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An optimization-based approach is proposed
to design elastostatic cloaking devices in two-
dimensional (2D) lattices. Given an elastic lattice with
a defect, i.e. a circular or elliptical hole, a small region
(cloak) around the hole is designed to hide the effect
of the hole on the elastostatic response of the lattice.
Inspired by the direct lattice transformation approach
to elastostatic cloaking in 2D lattices, the lattice
nodal positions in the design region are obtained
using a coordinate transformation of the reference
(undisturbed) lattice nodes. Subsequently, additional
connectivity (i.e. a ground structure) is defined in the
design region and the stiffness properties of these
elements are optimized to mimic the global stiffness
characteristics of the reference lattice. A weighted
least-squares objective function is proposed, where
the weights have a physical interpretation—they are
the design-dependent coefficients of the design lattice
stiffness matrix. The formulation leads to a convex
objective function that does not require a solution
to an additional adjoint system. Optimization-based
cloaks are designed considering uniaxial tension
in multiple directions and are shown to exhibit
approximate elastostatic cloaking, not only when
subjected to the boundary conditions they were
designed for but also for uniaxial tension in directions
not used in design and for shear loading.

1. Introduction
To cloak an object is to make it invisible with respect to
some physically observable field. For instance, classical
cloaking problems aim to re-direct electromagnetic
waves around an object such that the electromagnetic

2021 The Author(s) Published by the Royal Society. All rights reserved.
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(a) (b)reference lattice disturbed lattice (c) cloak design
by coordinate
transformation

hole

cloak design region

Figure 1. Elastostatic cloak design in 2D lattices: (a) reference lattice; (b) lattice with a prescribed circular hole surrounded by
a region in which a cloak should be designed; (c) lattice in which the cloak geometry is defined by a coordinate transformation
of the reference lattice nodes. (Online version in colour.)

field is undisturbed and the object is effectively made invisible [1,2]. Relying on form invariance
of the underlying (hyperbolic) equations, cloaking with respect to physically observable
fields such as electromagnetic waves [1–3], acoustic-induced fluid waves [4,5] and quantum
mechanical matter waves [6,7] has traditionally been pursued by applying a coordinate
transformation to a given material-parameter distribution and then solving an inverse problem
to find a microstructure exhibiting such a transformed distribution. Form invariance has also
been exploited to design cloaks in fields governed by time-dependent parabolic equations
(e.g. thermodynamics, electrical conduction and particle diffusion) [8–10], and, under special
conditions, for fields governed by the elastodynamic wave equation [11–15].

In contrast to the problems listed above, in which the cloak is used to manipulate wave
propagation, elastostatic cloaking is used to manipulate the displacement, strain and stress fields
induced from static boundary conditions, such that a hole, defect or object becomes undetectable
within an elastic medium (figure 1). The elliptic equations governing elastostatics are not form-
invariant under coordinate transformations [11]; thus, far fewer attempts have been made to
achieve elastostatic cloaking [16,17]. Topology optimization has been pursued for elastostatic
cloak design [18,19], but a formulation in the discrete setting that is capable of achieving multi-
directional elastostatic cloaking devices that mitigate the influence of circular or elliptical holes
has not been fully explored.

2. Overview and related work
Given a two-dimensional (2D) reference lattice (figure 1a), the goal of elastostatic cloaking is to
design a cloak (blue design region in figure 1b) around a prescribed defect (hole) so that, under
static boundary conditions, the displacement field outside the cloak matches that of the reference
lattice. To accomplish this goal, Bückmann et al. [17] proposed a direct lattice transformation
(DLT) approach in which the coordinates of the reference lattice nodes are modified to avoid
the hole via a coordinate transformation (figure 1c) and the local stiffnesses of the connecting
elements are held constant by choosing the cross-sectional properties appropriately. For problems
like electrical or thermal conductivity, in which each lattice element can be described by a single,
scalar parameter (i.e. electrical or thermal resistance), a cloak designed via DLT will exhibit perfect
cloaking (in a vacuum) as long as the cross-sectional properties needed to achieve the required
resistance of the transformed elements are physically viable [9]. While they acknowledge that
the DLT idea may not be directly transferable to cloaking in elastic lattices in which multiple,
independent scalars are needed to describe the mechanical behaviour of each lattice element,
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Figure 2. Lattice model: the lattice elements are modelled as Euler–Bernoulli beam elements that also take axial force. The
length, height and thickness of element � are L�, h and t, respectively. In the reference lattice, all elements have the same
length, but the length of the lattice elements varies in the design region of the design lattice. (Online version in colour.)

