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Department of Civil and Environmental Engineering, University of Illinois at Urbana-Champaign, Urbana, IL, United States
School of Civil and Environmental Engineering, Georgia Institute of Technology, Atlanta, GA, United States

 r  t  i  c  l e  i  n  f  o

rticle history:
eceived 17 April 2015
eceived in revised form 20 May  2016
ccepted 21 May  2016
vailable online 30 May  2016

eywords:
PR cohesive model
nisotropic Helmholtz function

a  b  s  t  r  a  c  t

Although  the  Park–Paulino–Roesler  (PPR)  potential-based  cohesive  zone  fracture  model  was  not  derived
based  on  a thermodynamics  consistency  principle,  we  investigate  the  thermodynamic  consistency  of  the
PPR model  under  conditions  of loading,  unloading  and  reloading.  First,  we  present  a  general  anisotropic
Helmholtz  free  energy  function.  Then,  we  reformulate  the  PPR  model  into  the anisotropic  Helmholtz  form,
and  investigate  its  consistency  and  the  various  unloading/reloading  relations  which  have  been  proposed
for  use  with  the  model.  By recasting  the  PPR  model  into  the  Helmholtz  form,  we  illustrate  that  the PPR
cohesive  potential,  while  not  designed  with  thermodynamic  consistency  in  mind,  is  thermodynamically
consistent  under  the  pure  loading  conditions  for which  it was  designed  (as expected).  We  also  demon-
hermodynamic consistency
amage mechanics

strate  that  the unloading/reloading  relations,  which  are  commonly  used  with  the  PPR model,  are  not
thermodynamically  consistent;  however,  through  our investigation,  we  develop  a  new  coupled  unload-
ing/reloading  relation,  which  maintains  the thermodynamic  consistency  of the  PPR cohesive  model.  The
considerations  addressed  in  this  paper  are  aimed  at achieving  a better  understanding  of  the  PPR  model
and  other  models  of similar  nature.

©  2016  Elsevier  Ltd.  All  rights  reserved.
. Introduction

Thermodynamically consistent cohesive models are derived
rom a potential function [1]. There are two primary classes of
otential functions. In the first class, the potential is a function
f the displacement jump. This form is prevalent in pheno-
enological cohesive models, and is the class to which the

ark–Paulino–Roesler (PPR) cohesive model belongs [2]. Potential
unctions of this form do not contain a built-in unloading/reloading
elation. This is an attractive feature of the model, as any desired
eature can be easily incorporated in the basic PPR framework
3,4]. However, without the inclusion of external history param-
ters and an unloading/reloading relation, these types of models
re reversible. The reversibility of the potential function leads to
he commonly applied critique that models of this type do not sat-
sfy the second law of thermodynamics (i.e. what is done can be

ndone) [1,5–8]. Alternatively, some researchers use a thermody-
amic potential, specifically a Helmholtz free energy function, to
erive a thermodynamically consistent cohesive model [9–11]. In

∗ Corresponding author. Tel.: +1 2177218422.
E-mail addresses: spring2@illinois.edu (D.W. Spring), grldlnd2@illinois.edu

O. Giraldo-Londoño), paulino@gatech.edu (G.H. Paulino).

ttp://dx.doi.org/10.1016/j.mechrescom.2016.05.006
093-6413/© 2016 Elsevier Ltd. All rights reserved.
this class of functions, the potential depends on both the displace-
ment jump and a set of internal variables related to the deformation
history. Thus, the unloading/reloading relation is intrinsic to the
potential, and all states of loading, unloading and reloading are
defined by a single function. In the following discussion, we  will
recast the PPR model into the Helmholtz form, to illustrate that
the PPR cohesive potential, while not designed with thermody-
namic consistency in mind, is thermodynamically consistent under
the pure loading conditions for which it was  designed. We  will
also demonstrate that the unloading/reloading relations, which are
commonly used with the PPR model, are not thermodynamically
consistent; however, we  can extract a new unloading/reloading
relation from the Helmholtz form which is thermodynamically con-
sistent.

