .u2/max .x1/ max .u2/min .x1/min !.0.5,0.5/

27 �0.1935865 0.4387 0.1504861 0.2656 �0.1274992 0.6578 0.780421
80 �0.2074123 0.4767 0.1712218 0.2610 �0.2381359 0.8297 1.070017
270 �0.2119418 0.4657 0.1756644 0.2368 �0.2470137 0.7924 1.095341
986 �0.2131678 0.4650 0.1785574 0.2281 �0.2512619 0.8021 1.151346
3,729 �0.2138928 0.4599 0.1794154 0.2363 �0.2535334 0.8098 1.159909
14,560 �0.2139864 0.4588 0.1795193 0.2366 �0.2537095 0.8099 1.173501
Ref. [57] �0.2140424 0.4581 0.1795728 0.2370 �0.2538030 0.8104 1.174412

Figure 10. (a) Profile of the vertical velocity along the horizontal centerline of the cavity; (b) profile of hor-
izontal velocity along the vertical centerline of the cavity for two different Reynolds numbers computed on

a centroidal Voronoi mesh.

mesh with 65, 536 elements and compare the results to those reported in [57, 58]. It is evident from
Figure 10 that the computed solutions are in excellent agreement with the literature.

We remark that while the present finite element scheme can be considered as a particular case of
the MFD method of [36] for Stokes flow, the same cannot be said for Navier–Stokes problems. The
access to the explicit form of velocity basis functions allows for a direct extension of the method
to Navier–Stokes problems, whereas to the best of the authors’ knowledge, an MFD formulation on
arbitrary polygonal grids presently does not exist in this more general setting.

7. CONCLUDING REMARKS

In this paper, we investigated the use of polygonal finite elements for solving incompressible fluid
flow problems. In particular, we examined a low-order mixed scheme on convex polygonal dis-
cretizations and established its stability and convergence. One possible extension of the present
study is to consider higher-order polygonal finite elements, and the recent work of Rand et al. [59]
on the construction of quadratic serendipity elements is relevant to such endeavor. Also of interest
is the extension to three dimensions and general polyhedral-shaped finite elements. Only a hand-
ful of formulations for polyhedral discretizations are available in the literature (see, for example,
[26, 60, 61]). In this regard, we also note the work of Beirão Da Veiga et al. [62] on a low-order
MFD formulation of Stokes flow on polyhedral meshes, which is shown to be stable when edge
bubble DOFs are included in the velocity approximation. We anticipate that under certain topologi-
cal conditions imposed on the mesh, perhaps similar to those discussed here, these additional DOFs
may not be needed for stability.
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