Bückmann et al. [17] design the cross-sectional properties of the transformed lattice elements
to preserve their axial stiffness. They demonstrate that the approach leads to approximate
elastostatic cloaks that perform well for circular holes of varying size, subjected to shear loading
and uniaxial compression along two of the lattice’s lines of symmetry, with and without lateral
support.

It is hypothesized that elastostatic cloaking in 2D lattices can be improved beyond that
achieved via the DLT approach. Consider approximating the lattice’s mechanical behaviour with
a network of Euler–Bernoulli beam elements that also resist axial force. For simplicity, assume that
the local stiffness of each lattice element can be mapped exactly from the reference lattice to the
transformed lattice (i.e. cross-sectional properties can be found that keep the local stiffness of each
lattice element constant in the presence of a change in length). Note that the contribution of each
lattice element to the global behaviour of the lattice is dependent not only on its local stiffness but
also on its orientation in the network [20]. Thus, even if it were possible to perfectly match the
element local stiffnesses to the reference, the global stiffness properties of the transformed lattice
would still deviate from those of the reference. Thus, rather than preserving local properties, global
system properties are targeted by designing the nodal connectivity and associated stiffness characteristics
in the design region using topology optimization.

3. Problem setting
Elastostatic cloaking in 2D lattices is pursued in a discrete topology optimization setting where
the lattice elements are modelled as Euler–Bernoulli beam elements that can also take axial force
(figure 2). The ideas are demonstrated using a hexagonal lattice consisting of elements with
rectangular cross-section, but the formulation is not specific to any particular lattice geometry
or cross-sectional shape. The height, h, thickness, t, and Young’s modulus, E, are the same for all
elements in the design lattice; L� is the length of element �, which may vary in the design region.
A full list of nomenclature is provided in appendix A.

(a) Target problem
The specific problem pursued here is outlined in figure 3. The reference lattice contains Nx × Ny

regular hexagons with edge length, L, such that the lattice has width, Lx, and height, Ly. The
design lattice is identical to the reference lattice except that an elliptical hole of radius, R1(θ ), is
introduced and enclosed by a circular design region of radius, R2.

The stiffnesses of the lattice elements are scaled by stiffness parameters, z = {z�}Ne
�=1 and ẑ =

{̂z�}N̂e
�=1, for the design and reference lattices, respectively, where Ne is the number of elements in

the design lattice and N̂e is the number of elements in the reference lattice. The element stiffness
matrix of element � is k� = z�k0

�(E, t, h, L�) and k̂� = ẑ�k̂0
�(E, t, h, L), for the design and reference
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Figure 3. Target problem definition: (a) reference lattice and (b) design lattice. (Online version in colour.)

lattices, respectively, where k0
� and k̂0

� are the unscaled, constant element stiffness matrices (in
global coordinates) of element � (refer to McGuire et al. [20]). The set of stiffness parameters for
elements with radial coordinates of at least one end node larger than R2 are members of the
surrounding region, S, and are identical in the two lattices, i.e. z� = ẑ� ∀� ∈ S. The set of stiffness
parameters for elements with radial coordinates of both end nodes between R1(θ ) and R2 are
members of the design region, C, and will be used as design variables in optimization.1

The lattice displacement fields are defined by nodal displacements, u = {u�}Nd
�=1 and û =

{̂u�}Nd
�=1, for the design and reference lattices, respectively, where Nd is the number of degrees

of freedom in both the design and reference lattices. The nodal displacements are determined
by solving the linear systems, Ku = F and K̂û = F, which approximate the elastic response of the
design and reference lattices, respectively. The global stiffness matrices, K and K̂, of the design
and reference lattices are assembled from the element stiffness matrices of each lattice and F is
the vector of applied nodal loads that is the same for both lattices. The set of nodal displacements
for nodes with radial coordinates r > R2 are members of the space of nodal displacements in the
surrounding region, Su and Ŝu, for the design and reference lattices, respectively.

With the goal of matching the elastostatic response of the design and reference lattices for
nodal coordinates with radius r > R2, a cloaking metric,

� = ||us − ûs||2
||̂us||2

, (3.1)

is defined to quantify the cloak’s effectiveness [17], where us = {u�}�∈Su and ûs = {̂u�}�∈Ŝu .

