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Abstract We present a B-bar formulation of the
virtual element method (VEM) for the analysis of both
nearly incompressible and compressible materials.
The material stiffness is decomposed into dilatational
and deviatoric parts, and only the deviatoric part of the
material stiffness is utilized for stabilization of the
element stiffness matrix. A feature of the formulation
is that locking behavior for nearly incompressible
materials is successfully removed by the spectral
decomposition of the material stiffness. The eigen-
value analysis demonstrates that the method elimi-
nates higher energy modes associated with locking
behavior for nearly incompressible materials, while
capturing constant strain energy modes for both
compressible and nearly incompressible materials.
The convergence and accuracy of the B-bar VEM are
discussed using 2D and 3D examples with various
element shapes (convex and non-convex).
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1 Introduction

We present the B-bar formulation of the virtual
element method (VEM) for the analysis of both nearly
incompressible and compressible materials. Volumet-
ric locking of nearly incompressible materials poses
fundamental challenges in displacement-based meth-
ods, and thus various computational techniques have
been developed to remove locking behavior [1-3].
Recently, the VEM has been proposed to handle
general polygonal/polyhedral discretizations, and has
been applied to various engineering problems [4-8]. In
this work, the VEM is advanced further by establish-
ing a general setting for a B-Bar formulation employ-
ing a diagonal matrix-based stabilization strategy,
which has been shown to produce accurate results
when compared to the traditional scalar-based stabi-
lization strategy.

The remainder of the paper is organized as follows.
Section 2 presents the VEM formulation and material
stiffness splitting scheme for the analysis of both
compressible and nearly incompressible materials. In
Sect. 3, eigenvalue analysis is performed to investi-
gate the effect of the stability term and associated
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energy modes. In particular, the element stiffness
matrices of the VEM (standard and B-Bar) are
compared with those of the finite element method
(FEM). Four computational examples are presented in
Sect. 4. Finally, key findings of the present paper are
summarized in Sect. 5.

2 B-bar VEM Formulation

Let us consider an elastic solid Q C R? with d €
{2,3} being the dimension number. On its boundary
0Q, the solid is subjected to a traction field £ on I'" and
a prescribed displacement field uy on I'*, such that
NI =0 and I"UT* = 0Q. With the boundary
conditions, the equilibrating displacement field u is
one among the set of kinematically admissible
displacements K that satisfies

[ a0)s @atwnar = [fovaes [evas
W € Ko

where C is the fourth order elastic modulus tensor, v is
an arbitrary virtual displacement, Ky stands for the set
of admissible displacements which vanishes on I'“,
e(-) =1/2[V() + V(~)T] is the linearized strain
operator, and f is a prescribed body force.

In this work, we introduce a B-bar VEM approx-
imation to the above continuous variational principle
for linear elasticity problems, which is free of
volumetric locking. Let us consider a discretization
Q; of the solid into non-overlapping elements. We
further assume that the discretization is subjected to
applied tractions and displacements on I'}, and I'} such
that I, N T} = P and I}, U T = 8Q, and that I} and
I are compatible with I' and T'™. We denote E as a
generic element in €. With the introduction, the
global virtual element space K, for the displacement
field (v;,) is defined as

Ky = {vh €K :vilp € VE) VE € Q,,} 2)

where V(E) is the local virtual element space, which
will be defined in the following subsections. In this
work, the construction of local virtual element spaces
V(E) follows the procedures introduced in references
[9, 10]. The discussion will focus on linear virtual
elements and we remark that the proposed B-Bar VEM
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formulation can be readily extended to higher-order
virtual elements as well.

2.1 Virtual element space in 2D

In the 2D case, a generic E is assumed to be a polygon
made up of straight edges. Let us denote e as a generic

edge of E. We first define an auxiliary space V(E) as
V(E) = {v € Hi(E) : Av € Py(E) and v|,€ P (e)Ve € OE}|
(3)

where P;(-) is the space of linear functions and A
stands for the Laplacian operator. Notice that the

above definition implies P (E) C V(E) and, thus, we
can define a projection operator ITy : V(E) — P, (E)
such that, for any given v € V(E), we have

/ V(Hgv) - Vpdx = / Vv-Vpdx Vp € Py(E)
(4)

and

./xveE(Hg‘)) (xV) - Z‘,GE

where x, is a generic vertex of E. Applying integration
by parts and simplifying Eq. (4), we obtain

/EV(Hgv)dx:/ vnds, (6)

OE

v(x), (5)

where n is the unit outward normal vector on OF.