The remainder of the paper is organized as follows. In the
next section, we  present a general form for the anisotropic
Helmholtz free energy function. In Section 3, we  reformulate the
PPR potential function as an anisotropic Helmholtz function. In
Section 4, we investigate the thermodynamic consistency of the
PPR cohesive model under conditions of loading and unload-

ing/reloading. Based on our investigation, we  develop a new
coupled unloading/reloading relation in Section 5; which main-
tains the thermodynamic consistency of the PPR cohesive model.
In Section 6, we  present an example of an interface undergoing

dx.doi.org/10.1016/j.mechrescom.2016.05.006
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
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ixed-mode loading and unloading; which highlights the signifi-
ance of the new formulation. Finally, we provide some concluding
emarks in Section 7.

. The anisotropic Helmholtz free energy function

Here, we outline a framework for generating a thermodynami-
ally consistent constitutive relation for inelastic materials [12].

e  consider the inelasticity to be associated with stiffness degra-
ation of the material, and thus work within the framework of
amage mechanics, i.e., damage is herein defined as a reduction in
he material’s secant stiffness [13]. For most generality, only a cou-
le of assumptions are made. First, following the frequently applied
ssumption in stress-strain based constitutive models [14,15], we
ssume a decomposition of the potential energy into shear and nor-
al  components. Second, we assume that damage may  be captured

y a set of scalar-valued damage parameters [1]. With these two
ssumptions, the general Helmholtz free energy function, �,  for
nisotropic materials, takes the following form:

 =
n∑

i=1

(1 − di)�i = (1 − dn)�n + (1 − dt)�t, (1)

here �n is the energy related to normal separation and �t is the
nergy related to tangential (or shear) separation. Moreover, dn and
t are scalar damage parameters related to the evolution of damage
n the normal and shear directions, respectively. The scalar dam-
ge parameters are continuous and take values between 0 and 1
i.e. dn ∈ [0, 1] and dt ∈ [0, 1]) where 0 indicates no damage, and 1
ndicates complete damage. In a related investigation, Mosler and
cheider [1] included a third assumption: that the different damage
echanisms in the normal and shear directions are multiplicatively

oupled. Thus, they proposed the following form for the anisotropic
elmholtz free energy function:

 =
n∑

i=1

n∏
j=1

(
1 − d(j)

i

)
�i. (2)

However, we note that this is a subset of the more general form
1), where:

1 − dn) =
(

1 − d(n)
n

)(
1 − d(t)

n

)
, (1 − dt) =

(
1 − d(n)

t

)(
1 − d(t)

t

)
.

(3)

In both cases, the effective damage parameters are continuous
nd vary between 0 and 1.

In the context of a purely mechanical theory, we  can use the
lassical Coleman and Noll procedure [16] to derive a thermo-
ynamically consistent, anisotropic constitutive relation. In this
etting, the Clausius–Duhem dissipation inequality reads:

 = ◦
w − �̇ ≥ 0, (4)

here
◦
w is the stress power and �̇ is the time derivative of the

elmholtz free energy function. In the current context of cohesive
one models, the stress power is written as [1]:
◦ = T · [[u̇]], (5)

here T is the traction vector, and [[u̇]] is the time derivative of
he displacement jump. Inserting the expressions for the stress
ower and the time derivative of the general Helmholtz free energy
mmunications 78 (2016) 100–109 101

function (1) into the dissipation inequality (4), we obtain1:

D = ◦
w − �̇ = T · [[u̇]] − (1 − dn)

∂�n

∂[[u]]
· [[u̇]]

+ �nḋn − (1 − dt)
∂�t

∂[[u]]
· [[u̇]] + �tḋt

≥ 0. (6)

From the above expression, we can define the following rela-
tions for the cohesive tractions:

Tn = (1 − dn)
∂�n

∂[[u]]
, and Tt = (1 − dt)

∂�t

∂[[u]]
; (7)

which results in the following form for the dissipation inequality:

D = �nḋn + �tḋt ≥ 0. (8)

Since the elastic energies are assumed to be non-negative, the
dissipation inequality, and thus the second law of thermodynam-
ics [16], is automatically satisfied if the damage parameters are
monotonically increasing:

ḋn ≥ 0 and ḋt ≥ 0. (9)

Therefore, in order for an anisotropic constitutive relation to be
thermodynamically consistent, the above constraints need to be
met.