(b) Defining the design space
In a similar spirit to the DLT approach, the design space is defined by first applying a coordinate
transformation to the reference lattice’s nodal positions, such that they avoid the hole but remain
unchanged outside the design region (figure 4a,b). The particular coordinate transformation
considered, illustrated in figure 4b, moves points with radial coordinate r̂ < R1(θ ) in the reference
lattice to R1(θ ) < r < R2 in the design lattice, where R1(θ ) and R2 define, respectively, the inner and
outer radial coordinates of the elliptical hole and circular cloak along a ray from the origin and

1The choice of linear element stiffness scale factors for design variables can be interpreted as material parameters that scale
Young’s modulus to achieve a multi-material design, or as sizing parameters that scale the element thickness to achieve
a variable thickness design. The stiffness matrix is a linear function of both Young’s modulus and element thickness (for
the case of a rectangular cross-section); other nonlinear design parameters could be targeted, but such choices will have
implications for the convexity of the optimization formulation as discussed in §4b.
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reference lattice design lattice(a) (b) (c)
y

x x x

y y

coordinate
transformation

ground structure
generation

Figure 4. Defining the design space for optimization-based elastostatic cloak design: the reference lattice’s nodal positions
in (a) are modified in (b) to avoid a hole using a coordinate transformation that preserves the reference lattice outside of the
design region. Subsequently, in (c), the design space is enriched by defining a highly redundant ground structure within the
design region. (Online version in colour.)
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Figure 5. Illustration of the coordinate transformation used tomap the reference lattice’s nodal positions into the design region
in order to avoid the elliptical hole. (Online version in colour.)

passing through r̂ (figure 5). Such a coordinate transformation is described by

r = R1(θ ) + R2 − R1(θ )
R2

r̂, where R1(θ ) = kxkyr1√
k2

y cos2(θ ) + k2
x sin2(θ )

, (3.2)

where kx, ky and r1 are used to define the semi-major and semi-minor axes of the elliptical hole
[21]. Each node of the reference lattice with radial coordinate r < R2 is transformed according to
equation (3.2) to define the nodal positions of the design lattice.

To enhance the ability to mimic the global stiffness properties of the reference lattice, the
design space is further enriched by defining a ground structure that increases the connectivity
in the design region (figure 4b,c). The ground structures considered here retain all connectivity
of the reference lattice and are generated using the ground structure generation tools from the
educational code, GRAND [22]. Note that the coordinate transformation stretches the central
hexagon radially, and although it ensures that the lattice nodes of this central hexagon avoid
the hole, the lattice elements associated with adjacent hexagons may overlap slightly with
the hole. These elements are maintained in the design region, but no additional elements are
generated within the central hexagon during ground structure generation. Additionally, all
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(a) GS1 (b) GS2

Figure 6. Two ground structures considered in optimization-based elastostatic cloak design: (a) GS1 is constructed to achieve
the highest connectivity possible, while avoiding crossing members and preserving lattice symmetry with respect to the
reference lattice nodal positions; (b) GS2 contains level 1 connectivity in which an element is generated between all nodes of
each hexagon of the lattice, but not from one hexagon to the next. Connectivity of each ground structure with respect to the
reference lattice nodal positions is shown in the second row.Hexagons in the insets are coloured tohelp visualize the connectivity
added with ground structure generation. (Online version in colour.)

ground structures are defined to preserve the symmetries of the reference lattice, although the
symmetries do not hold when the coordinate transformation is performed to avoid an elliptical
hole (i.e. when kx �= ky).

A naive way to select the ground structure is to add a connection between every node in the
design region, excluding those that cross the central hexagon. Such a full-level ground structure,
as defined by Zegard & Paulino [22], provides the most design freedom; however, a full-level
ground structure is extremely dense and will likely lead to designs that are impractical for
manufacturing. Instead, two ground structures that are less dense are considered:

(i) GS1 is a ground structure constructed to be as dense as possible, without allowing any
crossing members and with hexagonal symmetry preserved (with respect to the nodal
coordinates of the reference lattice). Ground structure GS1 is shown in figure 6a.

(ii) GS2 is a level 1 ground structure [22] defined to include connectivity between the nodes
of each hexagon, but not from one hexagon to the next. This ground structure may still
lead to designs that are difficult to manufacture because it is still relatively dense and
contains crossing members. Nevertheless, it is considered in an effort to understand the
role of increased design freedom. Ground structure GS2 is shown in figure 6b.

A number of different ground structures can be defined to achieve the goals of GS1, but numerical
experiment indicates that the one selected here is representative of this class of ground structures.