Equations (5) and (6) suggest that the projection
Hgv can be computed using only the values of v on the
vertices of E. After defining the auxiliary space V(E)
and projection operator ITY, the local virtual element
space V(E) is defined as

V(E) = {v cV(E): L(HXV —v)pdx = 0Vp € Pl(E)}.
(7)

2.2 Virtual element space in 3D

In the 3D case, a generic element E is assumed to be a
polyhedron consisting of planar faces. Let us denote F'
as a generic face of E. Similarly to the 2D case, we first

define an auxiliary space V(E) as
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V(E) = {v € H\(E) : Av € P,(E)

and v|€ V(F)VF € OE} (®)

where V(F) is the local space on face F, which is
equivalent to the local virtual element space in 2D
[Eq. (7)]. Since we have P;(E) C V(E), we define the
projection operator ITy : V(E) — P;(E) according to
conditions of Egs. (4)-(6). In particular, we expand
Eq. (6) as

/Ev(ngv)dx_/aEvnds_F;E</des>nF (9)

where np is the (constant) outward normal vector of
face F (which is a constant vector over F'). According
to the definition of V(F) [Eq. (7)], [,vds can be
computed through [, F Hgvds using the values of v on
the vertices of face F. As a result, the projection Hgv
can be computed using only the values of v on the
vertices of E. By means of V(E) and the projection
operator I'IV, the formal definition of the local virtual
element space V(E) in 3D can be obtained using
Eq. (7) as in the 2D case.

2.3 L? Projection operators

The local virtual element space V(E) contains func-
tions, which are only known implicitly in the interior
of E. In order to construct a VEM approximation, we
define an L? projection operator I1° : V(E) — P, (E)
such that for any given v € V(E), we have

/Hovpdxz/vpdx Vp € Py(E) (10)
E E

According to the definition of the local space V(E),
we can show that TIv = [Ty v. As a result (same as
Hgv), this L? projection (IT%) can be computed
exactly using only the values of v on the vertices of E.
We refer to reference [11] for the computational
implementation of the L?> projection operator. The
above discussion focus on the L? projection of scalar
functions v € V(E). For vector-valued functions
ve [VE), we will use I’ to denote its L?
projection, such that I’y = [Hovx, HOV_‘,] "ford =2

and % = [M1%,, %, T1%,]" for d = 3.

2.4 B-bar VEM approximation through material
stiffness splitting

For nearly incompressible linear elastic solids, volu-
metric locking typically occurs in FEM and VEM
solutions. To address this issue in VEM, we propose a
general B-bar formulation, which is free of volumetric
locking over a wide spectrum of Poisson’s ratio.

The basic idea of the proposed B-bar VEM is based
on a deviatoric-dilatational splitting of the elasticity
modulus tensor [12]. Using the common matrix
representation of the modulus tensor, the elasticity
modulus matrix, denoted by C, can be expressed in the
spectral form as

d(d+1)/2

i=1

where /; is the ith eigenvalue of matrix C and m; is the
associated eigenvector such that m'm; = 1. In the
sequel, we will focus on the 3D case. For isotropic
linear elastic materials, we can show that m; =
%[17 1, 1,0707O]T is an eigenvector of the matrix C,
and the corresponding eigenvalue is the bulk modulus,

namely, A; = 3k. Based on this observation, we
decompose the elastic modulus matrix C as

C = Cyey + Cair, (12)
where

Cui = )vlmlmlT and Cy, =C — /hmlmlT. (13)

We remark that, although the above deviatoric and
dilatational splitting is presented for the 3D case, the
same idea and formalism are also applicable to the 2D
case under plane strain conditions. For the 2D case, the
eigenvector m, is % [1,1,0]" and the corresponding
eigenvalue is associated with the bulk modulus, i.e.,
Al =2K+ %”, where p is the shear modulus. We also
remark that, in this work, instead of splitting the B
matrix as in the classical B-bar methods [13], we
propose to split the elasticity modulus matrix C. In
Appendix B, we will show that these two approaches
are in fact equivalent.

Having introduced the decomposition of C into
deviatoric and dilatational components, we are now
ready to introduce the B-bar VEM approximation of
linear elasticity problems. The key step is how we
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construct the element-level stiffness matrix
Ki = K& + K3, which consists of a consistency part
and a stability part. In addition, based on the material
stiffness splitting [Eqgs. (12)—(13)], the proposed B-bar
VEM formulation further decomposes the consistency

part of the stiffness matrix K¢ as
c c c
Ky = K gop + K gy

= / B'C,.,B.dx + / B'C.B.dx (14)
E E

The matrix B, reads as
B. = [b(I1°,) b(M°¢,) ] (15)
where we recall that TT°@, is the L? projection of the ith
local basis function ¢; of the local space V(E); n is the

total number of nodes in E; and matrix b(IT°¢,) is
given by

o,
Ox (1
b(°¢;)=| 0 a%f" in 2D (16)
o', oy,
Oy Ox
and
_aHOd),- _
Ox ?) 0
o e
dy
¢,
0 0 —6 3 ¢
Oy Ox 0
0 oI, oI,
0z dy
oI, 0 oI,
0z Ox
(17)

Notice that, the matrix B, is a function of the L?
projection of the basis function, which can be com-
puted using only the geometric information of E.