3. Reformulating the PPR potential as an anisotropic
Helmholtz function

To demonstrate the thermodynamic consistency of the PPR
potential function [2], under the pure loading conditions it was
designed for, we  recast the potential function into the form of the
Helmholtz free energy function (1). With some algebraic maneu-
vering, the energies, �n and �t, consistent with the PPR model,
take the form:

�n = 1
2

En�2
n and �t = 1

2
Et�

2
t , (10)

where �n and �t are the normal and tangential crack opening
widths, respectively. The variables En and Et shown above are ini-
tial stiffness parameters in the normal and tangential directions,
respectively. These parameters are consistent with the original PPR
cohesive model proposed by Park et al. [2] (see Appendix A), and
are defined as:

En = −�n

ı2
n

(
m

˛

)m−1
(m + ˛)

[
�t

(
n

ˇ

)n

+ 〈�t − �n〉
]

, (11)

Et = −�t

ı2
t

(
n

ˇ

)n−1 (
n + ˇ

)[
�n

(
m

˛

)m

+ 〈�n − �t〉
]

, (12)

where ın and ıt are the final crack opening widths in the normal
and tangential directions:

ın = �n

�max
˛�n(1 − �n)˛−1

(
˛

m
+ 1
)  (

˛

m
�n + 1

)m−1
, (13)

( )  ( )n−1
1 We assume here, for simplicity, that the Helmholtz free energy is not a function
of  any structural tensor. In the remainder of the paper, we consider the crack faces
to  be parallel, limiting our investigation to the constitutive component of the model
and  eliminating the need to include energetically consistent conjugate stresses [1].
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Fig. 1. At each state (reference point) of the loading history, there are four possible
scenarios for loading to progress. The pure loading condition constitutes the white
region (�i+1

n ≥ �i
n and �i+1

t ≥ �i
t ); partial unloading constitutes the two light gray

regions (�i+1
n < �i

n and �i+1
t ≥ �i

t ; or �i+1
n ≥ �i

n and �i+1
t < �i

t ); and pure unload-
ing constitutes the dark gray region (�i+1

n < �i
n and �i+1

t < �i
t ). The reference point

corresponds to the point of intersection between the historical maximum normal
02 D.W. Spring et al. / Mechanics Resea

Moreover,  ̨ and  ̌ are shape parameters which control the soft-
ning shape of the traction–separation relation in the normal and
hear directions, respectively. Both  ̨ and  ̌ are ≥1. If  ̨ (or ˇ) is
et equal to 2, the softening relation is almost linear, whereas if

 (or ˇ) is less than or greater than 2, the relation is concave or
onvex, respectively. Moreover, the non-dimensional exponents,

 and n, are evaluated from the shape parameters and the initial
lope indicators (�n, �t):

 = ˛(  ̨ − 1)�2
n(

1 − ˛�2
n

) , n = ˇ(  ̌ − 1)�2
t(

1 − ˇ�2
t

) (15)

here the initial slope indicators relate the final crack opening
idths to the crack opening widths at peak cohesive stress. The

nergy constants �n and �t are related to the normal and tangen-
ial fracture energies [2]. When the normal and tangential fracture
nergies are different (�n /= �t), the energy constants are:

n = (−�n)〈�n−�t 〉/(�n−�t )(
˛

m
)
m

, �t = (−�t)
〈�t−�n〉/(�t−�n)

(
ˇ

n

)n

,

(16)

here the Macaulay bracket 〈·〉 is defined such that 〈x〉 = (|x| +
)/2. When the normal and tangential fracture energies are equal
�n = �t), the energy constants are:

n = −�n

(
˛

m

)m

, �t =
(

ˇ

n

)n

. (17)

The damage parameters consistent with the PPR model are func-
ions of two internal history parameters (
n, 
t) [12], and take the
orm:

n(
n, 
t) = 1 − T ′n(
n, 
t)
En
n

, (18)

t(
n, 
t) = 1 − T ′t(
n, 
t)
Et
t

, (19)

here

′
n(
n, 
t) = �n

ın

[
m
(

1 − 
n

ın

)˛(m

˛
+ 
n

ın

)m−1

− ˛
(

1 − 
n

ın

)˛−1(m

˛
+ 
n

ın

)m
]

×
[

�t

(
1 − 
t

ıt

)ˇ( n

ˇ
+ 
t

ıt

)n

+ 〈�t − �n〉
]