During ground structure generation, if an element centroid’s radial coordinate r > R2 that
element is removed from the ground structure. To more easily understand the connectivity
of the two considered ground structures and to see details of the ground structure near the
outer radius of the design region, it is illustrative to look at the ground structure connectivity
by considering the nodal positions of the reference lattice, as illustrated at the bottom of
figure 6 for the two considered ground structures. Here, the lattice symmetries also become
apparent.
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Figure 7. Design lattice embedded in an extended lattice for (a) θ = 10° load angle; (b) θ = 60° load angle. The subset of
lattice elements in the surrounding region,S , depends on the load angle, but those in the design region, C, are invariant with
respect to the load angle. (Online version in colour.)

(c) Defining the boundary conditions for optimization
An elastostatic cloak should perform well irrespective of the static boundary conditions imposed
on the lattice. For example, a low value of � should be achieved whether the lattice is subjected to
tension, compression, shear, or any other combination of static loads. By considering multiple
load cases, not only will the design lattice be less biased towards a specific set of boundary
conditions, but multiple load cases will likely also push the global stiffness characteristics of
the design lattice closer to those of the reference lattice. For this purpose, various choices and
combinations of boundary conditions can be pursued. Perhaps the simplest approach, and the
one considered here, is to impose uniaxial tension in several directions to induce different types
of loading into each lattice element.

To keep the lattice dimensions, Lx and Ly, constant for each load case, the lattice is embedded
in an extended lattice, Ω , as shown in figure 7. Depending on the load angle, θ , a different subset
of the extended lattice becomes active. Active lattice elements are those shown in orange in the
surrounding region, S ⊆ Ω , and those shown in blue in the design region, C ⊆ Ω . The set of lattice
elements included in the surrounding region varies depending on the load case, but those in the
design region are invariant with respect to the load case.

Lattice elements in the active set are defined as those with centroid falling within the rotated
Lx × Ly bounding box, shown with a black dashed line in figure 7. Depending on the load angle,
the bounding box may cut through elements of the extended lattice (refer to the case of θ = 10◦ in
figure 7a). Rather than cutting these lattice elements, a few elements outside the bounding box are
included in the active set to avoid partial hexagons. Additionally, for cases in which the loaded
edges of the bounding box do not coincide with existing nodes, additional nodes are inserted
and loads are applied to these nodes considering the appropriate tributary width. For these cases,
which correspond to tensile loads aligned away from the reference lattice’s lines of symmetry,
the uniaxial loads may not be perfectly equal and opposite. To prevent singularities, two pin
supports are added at the centreline of the Lx dimension, as indicated in figure 7a. In figure 7b,
the load angle, θ = 60◦, is aligned with a symmetry axis of the reference lattice; thus, no additional
nodes are needed for applying the loads and no support conditions are included.2

2The uniaxial tension loads considered here are self-equilibrated and Tikhonov regularization is used to prevent singularities
in the associated system of equations [23,24], as discussed in §5a.
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4. Optimization formulation
Optimal design of elastostatic cloaking devices in 2D lattice systems is pursued using an
unconstrained optimization statement of the form

min
{z�}�∈C∈[0,1]N

f (z, u1(d1), . . . , uNθ
(dNθ

)) =
Nθ∑
i=1

(̂ui − ui(di))
TKi(di)(̂ui − ui(di))

with Ki(di)ui(di) = Fi(θi), i = 1, . . . , Nθ , (4.1)

where Nθ load cases (directions) are considered in design. The stiffness parameters of the Ne

lattice elements in the extended lattice are stored in z = {z�}Ne
�=1. The subset of lattice elements

outside the design region, {z�}�∈Ω\C , are assigned the same stiffness parameters as the reference
lattice elements. The design variables, {z�}�∈C ∈ [0, 1]N , are the subset of stiffness parameters
corresponding to the N lattice elements in the design region. The subset of active elements for
load case i are denoted, di = {z�}�∈C∪Si , where Si is the space of lattice elements in the surrounding
region for load case i. The stiffness matrix and displacement vector of the design lattice for load
case i are Ki(di) and ui(di), respectively. The displacement field, ûi, of the reference lattice is
determined by the state equations of the reference lattice, K̂iûi = Fi(θi), where K̂i is the stiffness
matrix of the reference lattice for load case i. Applied nodal loads for load case i are stored in the
vector, Fi(θ i).