For linear virtual elements, B, is a constant matrix
and the final expressions for K ;.. K ;;, and K§ are
given by
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Kg,dev = |E|BZ-Cd€VBC (18)
Kg 4; = |E|BICaiB. (19)
and

K¢ = |[E|B'C4.,B. + |[E|BTC4yB. = |[E|BTCB.
(20)

We remark that, in the proposed B-bar VEM
formulation, the final expression of the consistency
part of the local stiffness matrix is the same as the one
in the standard VEM formulation. In fact, this remark
also holds true to higher-order cases.

On the other hand, the stability part of the stiffness
matrix K% in the B-bar VEM formulation is given by
the popular diagonal-based recipe [8, 14—16] as

KS = (1—P°) Apgo (I - P°) (21)

where P’ is the matrix representation of the L’
projection operator I° [6, 11], and AE gev is a diagonal
matrix of the form

AE.dev = max( |:K(E:7devi| i ,u/z) (22)

We highlight that the stability part of the stiffness
matrix K} in the B-bar VEM formulation is different
from the ones in the standard VEM for linear
elasticity. In fact, K% in the proposed B-bar VEM
formulation depends only on the deviatoric compo-
nent of the stiffness matrix Kg dov- As we will
demonstrate in Sect. 3, by defining the stability part
of the stiffness matrix in such manner, we can
successfully eliminate the artificial overstiff deforma-
tion eigen-modes from the element-level VEM stiff-
ness matrix. As for the approximation of the loading
term, the proposed B-bar VEM formulation follows
the same construction as the standard VEM formula-
tion [17, 18].

Before we conclude this section, we highlight that,
compared to the B-bar VEM formulation introduced in
[16], the present B-bar VEM formulation has the
following advantages. First, the present B-bar VEM
formulation introduces a diagonal matrix-based stabi-
lization strategy, which is typically more accurate than
the traditional scalar-based stabilization strategy.
Second, the present B-bar framework enjoys a more
general setting. For example, it can be applied to



Meccanica

higher-order virtual elements and the idea of splitting
the elasticity modulus based on spectral decomposition
can be extended to construct locking-free VEM
formulation for anisotropic elastic solids, e.g., fiber-
reinforced composites [12, 19, 20]. Alternatively, the
stability term may be computed by modifying the
Lame parameters in relation with element shape [21],
but one needs to introduce a subtriangular mesh for
each element.

3 Eigenvalue analysis

The element stiffness matrices of VEM are compared
with those of FEM to investigate the effect of the
stability term by means of eigenvalue analyses.
Polygonal and polyhedral meshes are generated within
unit square and cube domains, as shown in Fig. 1a and
b, respectively. The number of elements is 50 for each
mesh. The elastic modulus is arbitrarily selected as
100, and two cases of Poisson’s ratio are employed,
i.e., 0.25 (compressible material case) and 0.49995
(nearly incompressible material case). Eigenvalues of
each element stiffness matrix (Kg) are computed using
three approaches, i.e., (1) FEM, (2) standard VEM,
and (3) B-bar VEM. For the construction of FEM
element stiffness matrices, the Wachspress shape
functions [22] are employed. For the case of com-
pressible materials, Fig. 2 demonstrates that eigen-
values of each element, obtained from the three
approaches, are within the same order of magnitude
for both 2D and 3D cases. For the case of nearly
incompressible materials (v = 0.49995), the eigenval-
ues of each element are shown in Fig. 3. While those
eigenvalues are widely distributed for the standard

(a) (b)

Fig. 1 a Polygonal and b polyhedral meshes for eigenvalue
analysis

250 FEM 1
o Standard VEM
O B-bar VEM
200 1
8 8
o o s] 8 O
Q o ==} (o]
Ti 150 | 6% P & 68 %56 Ogo %o OO
> o o] a “6 é
s 6 (0]
.80
=100 ]

0 10 20 30 40 50
Element ID
(a)
35+ FEM J
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30+ 0 B-bar VEM ]
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5]
25+ [
g 6.6 L @ % 2 %626
"_‘:‘:20> 9 EP@@G@OQQQQQ 99@@@ @@,
ol ga " vefg
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s A e 8 & ]

0 10 20 30 40 50
Element ID

(b)

Fig. 2 Eigenvalues of element stiffness matrices for compress-
ible material: a polygonal mesh (2D), and b polyhedral mesh
(3D)

FEM, they are clustered within certain ranges for both
the standard VEM and the B-bar VEM. One should
note that the maximum eigenvalue is several orders of
magnitude larger than the other eigenvalues for the
B-bar VEM, and the maximum eigenvalue of each
element is associated with the dilation mode.