, (20)

′
t(
n, 
t) = �t

ıt

[
n
(

1 − 
t

ıt

)ˇ( n

ˇ
+ 
t

ıt

)n−1

− ˇ
(

1 − 
t

ıt

)ˇ−1( n

ˇ
+ 
t

ıt

)n
]

×
[

�n

(
1 − 
n

ın

)˛(m

˛
+ 
n

ın

)m

+ 〈�n − �t〉
]

. (21)

Substituting Eqs. (10), (18) and (19) into Eq. (7), the cohesive
ractions can be compactly written as:

n = T ′
n (
n, 
t)

�n


n
, and Tt = T ′

t (
n, 
t)
�t


t
; (22)
The internal history parameters 
n and 
t represent the max-
mum normal opening and absolute tangential opening in the
istory of loading, respectively. Because the damage parameters
re constrained to be irreversible in Eq. (9), to satisfy the dissipation
separation and the historical maximum tangential separation.

inequality in Eq. (4), the history parameter must also be irreversible,
i.e.:


n = max
{

�n

}
and 
t = max

{∣∣�t

∣∣} . (23)

In a numerical setting, these parameters satisfy the following
relations from one increment (i) to the next (i + 1):


i+1
n = max

{

i

n, �i+1
n

}
and 
i+1

t = max
{


i
t,
∣∣�i+1

t

∣∣} . (24)

Therefore, when unloading occurs, i.e., 
i+1
n = 
i

n and 
i+1
t =


i
t , the corresponding damage parameter does not decrease. In

the pure loading scenario, 
i+1
n = �i+1

n and 
i+1
t =

∣∣�i+1
t

∣∣; and the
tractions resulting from the Helmholtz free energy function are
equivalent to those from the PPR potential function (see Appendix
A).

There are three distinct scenarios where unloading occurs, as
illustrated in Fig. 1. In order for an unloading/reloading relation to
be thermodynamically consistent, the damage parameters during
unloading need to satisfy the constraints in Eq. (9) in all three sce-
narios. In the following section, we  will plot the evolution of the
damage parameters for the PPR model under conditions of loading
and unloading/reloading. In the case of unloading/reloading, we
will consider both the coupled and uncoupled relations proposed
for use with the PPR model [17].

4. Assessing the thermodynamic consistency of the PPR
cohesive model

As discussed previously, the primary critique of potential-based
models which only depend on the displacement jump is the
reversibility of the model without the inclusion of external his-
tory parameters. Thus, it is not surprising that, in conditions of
pure loading, cohesive models of this type are indeed thermody-
namically consistent (i.e. damage monotonically increases in the
model). To show this, we  plot a typical traction–separation rela-
tion derived from the Helmholtz form of the PPR model, and the
corresponding evolution of damage parameters in Fig. 2. As illus-
trated, each damage parameter begins at 0 and monotonically
increase to 1 as the separation (�n, �t) increases to the final crack
opening width

(
ın, ıt

)
. If this were not the case (i.e. the dam-
age parameter, and thus the damage in the material, decreased),
it would indicate that the material has self-healed; a behavior
not accounted for in the original formulation of the PPR cohesive
model.
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Since the unloading/reloading relations which have been pro-

osed for use with the PPR model are both phenomenological and

ndependent of the original potential that it is based upon, their
hermodynamic consistency is not guaranteed (as expected). Here,
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Unloading constitutive
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T�
n (�n, �t ) = T ′n

(
��

n, ��
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)(√�2
n + �2
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)˛�
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��

n, ��
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n + �2
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)ˇ�

��
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ing. Evolution of the damage parameters for (c) normal opening and (d) tangential
0 MPa,  ̨ = 5,  ̌ = 1.3, �n = 0.1, and �t = 0.2.

we examine both the uncoupled and coupled unloading/reloading

relations [17] and compute their effective damage parameters,
to demonstrate the issues inherent in their formulation. A sum-
mary of the coupled and uncoupled unloading/reloading relations

ing relations for the PPR cohesive model.

oupled [17] Thermodynamically consistent

 max
{

�n

}
, 
t = max

{∣∣�t

∣∣} 
n = max
{

�n

}
, 
t = max

{∣∣�t

∣∣}
< 
n , �t < 
t �n < 
n or �t < 
t

(�n, �t ) = T ′n (
n, �t )