The objective function, f, in equation (4.1) is a weighted least-squares function, where the
weights are the design-dependent coefficients of the design lattice’s stiffness matrix. Weighted
least-squares methods are often used when portions of the data should be prioritized more than
others [25]. Since cloaking effectiveness is evaluated by only considering the displacements in
the surrounding region through the cloaking metric, �, one choice of weights could be one that
nullifies terms related to displacements that are not in the surrounding region (i.e. an indicator
matrix would replace the stiffness matrix in the objective function in equation (4.1)). Based on
insights from cloaking in other fields [1,2], it is clear that the properties of the design region play
a critical role in achieving effective cloaking and the response in the design region should also be
controlled.

By choosing the stiffness coefficients for weights as in equation (4.1), the degrees of freedom
in the surrounding region will always be prioritized since the stiffness contributions of the lattice
elements in the surrounding region are finite (and fixed). The degrees of freedom in the design
region will also be prioritized, likely to a greater extent than those in the surrounding region at the
beginning of the optimization when connectivity is dense, and will likely lead to changes in the
design variables that cause the global stiffness contribution at each degree of freedom to become
closer to that contributing to the associated degree of freedom in the reference lattice. Sparsity of
the stiffness matrix leads to many null terms in the least-squares summation, i.e. terms of the form
(̂ui − ui)Kij (̂uj − uj), i �= j, when degrees of freedom i and j are not connected in the lattice system.
These terms are not as critical in driving the global stiffness of the design lattice towards that of
the reference.

Using the stiffness matrix coefficients as weights also endows the objective function with two
desirable properties that will be elaborated on in the following two subsections: no solution of
an additional adjoint system in computing its sensitivities is needed and the objective function is
convex when the stiffness matrix is a linear function of the design variables.

(a) Sensitivity analysis
The adjoint method is used to derive the sensitivities of the objective function, f, in equation
(4.1). For simplicity of notation, the dependence on di = {z�}�∈C∪Si is dropped in the following
derivations.

The state equations of the design lattice, although implicitly enforced in the solution of
equation (4.1), serve as partial differential equation (PDE) constraints. The Lagrangian of the
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associated PDE-constrained optimization problem is

L(z, u1, . . . , uNθ
, λ1, . . . , λNθ

) =
Nθ∑
i=1

[(̂ui − ui)
TKi (̂ui − ui) + λT

i (Kiui − Fi(θi))], (4.2)

where λi is the adjoint vector for load case i that can be chosen freely since the second term of
the summation in equation (4.2) vanishes owing to equilibrium of the design lattice. Then, the
derivative of the objective function with respect to each design variable is

∂f
∂z�

= ∂L
∂z�

=
Nθ∑
i=1

[
(̂ui − ui)

T ∂Ki

∂z�
(̂ui − ui) + λT

i
∂Ki

∂z�
ui + (−2Kiûi + 2Kiui + λT

i Ki)
∂ui

∂z�

]
, ∀ � ∈ C.

(4.3)

To avoid computing ∂ui/∂z� in the third term of the summation, the adjoint vector is chosen to be

λi = 2(̂ui − ui), (4.4)

such that the adjoint equation pre-multiplying ∂ui/∂z� in equation (4.3) vanishes. Note that λi is
a function of known quantities and does not require an additional linear solve. With the adjoint
vectors known, the derivative of the objective function in equation (4.3) is simplified to be

∂f
∂z�

=
Nθ∑
i=1

(̂ui − ui(di))
Tk0

� (̂ui + ui(di)), ∀ � ∈ C. (4.5)

In equation (4.5), it has been noted that the stiffness matrix of the design lattice can be written as
a linear function of the design variables,

Ki =
∑

�∈C∪Si

z�k0
�(E, t, h, L�), such that

∂Ki

∂z�
= k0

� , ∀ � ∈ C ∪ Si. (4.6)

(b) Convexity
To investigate convexity of the objective function, f, its Hessian,

∂2f
∂z�∂zk

= ∂

∂zk

⎡
⎣ Nθ∑

i=1

(̂uT
i k0

�ûi + ûT
i k0

�ui − uT
i k0

�ûi − uT
i k0

�ui)

⎤
⎦ , (4.7)

is considered. Note that the term in brackets is an expanded form of equation (4.5). The second
and third terms of the summation in equation (4.7) cancel out, the first term goes to zero since it is
the derivative of a constant and the last term is the second derivative of the well-known structural
compliance that is ubiquitous in topology optimization. Owing to the proof of convexity of
structural compliance by Svanberg [26], the Hessian of f is positive-definite, and, thus, f is convex.
Convexity holds because of the assumption that the stiffness matrix of the design lattice can be
written as a linear function of the design variables (see equation (4.6)) and there is a one-to-one
mapping between nodes in the reference and design lattices.