To confirm associated energy modes in VEM, the
element stiffness matrix (Kg) is split into two parts,
i.e., consistency and stability terms. For FEM, we note
that K¢ and K5 are computed using the projection
operator (Hg), which isolates higher order modes in
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Fig. 3 Eigenvalues of element stiffness matrices for nearly
incompressible materials: a polygonal mesh (2D), and b poly-
hedral mesh (3D)

the eigenvalue analysis. Then, K5 and K¢ of FEM are
given as

T
K = (I—P°) Kepem(I — P°) (23)
and
K = Kg rew — K5 (24)

respectively, where Kg gy is the element stiffness
matrix obtained from FEM.

For the polyhedral mesh (Fig. 1b) with the Pois-
son’s ratio of 0.49995, the eigenvalues of K§ and K3
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are calculated according to FEM, standard VEM, and
B-bar VEM (see Fig. 4). For each case, Fig. 4a
displays six non-zero eigenvalues of K¢, which
correspond to constant strain energy modes, while
the other eigenvalues of K§ are zero. The maximum
eigenvalue of each element, associated with the
dilation mode, is several orders of magnitude larger
than the other eigenvalues for the nearly incompress-
ible material, as expected. Furthermore, FEM and
VEM display almost identical eigenvalues for the
constant strain energy modes. For higher order modes,

10% Fr20,0%600, 00007000, (00 e 00, 0o 0o

. FEM

107 ¢ o Standard VEM| ]
O  B-bar VEM

2

Z10°¢ 3

>

=

(]

.0

02t 3
o'k

10 ‘ ‘ ' ‘
0 10 20 30 40 50
Element ID
(a)
10°F FEM 1
o Standard VEM
o  B-bar VEM
l:) 10
[+
s
5
.80
25)
10% ¢ 3
10° . . . .
0 10 20 30 40 50
Element ID
(b)

Fig. 4 Eigenvalues of a consistency term (Kg ¢) and b stability
term (K s) for the polyhedral mesh
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the computed eigenvalues are widely distributed for
FEM, while they are clustered in a certain range for
standard VEM and B-bar VEM, as shown in Fig. 4b.
Furthermore, for the case of B-bar VEM, the eigen-
values of higher energy modes are in the range of the
eigenvalues of constant strain energy modes without
dilation. Thus, B-bar VEM can remove locking
behavior for nearly incompressible materials, as
illustrated with examples in the following section.

4 Computational examples

Four computational examples are employed to verify
the VEM with the B-bar method for both nearly
incompressible and compressible materials. The con-
vergence of displacement solutions is investigated
with various element shapes, i.e., convex and non-
convex, for both two- and three-dimensional
problems.

4.1 Cantilever

A cantilever has a rectangular domain with the length
(L) of 2 and the depth (D) of 1, as shown in Fig. 5
(consistent units). The elastic modulus (F) is assumed
as 10°. The Poisson’s ratio is selected as 0.25 and
0.49995, which correspond to compressible and nearly
incompressible materials, respectively. Plane strain is
assumed with unit thickness. The traction boundary
condition is imposed on the right edge considering a
quadratic function, i.e., Py(y) = 6Py(0.25 — y?),
where Py is —100 and the resultant force (P) of the
traction (Py) is —100. The prescribed displacement
boundary conditions are applied on the left edge,
which are obtained from the analytical solution [23]
for the horizontal and vertical displacements:

4

y
N—’ 4
e 4
1 Q»«%»x 1 P,(») = 6Py(0.25 - y?)
Yo 4
NS 1+

2

Fig. 5 Geometry and boundary conditions of the cantilever
example

Uy = Py ((6L—3x)x+ (2 + )y —%Dz(l +v)>

~ GEI
(25)
and
u, = i_ (3\7y2(L —x)+ (3L — x)xz) (26)
° 6EI
respectively, where E=E/(1—v?) and V=

v/(1 —v) for the plane strain condition. Then, the
domain is discretized into three types of polygonal
meshes, i.e., centroidal Voronoi tessellation (CVT),
Pegasus, and “VEM?”, as illustrated in Fig. 6. For each

el s I e | B e M e |
e e T T = T
HeH
NN
—_— e [ [ e [
—_—_— e [ [ e [
e T =T
HoH
NN

e e e T T
Ho A HraHHrH

e e ==

Fig. 6 Polygonal meshes for the cantilever example: a CVT
mesh, b Pegasus mesh, and ¢ “VEM” mesh
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mesh type, seven virtual element meshes are generated
to investigate the rate of convergence for the B-bar
VEM.