(
�n


n

)˛�

(�n, �t ) = T ′t (�n, 
t )

(
�t


t

)ˇ�

T�
n (�n, �t ) = T ′n (
n, 
t )

(
�n


n

)
T�

t (�n, �t ) = T ′t (
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(
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Fig. 3. Depiction of the uncoupled unloading/reloading relation for the PPR cohesive model: (a) traction in the normal direction; (b) traction in the tangential direction; (c)
effective damage parameter in the normal direction; (d) effective damage parameter in the tangential direction. The cohesive parameters are: � = 100 N/m, � = 200 N/m,
� 35ın , 
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max = 40 MPa, 	max = 30 MPa,  ̨ = 5,  ̌ = 1.3, ˛� = 1, ˇ� = 1, �n = 0.2, �t = 0.1, �nmax = 0.

s listed in Table 1. First, in the uncoupled case, unloading in the nor-
al  direction is viewed independently from that in the tangential

irection. Typical uncoupled unloading tractions are illustrated in
ig. 3(a) and (b). Because this unloading relation is not extracted
rom the cohesive model itself, there is no explicit form assumed
or the damage parameters; however, we can compute the effective
amage parameters numerically, as illustrated in Fig. 3(c) and (d).

In Fig. 3(c), the normal damage parameter monotonically
ncreases with normal separation. However, when simultaneous
nloading in the normal and tangential directions occurs (the pure
nloading scenario in Fig. 1), the damage parameter decreases with
ecreasing tangential separation. This is not a physically realistic
esponse. In the absence of self-healing, the damage parame-
ers should not decrease as the material unloads. Similarly, the
angential damage parameter monotonically increases with tan-
ential separation, as illustrated in Fig. 3(d), but decreases with
ormal separation when simultaneous unloading occurs in both
irections.

Finally, for the coupled unloading/reloading case, unloading in
he normal direction is viewed as dependent on that in the tangen-
ial direction. Typical coupled unloading tractions are illustrated in
ig. 4(a) and (b). This unloading relation is also phenomenological,
nd not extracted from the cohesive model itself (i.e. there is no
xplicit form assumed for the damage parameters), thus we  com-
ute the effective damage parameters numerically, and illustrate
hem in Fig. 4(c) and (d). From the figures, it is clear that neither the
ormal damage parameter nor the tangential damage parameter
emonstrate monotonicity in the region of unloading.

In a thermodynamically consistent model, we  would expect
ach of the damage parameters to display monotonically increasing
ehavior, regardless of the unloading condition. It is well-known
hat this behavior is not possible with an uncoupled unload-

ng/reloading relation, thus the unloading/reloading relation must
e coupled. In the following section, we derive a new, thermody-
amically consistent, coupled unloading/reloading relation for use
ith the PPR cohesive model.
n t

and �tmax = 0.2ıt .

5. A thermodynamically consistent unloading/reloading
relation

In the previous section, we verified that neither the coupled
nor the uncoupled unloading/reloading relations, which have been
proposed for use with the PPR cohesive model, are thermody-
namically consistent (as expected). However, since the anisotropic
Helmholtz form of the PPR model describes all conditions of
loading, it contains an intrinsic unloading/reloading relation. The
corresponding thermodynamically consistent relations, extracted
from the Helmholtz form of the PPR model, are depicted in
Fig. 5. The damage parameters, equivalent to those computed
using Eqs. (18) and (19), are illustrated in Fig. 5(c) and (d). As
shown, both the normal and tangential damage parameters mono-
tonically increase under both normal and tangential separation.
When unloading/reloading occurs simultaneously in both direc-
tions, both damage parameters remain constant; which is the only
thermodynamically consistent form of these parameters in this
scenario (when self-healing is neglected), as per the dissipation
inequality (8).