5. Details of the numerical implementation
In this section, details related to implementation of the topology optimization formulation for
design of elastostatic cloaking devices in 2D lattices are provided. Specifically addressed are
Tikhonov regularization to handle low-stiffness elements and self-equilibrated loads, the design
variable update scheme, the discrete filtering scheme used to remove thin members during the
optimization [24] and the convergence criterion used to stop the iterative optimization algorithm.
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(a) Low-stiffness elements and self-equilibrated loading
When the design variables approach zero, the stiffness matrix, Ki(di), can become ill-conditioned
or singular. To avoid ill-conditioning, the state equations are derived by introducing Tikhonov
regularization [23], such that the total potential energy of the system for load case i is written as

Πi(ui(di), di) = 1
2

ui(di)
TKi(di)ui(di) − FT

i ui(di) + η

2
ui(di)

Tui(di). (5.1)

The last term in equation (5.1) is the Tikhonov regularization term and η is the Tikhonov
parameter defined as η0 = 10−8 multiplied by the mean of the diagonal of Ki(di). Then according
to the principle of minimum potential energy, ∂Πi/∂ui = 0 implies that the discretized state
equations become (Ki (di) + ηI)ui (di) = Fi, where I is the identity matrix. Tikhonov regularization
has also been shown to handle self-equilibrated loads [24], and is used here to regularize the
uniaxial tension problems that are specified without support boundary conditions.

(b) Design variable update
The design variables are updated in each optimization iteration using a steepest descent algorithm
such that the candidate design variables at iteration k + 1 are

z̃(k+1)
� = z(k)

� − τ (k) ∂f

∂z(k)
�

, ∀� ∈ C, (5.2)

where inexact line search is used to find the step size, τ (k), at iteration k [27]. In equation (5.2),
z̃(k+1)
� is the value of the design variable associated with lattice element � before the (modified)

discrete filter [24] described in the next section is employed.

(c) Discrete filter
A modified discrete filter [24] is employed in each optimization iteration such that members with
design variables falling below a given threshold, αf, are pushed to zero. That is,

z(k+1)
� =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if
z̃(k+1)
�

max({z̃�}(k+1)
�∈C )

< αf ,

z̃(k+1)
� otherwise,

∀ � ∈ C. (5.3)

If the filter operation would cause the lattice to become un-equilibrated in a given iteration,
the filter operation is skipped in that step. The lattice is said to satisfy equilibrium if the error,
||Ki (di)ui (di) − F(θ i)||/||F(θ i) || ≤ errtol (typically errtol = 10−4).

(d) Convergence criteria
The optimization algorithm is stopped based on stagnation of the cloaking metric, �. For load
case i, define

�i = ||us
i − ûs

i ||2
||̂us

i ||2
; (5.4)

for iteration k, define

δ�
(k)
max = max((�(k)

1 − �
(k−1)
1 ), . . . , (�(k)

Nθ
− �

(k−1)
Nθ

)) (5.5)

and
δ�

(k)
min = min(|�(k)

1 − �
(k−1)
1 |, . . . , |�(k)

Nθ
− �

(k−1)
Nθ

|). (5.6)

The algorithm is said to have converged when δ�
(k)
max ≥ 10−2 or when δ�

(k)
min ≤ 2 × 10−4. The first

criterion is needed because, although the objective function, f, is convex, � is non-convex and
may increase over the optimization iterations.
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Table 1. Lattice parameters for the elastostatic cloak design studies.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

lattice width, Lx 152.04
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

lattice height, Ly 139.65
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

reference hexagon edge length, L 4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

number of hexagons along lattice width, Nx 22
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

number of hexagons along lattice height, Ny 12
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole radius, r1 30
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole semi-major axis parameter, kx 1 or 1.25
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole semi-minor axis parameter, ky 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

design region outer radius, R2 60
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Young’s modulus, E 100
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

beam thickness, t 0.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

beam height, h 0.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6. Elastostatic cloak design studies
The studies included in this section consider the target problem described in figure 3, with unitless
lattice parameters provided in table 1. The stiffness parameters in the surrounding region are z� =
ẑ� = 0.8 ∀� ∈ Ω\C and the initial value of each design variable is z� = 0.8 ∀� ∈ C. The discrete filter
threshold used during optimization is αf = 10−4. All load cases used in design consider a tensile
pressure of p = 0.8925 in the positive and negative x′ direction as shown in figure 7, applied as
nodal loads distributed using an appropriate tributary width. Although only designed for tensile
loads, the cloaks are also evaluated in shear. Shear loads are obtained by rotating the tensile loads
by 90° counterclockwise. The active portions of the extended lattice for each of the considered
load directions are provided in figure 8, where solid green lines indicate loaded edges.