For each element type, L? type error of displace-
ment is evaluated according to element size. The
element size is estimated by the square root of the
average area of elements in the polygonal meshes.
Figure 7a and b demonstrate that the optimal rate of
convergence is achieved for both compressible and

nearly incompressible materials, respectively,
103 F |~ CVT J
—#*—Pegasus ]
g —v—VEM ]
g ]
Q ]
g
Z10* ¢ .
= ]
G 1
=] 4
— 4
2
£ |
2 St 4
g 10 ]
N 42 ]

107 '
102 107!
Element size
(a)
103 |~ CVT i
—+*—Pegasus 1
% —v— VEM ]
o ]
5 |
k=
10ty 3
5 1
o ]
o ]
5 ]
£ |
Q 5L i
g 10 ]
N 42 ]
10
102 107!
Element size
(b)

Fig. 7 Rate of convergence for L type error of displacement
for a compressible material (v = 0.25), and b nearly incom-
pressible material (v = 0.49995). Each point on the plots refers
to a single mesh
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regardless of element shapes, i.e., convex and non-
convex. Because of element quality, CVT meshes
(Fig. 7a) provides more accurate results than Pegasus
and “VEM” meshes (Fig. 7b and c), as expected.

4.2 Flat punch

The flat punch problem consists of a square domain of
dimensions by 1 by 1, in which the uniform vertical
displacement of -0.03 is applied on the one-third
portion of the top edge, while the left, right, and
bottom edges are constrained along the surface normal
direction, as shown in Fig. 8 (consistent units). The
elastic modulus is 250, and the Poisson ratio is
0.49995. When the domain is discretized into CVT
meshes, the edges of polygonal elements do not
exactly match with the displacement boundary of the
top edge, i.e., 1/3 <x<2/3. To fit with the region of
the displacement boundary condition, two approaches
are employed, i.e., node relocation and edge split, as
shown in Fig. 9a and b, respectively. Nodes are
relocated to the position x = 1/3 and x = 2/3, which
correspond to solid red circles in Fig. 9a. For the other
approach, edges are split, and new nodes are created at
x = 1/3 and x = 2/3, as shown by solid red circles in
Fig. 9b. Alternatively, the combination of the edge
split and node relocation may improve mesh quality
according to the ratio of the split edge length to the
original edge length [24].

The flat punch problem is solved using the B-bar
VEM. The number of polygonal elements is 100, 800,
and 6400. Figures 10a and b show the vertical
displacement of the top edge using the CVT meshes
obtained from the node relocation and edge split

approaches, respectively. Both approaches
) 1/3 1/3 |
§ I l | | | l 1 § -
N o§
N \
YR
NS \
N N

RSN

1

Fig. 8 Geometry and boundary conditions of the flat punch
example
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(a) (b)

Fig. 9 Two types of CVT meshes using a nodal relocation, and
b edge split to match with the displacement boundary condition

demonstrate the convergence of the vertical displace-
ment under mesh refinement. The Abaqus [25] solu-
tion in Fig. 10 is obtained from a FE mesh consisting
of 900 x 900 bilinear quadrilateral elements with
constant pressure, which leads to 810,000 elements.
Additionally, the problem is solved using the standard
VEM, which yields the vertical displacement rela-
tively away from the Abaqus solution, as shown in
Fig. 11. The pressure field is also computed using the
B-bar VEM and standard VEM, as shown in Fig. 12a
and b, respectively. The B-bar VEM provides the
smooth pressure field, while the standard VEM cannot
represent the smooth pressure field for nearly incom-
pressible material.

4.3 Cook’s beam benchmark

Cook’s beam example is employed for both com-
pressible and nearly incompressible materials. The
elastic modulus is 250, and the previous two cases of
Poisson’s ratio are employed, i.e., 0.25 and 0.49995,
with the plane strain condition. The geometry and
boundary conditions are shown in Fig. 13 (consistent
units). The beam is discretized using CVT, random
Voronoi tessellation (RVT), Pegasus and bird meshes.
For the CVT and RVT meshes (e.g., Figures 14a and
b), the number of elements is 25, 50, 100, 200, and
400. For the Pegasus and bird meshes, 5 x 5,7 x 7,
10 x 10, 15 x 15, and 20 x 20 grids are first gener-
ated within a unit square, and nodal coordinates are
linearly transformed to fit within the given geometry.
The Pegasus and bird meshes with 5 x 5 grid are
illustrated in Fig. 14c and d, respectively. Then, the
vertical displacement is evaluated at the upper-right
corner of the domain.

&

>

2
.