In addition to the cohesive traction vectors in Eq. (22),
we outline the form of the material tangent stiffness matrix
for the thermodynamically consistent unloading/reloading
relation:

D� (�n, �t) =
[

D�
nn D�

nt

D�
tn D�

tt

]
=
[

∂T�
n /∂�n ∂T�

n /∂�t

∂T�
t /∂�n ∂T�

t /∂�t

]
. (25)

For each of the three distinct unloading scenarios, illustrated in
Fig. 1, the components (D�

nn, D�
nt , D�

tn, and D�
tt) of the tangent matrix

become: ∣ ∣

1) If �n < 
n and ∣�t∣< 
t

D�
nn = T ′n (
n, 
t)

1

n

D�
tt = T ′t (
n, 
t)

1

t

(26)
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Fig. 4. Depiction of the coupled unloading/reloading relation for the PPR cohesive model: (a) traction in the normal direction; (b) traction in the tangential direction; (c)
effective damage parameter in the normal direction; (d) effective damage parameter in the tangential direction. The cohesive parameters are: �n = 100 N/m, �t = 200 N/m,
�max = 40 MPa, 	max = 30 MPa,  ̨ = 5,  ̌ = 1.3, ˛� = 1, ˇ� = 1, �n = 0.2, �t = 0.1, �nmax = 0.35ın , and �tmax = 0.2ıt .

F for th
i eter in
c  ̨ = 5, 

2

ig. 5. Depiction of the thermodynamically consistent unloading/reloading relation 

n  the normal direction; (b) traction in the tangential direction; (c) damage param
ohesive parameters are: �n = 100 N/m, �t = 200 N/m, �max = 40 MPa, 	max = 30 MPa, 

D�
tn = 0 D�

nt = 0 (27)

) If �n < 
n and
∣∣�t

∣∣ = 
t

( )

D�

nn = T ′n (
n, �t)
1

n

D�
nt = Dnt (
n, �t)

�n


n
(28)

D�
tt = Dtt (
n, �t) D�

tn = 0 (29)
e PPR cohesive model, derived from the Helmholtz form of the model: (a) traction
 the normal direction; and (d) damage parameter in the tangential direction. The

 ̌ = 1.3, �n = 0.2, �t = 0.1, �nmax = 0.35ın , and �tmax = 0.2ıt .

3) If �n = 
n and
∣∣�t

∣∣< 
t

D�
nn = Dnn (�n, 
t) D�

nt = 0 (30)

( )

D�

tt = T ′t (�n, 
t)
1

t

D�
tn = Dtn (�n, 
t)

�t


t
(31)

where Dnt(�n, �t) = ∂T′
n/∂�t and Dtn(�n, �t) = ∂T′

t/∂�n [18,19].
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Fig. 6. Sinusoidal loading relation in the normal crack opening direction. The follow-
i
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F
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F
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ng portions of the loading history are delineated: loading (A-B), unloading (B-C),
ontact (C-D), and reloading (D-E).

. Example: mixed-mode sinusoidal loading and unloading

In this section, we evaluate the response of a cohesive interface
uring nontrivial mixed-mode loading and unloading. The crack
aces are assumed to remain parallel to one another, however, the
rack opening in the normal direction is assumed to follow a rela-
ion independent of that in the tangential direction. The respective
pening separations are assumed to follow the relations:

n = 2sin(0.15	) and �t = 3.5sin(0.12	), (32)

here 	 is a time-like parameter (0 ≤ 	 ≤ 100), as illustrated in
igs. 6 and 7. The response of the interface is investigated for
ach of the three unloading/reloading relations summarized in
able 1. The cohesive parameters are selected as: �n = �t = 100 N/m,
max = 40 MPa, 	max = 15 MPa, �n = 0.1, �t = 0.2,  ̨ = 5,  ̌ = 1.3, ˛� = 1,

nd ˇ� = 1. As noted previously, during unloading/reloading of the
nterface, damage is expected to remain constant, and thus, the
lope of the traction–separation relation is also expected to remain
onstant.

ig. 8. Tractions in the normal direction during mixed-mode sinusoidal loading/unloading.
nloading/reloading relations.

ig. 9. Tractions in the tangential direction during mixed-mode sinusoidal loading/unlo
onsistent unloading/reloading relations.
Fig. 7. Sinusoidal loading relation in the tangential crack opening direction. The
following portions of the loading history are delineated: loading (A-B), unloading
(B-C), and reloading (C-D).