Optimization-based cloaks are designed considering various single- and multi-load-direction
cases. The single-load-direction designs are indicated by the angle, θ , for which they were
designed. The multi-load-direction designs are indicated according to the following convention:

(i) θ sym = [0°, 30°, 60°, 90°, 120°, 150°] includes load directions aligned along the reference
lattice’s lines of symmetry (shaded cases in figure 8).

(ii) θnosym = [10°, 45°, 80°, 100°, 135°, 170°] includes load directions aligned away from the
reference lattice’s lines of symmetry (un-shaded cases in figure 8).

(iii) θall = [0°, 10°, 30°, 45°, 60°, 80°, 90°, 100°, 120°, 135°, 150°, 170°] includes all load directions
defined in figure 8.

All optimization-based cloaks are designed to minimize the objective function, f, but cloak
effectiveness is measured in terms of the cloaking metric, �.3 Using �, the optimization-based
cloak designs are compared with the ‘no cloak’ case in which all lattice elements with either of
its end nodes within a radius of R1 are removed and no cloak is designed around the resulting
hole. The optimization-based cloak designs are also compared with those designed via a DLT
approach similar to the one proposed by Bückmann et al. [17]. Recall that the DLT approach
defines the nodal positions in the design region by applying the coordinate transformation in
equation (3.2) to the nodal positions of the reference lattice, without changing the connectivity.
After the coordinate transformation, the cross-sectional properties of each lattice element in
the design region are designed so that their axial stiffness is unchanged in the presence of the

3Convergence plots for both f and � are provided in appendix D for the GS1 optimization-based cloak designs.
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θ = 0° θ = 10° θ = 30°

θ = 45° θ = 60° θ = 80°

θ = 90° θ = 100° θ = 120°

θ = 135° θ = 150° θ = 170°

Figure 8. Design lattices considering the elliptical hole (kx = 1.25) for all load directions considered: in all cases, the solid green
lines indicate loaded edges and the dashed green lines indicate the direction of uniaxial tension used in design. Shaded cases
correspond to loading aligned along a reference lattice line of symmetry. Un-shaded cases correspond to loading aligned away
from a reference lattice line of symmetry; in these cases, two pinned supports are included. (Online version in colour.)
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Table 2. Number of lattice elements in the design region of the initial ground structures and final designs for selected single-
and multi-load-case designs (note that the design region contains 792 lattice elements before ground structure generation).

initial ground
structure

final design
(kx = 1)

final design
(kx = 1.25)

GS1, θ = 0° 1500 1244 1320
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

GS1, θ = 30° 1500 1188 1252
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

GS1, θ = 60° 1500 1244 1248
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

GS1, θ = 90° 1500 1188 1228
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

GS1, θ sym = [0°, 30°, 60°, 90°, 120°, 150°] 1500 1140 1238
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

GS2, θ sym = [0°, 30°, 60°, 90°, 120°, 150°] 3078 1752 2024
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

element’s change in length. Bückmann et al. [17] design such axial stiffness by defining a non-
uniform cross-section of each lattice element in the design region. Here, a simpler approach
is considered in which the stiffness of lattice element � ∈ C is scaled by L/L�, where L is the
length of each lattice element in the reference lattice and L� is the length of lattice element
� after the coordinate transformation. It is noted that this scaling approach does not observe
the box constraints on the design variables used in the optimization problem. In this sense, it
provides more design freedom in local element stiffness than the optimization-based approach. A
benchmark is provided in appendix B to demonstrate that the Euler–Bernoulli beam model and
the axial stiffness transformation considered here provide a DLT cloak with similar performance
to that obtained by Bückmann et al. [17].

(a) Comparison of single- and multi-load-direction designs
The topology optimization formulation in equation (4.1) is used to design a cloak around a
circular hole (kx = 1) and an elliptical hole (kx = 1.25). Using ground structure GS1, designs
considering a single load direction in the optimization are compared with designs considering
multiple load directions in the optimization. Single-load-case designs are obtained for tensile
loading oriented at θ = 0°, θ = 30°, θ = 60° and θ = 90°. Multi-load-case designs are obtained for
tensile loading oriented along the reference lattice’s six lines of symmetry, i.e. θsym = [0°, 30°, 60°,
90°, 120°, 150°].