Vertical displacement
=)

—— Abaqus (810,000 elements)
B-bar VEM elements = 100

0.02¢ —&—B-bar VEM elements = 800
—&—B-bar VEM elements = 6400 ‘
-0.03 L L L L L L
0 0.05 0.1 0.15 0.2 0.25 0.3
Location
(@
0.03
0.02
=
2 0.01
[}
E
Z 0
kS
g
§ -0.01

—— Abaqus (810,000 elements)
B-bar VEM elements = 100

-0.02¢ —&—B-bar VEM elements = 800
—6—B-bar VEM elements = 6400
-0.03 - . - . - :
0.05 0.1 0.15 0.2 0.25 0.3
Location
(b)

Fig. 10 B-bar VEM study for convergence of the vertical
displacement on surface: a node relocation approach, and b edge
split approach

Figures 15a and b demonstrate the convergence of
the vertical displacement to the Abaqus solution for
both compressible and nearly incompressible materi-
als, respectively. For the Abaqus solution, the domain
is discretized using 1,000,000 bilinear quadrilateral
elements with constant pressure. The Abaqus vertical
displacement at the tip of the beam is 9.444 and 7.769
for the Poisson’s ratio of 0.25 and 0.49995,
respectively.
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0.06

0.05%
0.04
0.03
0.02

0.01

Vertical displacement

0011t —— Abaqus (810,000 elements)

’ Standard VEM elements = 100
-0.02 | |~ Standard VEM elements = 800
—6— Standard VEM elements = 640

-0.03 - . - .
0 0.05 0.1 0.15 02 025 0.3

Location

Fig. 11 Standard VEM study for convergence of the vertical
displacement on surface. Comparison with the results of Fig. 10
shows the superiority of the B-bar VEM

Figure 16 illustrates the case of v = 0.49995, and
compares the computational results of B-bar VEM
with B-bar FEM, standard VEM, and standard FEM.
The B-bar method improves the computational results
for both VEM and FEM, as expected. Furthermore, the
B-bar VEM provides far more accurate results than the
B-bar FEM. However, monotonic convergence is not
guaranteed for the B-bar VEM when the number of
elements is relatively small. Additionally, the pressure
fields of the Pegasus and bird meshes are plotted in
Fig. 17a and b, respectively, for the Poisson’s ratio of
0.49995. Although highly non-convex elements are
employed, the smooth pressure fields are achieved for
nearly incompressible material.

We investigate the effect of Poisson’s ratio on the
displacement solution. The Poisson’s ratio is selected

Fig. 12 Computational
result of the pressure field
using a VEM with the B-bar
method, and b standard
VEM
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Fig. 13 Geometry and boundary conditions of the Cook’s
beam problem

as 0.0, 0.3, 0.4, 0.49, and 0.49995, and the CVT mesh
is used with 400 elements. The four computational
approaches are employed, i.e., VEM with B-bar
method, FEM with B-bar method, standard VEM,
and standard FEM. When the Poisson’s ratio is smaller
than 0.4, the computational results are similar among
the approaches, as shown in Fig. 18. For the case of
nearly incompressible material (v = 0.49995), the
B-bar VEM provides the most accurate result among
the four approaches, as discussed previously.

4.4 Compression of 3D constrained block

For 3D analysis, a constrained block of 1 x 0.5 x 0.5
is employed, as shown in Fig. 19 (consistent units).
The uniform displacement of -0.05 is applied on the
half top surface along the vertical direction, and the
traction-free boundary condition is imposed on the
other half top surface. On the front, back, left, right,
and bottom surfaces, displacements are constrained
along the surface normal directions. The box domain
is initially discretized into polyhedral elements using
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g 4

(a) ()
(d)

(¢

Fig. 14 VEM meshes for the Cook’s beam problem: a CVT
mesh, b RVT mesh, ¢ Pegasus mesh, and d Bird mesh

CVT elements (Fig. 20a). To match faces of polyhe-
dral elements with the area of the displacement
boundary of the top surface, we simply split faces,
which leads to new nodes and edges (Fig. 20b). The
elastic modulus and Poisson’s ratio are assumed as
1000 and 0.49995, respectively.

The convergence of displacement solution is
investigated by mesh refinement. The number of
polyhedral elements is 500, 1000, 2000, 4000, 8000,
and 16000. The averaged vertical displacement along
the upper-left edge of the block is plotted according to
the number of elements (Fig. 21). The B-bar VEM
provides far more accurate solution than the standard
VEM. The Abaqus [25] solution is obtained using
2,000,000 8-node linear brick elements with constant
pressure. The Abaqus vertical displacement is
0.07302. Additionally, the contour of the displacement
and pressure fields is plotted in Figs. 22 and 23,
respectively. Both B-bar VEM and standard VEM

——CVT
—=—RVT
—*—Pegasus 1
—%—Bird

———-Abaqus (1M elements)

7 L 1 1
0 100 200 300 400

Number of elements

(a)

Vertical displacement

7.5¢

T ——CVT

—=—RVT

—*—Pegasus

—%—Bird

———-Abaqus (1M elements)

6.5 L 1 1
0 100 200 300 400

Number of elements

(b)