For each unloading/reloading relation, the computed normal
and tangential traction–separation relations are illustrated in
Figs. 8 and 9, respectively. From the results, it is clear that the
only unloading/reloading relation able to capture the expected
response is the one derived from the thermodynamically consis-
tent formulation. The coupled and uncoupled unloading/reloading
relations produce significant deviations from the expected results,
due to non-monotonic damage accumulation in these relations.
Note that, even though the violation of monotonicity is small (see
Figs. 3 and 4), the impact of the violation on the global response is
large.

The unexpected unloading/reloading behavior, observed using
both the uncoupled and coupled relations, could lead to incorrect
global behavior if one were to use these relations for problems
which experience a significant amount of mixed-mode crack
face unloading. One prominent example of this is in the case of

fatigue damage, wherein the cohesive zone experiences repeated
cycles of loading, unloading and reloading. Fatigue damage has
been modeled with the cohesive zone concept, and is generally
introduced through unloading/reloading relations [20–22]. The

 Computed for the: (a) coupled, (b) uncoupled, and (c) thermodynamically consistent

ading. Computed for the: (a) coupled, (b) uncoupled, and (c) thermodynamically



rch Co

a
r
f

7

p
P
i
c
g
a
t
d
t
w
c
r
a
r
P

A

w
a
R
F
a
a
i
n

A
t
P

P
s
t
(
a
t
t
t
m
c

a
[

E

Tn(�n, �t) = �n

ın

[
m
(

1 − �n

ın

)˛(m

˛
+ �n

ın

)m−1

− ˛
(

1 − �n

ın

)˛−1(m

˛
+ �n

ın

)m
]

D.W. Spring et al. / Mechanics Resea

forementioned thermodynamically consistent unloading/
eloading relation might be a viable alternative to address
atigue modeling.

. Concluding remarks

This paper addresses the thermodynamic consistency of the PPR
otential-based cohesive fracture model. We  demonstrate that the
PR model, while not designed with thermodynamic consistency
n mind, is thermodynamically consistent under the pure loading
onditions for which it was designed. We  do this by proposing a
eneral form for the anisotropic Helmholtz free energy function,
nd then by recasting the PPR cohesive model to this form. Through
he reformulation of the PPR model, we are able to demonstrate that
amage accumulates in the model in an irreversible manner when
he crack opening width increases monotonically. Alternatively,
hen the crack undergoes unloading/reloading, we verify that the

ommonly applied coupled and uncoupled unloading/reloading
elations produce self-healing behavior within the formulation. To
ddress this issue, we present a new coupled unloading/reloading
elation which maintains the thermodynamic consistency of the
PR model.
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ppendix A. Comparison between the present
hermodynamically consistent formulation and the original
PR model

Here, the proposed thermodynamically consistent form of the
PR model is compared to the original form of the model, pre-
ented in [2], for the case of monotonic loading. First, we  present
he derivation of the initial stiffness parameters En and Et in Eqs.
11) and (12). Next, the damage parameters dn and dt in Eqs. (18)
nd (19) are simplified for the case of monotonic loading. Lastly,
he proposed thermodynamically consistent model is compared to
he original PPR model. The result of this investigation illustrates
hat the proposed thermodynamically consistent form of the PPR

odel is equivalent to the original model under monotonic loading
onditions.

The initial stiffness parameters En and Et, in Eqs. (11) and (12),
re obtained by evaluating Dnn (0, 0) and Dtt (0, 0) (from Eq. 35) in
18]):

n = Dnn(0,  0) = �n

ı2
n

[
(m2 − m)

(
m

˛

)m−2
+ (˛2 − ˛)

(
m

˛

)m

][ ]

− 2m˛

(
m

˛

)m−1
�t

(
n

ˇ

)n

+ 〈�t − �n〉

= −�n

ı2
n

(
m

˛

)m−1
(m + ˛)

[
�t

(
n

ˇ

)n

+ 〈�t − �n〉
]

, (A.1)
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Et = Dtt(0,  0) = �t

ı2
t

[
(n2 − n)

(
n

ˇ

)n−2
+ (ˇ2 − ˇ)

(
n

ˇ

)n

− 2nˇ
(

n

ˇ

)n−1
][

�n

(
m

˛

)m

+ 〈�n − �t〉
]

= −�t

ı2
t

(
n

ˇ

)n−1
(n + ˇ)

[
�n

(
m

˛

)m

+ 〈�n − �t〉
]

. (A.2)

The damage parameters dn and dt in Eqs. (18) and (19)
account for the degradation of the cohesive tractions as the
displacement jump increases. Conceptually, the proposed dam-
age parameters dn and dt account for difference between the
elastic stresses in the normal and tangential directions and the
corresponding inelastic stresses predicted by the original formu-
lation of the model [2]. If monotonic loading is assumed, the
internal history parameters become 
n = �n and 
t =

∣∣�t

∣∣. Replac-
ing these expressions for 
n and 
t in Eqs. (18) and (21), we
obtain:

1  −  dn

(
�n,
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⎦ ,  (A.3)

1 − dt(�n,
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Et
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(A.4)

Substituting Eqs. (A.3), (A.4) and (10) into Eq. (7) yields:
×

⎡
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(A.5)
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As expected, these expressions are identical to the cohesive trac-
ions predicted by the original PPR model [2], demonstrating the
quivalence between the proposed thermodynamically consistent
ormulation and the original PPR model formulation under condi-
ions of monotonic loading.

ppendix B. Nomenclature

 parameter controlling the shape of the cohesive softening
curve in the normal direction

� parameter controlling the shape of the unload-
ing/reloading curve in the normal direction

n conjugate normal final crack opening width
t conjugate tangential final crack opening width

 parameter controlling the shape of the cohesive softening
curve in the tangential direction

� parameter controlling the shape of the unload-
ing/reloading curve in the tangential direction

n normal separation along the fracture surface
n normal final crack opening width

i+1
n normal separation along the fracture surface at numerical

increment i + 1
i
n normal separation along the fracture surface at numerical

increment i
t tangential separation along the fracture surface

t tangential final crack opening width
i+1
t tangential separation along the fracture surface at numer-

ical increment i + 1
i
t tangential separation along the fracture surface at numer-

ical increment i
˙

 time derivative of the Helmholtz free energy function
n energy constant in the PPR model
t energy constant in the PPR model

 internal history parameter in the coupled unload-
ing/reloading relation

n internal history parameter in the normal direction
i+1
n internal history parameter in the normal direction at

numerical increment i + 1
i
n internal history parameter in the normal direction at

numerical increment i
t internal history parameter in the tangential direction
i+1
t internal history parameter in the tangential direction at

numerical increment i + 1
i
t internal history parameter in the tangential direction at

numerical increment i
n parameter controlling the hardening slope of the PPR

model in the normal direction

t parameter controlling the hardening slope of the PPR

model in the normal direction
  ̇ ) time derivative

 · 〉 Macauley bracket
mmunications 78 (2016) 100–109

D� material tangent stiffness matrix of the thermodynami-
cally consistent unloading/reloading relation

◦
w stress power
�n fracture energy in the normal direction (with zero tan-

gential separation)
�t fracture energy in the tangential direction (with zero tan-

gential separation)
� total Helmholtz free energy function
�i component of the total Helmholtz free energy function
�n Helmholtz free energy functions related to normal sepa-

ration
�t Helmholtz free energy functions related to tangential sep-

aration
	 time-like parameter
T cohesive traction vector
u displacement vector
D dissipation
di scalar damage parameter
Dnn normal component of the material tangent stiffness

matrix for loading
Dv

nn, Dv
nt normal components of the material tangent stiffness

matrix for unloading/reloading
dn normal scalar damage parameter
d(n)

n normal scalar damage parameter due to normal separa-
tion

d(t)
n normal scalar damage parameter due to tangential sepa-

ration
Dv

tn, Dv
tt tangential components of the material tangent stiffness

matrix for unloading/reloading
Dtt tangential component of the material tangent stiffness

matrix for loading
dt tangential scalar damage parameter
d(n)

t tangential scalar damage parameter due to normal sepa-
ration

d(t)
t tangential scalar damage parameter due to tangential

separation
En initial stiffness parameter in the normal direction
Et initial stiffness parameter in the tangential direction
m nondimensional exponent in the PPR model
n nondimensional exponent in the PPR model
T′

n normal cohesive traction in the original PPR model
T′

t tangential cohesive traction in the original PPR model
Tn cohesive traction in the normal direction
T�

n normal cohesive traction for the unloading/reloading
relation

Tt cohesive traction in the tangential direction
T�

t tangential cohesive traction for the unloading/reloading
relation
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