Fig. 15 Convergence of vertical displacement for Cook’s beam
problem: a compressible material (v = 0.25), and b nearly
incompressible material (v = 0.49995). Each point on the plots
refers to a single mesh

Vertical displacement

provide smooth displacement fields although the
standard VEM has relatively large error. However,
the B-bar VEM accurately captures the smooth
pressure filed (Fig. 23a), while the standard VEM
results in inaccurate pressure field (Fig. 23b).
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—e—B-bar VEM
—a—B-bar FEM

Vertical displacement
W

3 —o— Standard VEM |
—&— Standard FEM
———-Abaqus (1M elements)
2 1 L 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500

Number of elements

Fig. 16 Comparison between VEM and FEM for Cook’s beam
problem. Each point on the plots refers to a single mesh

5 Conclusion

The B-bar VEM is proposed for the analysis of both
compressible and nearly incompressible materials in
two- and three-dimensional problems. The material
stiffness is decomposed into dilatational and devia-
toric parts, and only the deviatoric part of the material
stiffness is utilized for the stabilization of the element
stiffness matrix. The eigenvalue analysis demonstrates
that higher energy modes of VEM are clustered in
certain ranges, and FEM generally provides richer
eigenvalue distribution than VEM. Furthermore, the

Fig. 17 Pressure filed for
Cook’s beam problem using
a Pegasus mesh, and b Bird
mesh

(a)
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BB -bar VEM [Jstandard VEM
I B-bar FEM [ |Standard FEM
10 - _ l:lAbaqus solution for v = 0.49995 1
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3
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Z 6F ]
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=
2
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0
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Poisson's ratio

Fig. 18 Vertical displacement for Cook’s beam problem
according to the Poisson’s ratio. For the case of v = 0.49995,
the Abaqus solution uses a mesh with 1 M elements

B-bar VEM captures the constant strain energy modes,
while successfully eliminating higher modes associ-
ated with locking behavior for nearly incompressible
materials. Four computational examples are given,
i.e., cantilever, flat punch, Cook’s beam benchmark,
and compression of 3D constrained block. The com-
putational results demonstrate that the optimal rate of
convergence is achieved for both compressible and
nearly incompressible materials regardless of element
types, i.e., convex and non-convex. The B-bar method
improves the accuracy of solution for both FEM and
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u,(x,0.52) =0

1, (0,y,2) =0 u, = —=0.05

_

0.5

Uy (x,0,2) =0 uy(Ly,z2) =0
L X 0.5

I 1 1

Fig. 19 Geometry and boundary conditions for the constrained
block example

VEM, while the B-bar VEM provides more accurate
results than the B-bar FEM. Furthermore, the B-bar
VEM approach provides smooth pressure fields even
with highly non-convex elements.

Fig. 20 Polyhedral mesh
generation process:

a creation of polyhedral
elements within the domain,
and b face splitting and node
insertion to match the
boundary conditions

I
=
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(=]
—_
(S}
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e
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0.09 | —&—B-bar VEM
—&— Standard VEM

| |~ — —-Abaqus (ZM elements)

Averaged vertical displacement at x

IS o

0 5000

10000 15000

Number of elements

Fig. 21 Averaged displacement comparison between VEM
with B-bar method and standard VEM. Each point on the plots
refers to a single mesh
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Fig. 22 Computational result of the vertical displacement using a B-Bar VEM, and b standard VEM
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Fig. 23 Pressure filed for the constrained block problem: a VEM with the B-bar method, and b standard VEM
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Appendix A. Strain decomposition

For the construction of the stability term, the material
stiffness is decomposed using the spectral decompo-
sition, as discussed in Sect. 2.4. Alternatively, the
material stiffness (C) can be simply decomposed on

@ Springer

the basis of the strain components, i.e., one associated
with dilatational deformation, and the other related to
shear deformation. The material stiffness associated
with shear deformation is given as

00 0 O0O0O0
000000
E 000000
G =3itwlo 00100 (a-1)
00 0 O01O0
00 0 0 0 1
and
E 0 0 0
C, = 00 0 (A2)
y2(1+v)001

for 3D and 2D, respectively. Finally, the stability term
(K%) can be constructed in relation with Kg’dev =
|E |BCTC},BC and Eqgs. (21)-(22). Computational results
using this approach are almost identical with the
results using the spectral decomposition.
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Appendix B. Equivalence of B-bar formulations

We will demonstrate the connection of the proposed
B-bar VEM formulation to the previous B-bar formu-
lations introduced in [13, 16]. In particular, we will
demonstrate that splitting the elasticity modulus
matrix C is in fact equivalent to splitting the B matrix
as is done in the classical B-bar methods in FEM [13]
and the B-bar VEM formulation [16]. Again, we will
use the 3D case as an example. To demonstrate the
equivalence, we alternatively express Cy,, and C; as

Cui = (mlmlT)C(mlmlT) and

Ciev = (I —mm[)C(I —mm) (B.1)

where we call that m; = \%[17 1, 1,0,0,O]T and I is
the identity matrix. Plugging the above expressions of
C., and Cy; into the definitions of KS, we obtain

Ke = [ B mmd)C (1~ mim])B.ds
E
+/Bcr(m1m1T)C(m1m1T)Bcdx (B.2)
E

If we define

BY=(mym{)B. and

BX'=(I —mm])B. = B. — B" (B3)

c

and restrict our attention to lower-order virtual

elements, we can equivalently recast the expression
C C c

of K5 4oy Ki 4y and K as

Kg,dev = |E| (B?ev) TCB?W’ (B4)
Kg,dil = \EI(B?”)TCB?”, (B.5)
KS = |E|(B*)  CB* + |E|(B™)'CB%.  (B.6)

In addition, because (I —mim!)Cmm] =0, we
recover
KE = |E|(B2 + B C(B% + BY)
T
= |E|(BC) C(BC), (B.7)
which is the same as the construction in reference [16].
Now let us look at the matrix B%'. Because

(oI, OI1%p;, OIT°¢, T
Ox dy 0z
AM’¢; oM%¢, Mg,
; o 1 ox oy 0z
(mim7)b(I00;) == | a1, oI, O°¢) |-
Ox Jy 0z
0 0 0
0 0 0
L 0 0 00 |
(B.8)

the matrix form of BY'=(m m!)B, is the same as the
B = 1/|E| [, B"dx in the classical B-bar method in
FEM [13] and the one in the B-bar VEM formulation
in [16].

Based on the above analysis, we conclude that the
proposed B-bar VEM formulation and the B-bar VEM
formulation in [16], although they start from different
perspectives, will lead to the same consistency part of
the stiffness matrix. The main difference between the
two formulations lies in how we construct the stability
part of the stiffness matrix. In addition, we also note
that the present B-bar VEM formulation enjoys more
generality and can be more straightforwardly applied
to higher-order cases and anisotropies solids.

Appendix C. Equivalence between B-bar VEM
and mixed (displacement—pressure) VEM
formulations

In this appendix, we will demonstrate that the
proposed B-bar VEM formulation is equivalent to
the two-field mixed VEM formulation [26], which is
another popular approach to model nearly incom-
pressible solids. We note that such equivalence is also
explored in the FEM setting [27].

Based on the decomposition of the elastic modulus
matrix C into the deviatoric and dilatational compo-
nents [i.e., Equation (12)], we can express the stress—
strain relationship as

o-(u) = Cdeva(u) + Cdila(u)
= Cueve(u) + ymym! e(u). (C.1)

If we introduce a pressure field given by
p=/Jimle(u), where we recall that

511, 1,0]" in 2D and m, = Z11,1,1,0,0, 0]" in 3D

m; =
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and 4, is the eigenvalue of C associated with m, the
stress—strain relationship is expressed as

with p = ym! e(u)
(C.2)

o(u,p) = Caee(u) + pm,

To derive a two-field mixed VEM approximation,
we introduce a discrete pressure space 9y, as

Qi = {pn € L*() : pily € Po(E),VE € Q,}
(C.3)

which contains element-wise constant pressure field.
According to Eq. (C.2), the pressure field within
element E is given by

1 [,
pile= 151 [ ATl = (11,
E
= llmlTBCuE (C4)

where ug is the nodal displacement vector of element
E. This gives the relation

1
m|B.ug — )—ph|E: 0 (C.5)
L1

In addition, plugging Eq. (14) into Eq. (C.4), we
obtain the following relation:

Kpup = (Kg,dev + Ky + Kg,dil) ug

E\BfmlmlTBCuE

= (Kg,dev + K%) ur + )Ll
= (Kg,dev +K§)u5 + |E|Bch1Ph|E
(C.6)

Combining Eqgs. (C.5) and (C.6), we arrive at the
following element-level stiffness matrix

Kg,dev +K% |E|B(Tm1

E|m’B, —ﬂl
| 1
A1

K" = (C.7)

which is the local stiffness matrix for the standard two-
field mixed VEM approximation. In summary, the
above analysis demonstrates that the proposed B-bar
VEM formulation is equivalent to the two-field mixed
VEM approximation for all 4; values except for
A1 = 00, meaning that the two formulations will
deliver identical results. The advantage of the pro-
posed B-bar VEM formulation over the mixed VEM
formulation is that the B-bar VEM formulation has
fewer degrees of freedom. When A; is infinity,

@ Springer

meaning the solid is purely incompressible, the
B-bar VEM formulation is not well-defined but the
two-field mixed formulation still applies.
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