The elastostatic cloak designs based on ground structure GS1 and considering the single
load directions, θ = 0° and θ = 30°, are asymmetric, as shown in figure 9a,b, respectively. The
elastostatic cloak design based on ground structure GS1 and considering multiple load cases
(θ sym) is shown in figure 10a. The symmetrically selected, multiple load cases considered here
tend to preserve the symmetries of the reference lattice, although the cloak designed for the
elliptical hole is clearly not symmetric.4 The number of lattice elements in the design region for
each of the single-load-case and multi-load-case designs described here are provided in table 2.

The multi-directional performance of each elastostatic cloak design is evaluated by computing
the cloaking metric, �, for tension and shear loads applied at θ = 0°, θ = 30°, θ = 60°, θ = 90°,
θ = 120° and θ = 150°. In figure 11a,b, the cloaks designed for the circular (kx = 1) and elliptical
(kx = 1.25) holes, respectively, are evaluated in tension. In figure 11c,d, the cloaks designed for the
circular (kx = 1) and elliptical (kx = 1.25) holes, respectively, are evaluated in shear (i.e. for loading
conditions not used in design). The effectiveness of the single- and multi-load-case designs
considering ground structure GS1 are also compared with the lattice without any cloak around
the hole (no cloak), the lattice with the cloak designed using the DLT approach and the lattice
with the cloak designed using the multi-load-case, optimization-based approach considering

4Appendix C includes a study showing how the single-load-case designs perform when symmetry is enforced on the design
variables during optimization.
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 GS1
optimized for: q = 0°

(a)  GS1
optimized for: q = 30°

(b)

z�

0 0.5 1.0

Figure 9. Optimization-based cloak designs based on ground structure GS1 for tensile loads oriented at (a) θ = 0° and (b)
θ = 30°, as indicated with green dashed lines. The top row is the design for a circular hole (kx = 1) and the bottom row is
the design for an elliptical hole (kx = 1.25). Hexagons in the insets are coloured to help visualize the connectivity added with
ground structure generation. (Online version in colour.)

ground structure GS2 (designs for the GS2 cloaks are shown in figure 10 and the number of lattice
elements in the GS2 design are provided in table 2).

The value of � for the single-load-case designs, shown in dashed, coloured lines in figure 11,
indicates that the single-load-case designs may be biased towards the load case for which they
were designed. In figure 11a,b, each of the single-load-case designs has the smallest value of � for
the direction used in design. In some cases, � becomes as large as the case with no cloak when
loaded in directions not used in design. In other cases (e.g. circular hole, θ = 0° and θ = 60° in
figure 11a), the cloaks obtained from a single load case perform well in all directions.

Figure 11a,b also shows that the multi-load-case designs (θ sym) are effective in all tensile
directions used in design, with relatively constant � over load angle. They also outperform
the DLT cloak in all load directions considered here. Figure 11c,d shows that the multi-load-
case cloaks also obscure the effect of the hole on the displacement field when loaded in shear,
for which they were not designed, and although the DLT cloaks are also effective in shear, the
optimization-based cloaks outperform the DLT cloaks to an even greater extent in shear than in
tension. The superiority of the multi-load-case, optimization-based cloaks over the DLT cloak in
shear may be because the DLT approach focuses on local axial stiffness of the lattice elements,
whereas the optimization-based approach targets global stiffness characteristics of the lattice as a
system. Lastly, because it allows for more freedom during design, the GS2 cloak outperforms the
GS1 cloak in all cases, as expected.

The metric, �, is a global measure of the cloak’s performance. To understand the performance
locally, the normalized displacement fields in the x′ direction under tensile loading are plotted for
the reference, the case of no cloak and the GS1 optimization-based cloak designed for an elliptical
hole (kx = 1.25) in figure 12. Similarly, the normalized displacement fields in the y′ direction under
shear loading are plotted in figure 13. In both cases, it is clear that the cloak obscures the effect of
the hole on the displacement fields.
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 GS1
optimized for: q sym

(a)  GS2
optimized for: qsym

(b)

z�

0 0.5 1.0

Figure 10. Optimization-based cloak designs based on ground structures (a) GS1 and (b) GS2 for tensile loads oriented at
θ sym = [0°, 30°, 60°, 90°, 120°, 150°], as indicatedwith green dashed lines. The top row is the design for a circular hole (kx = 1)
and the bottom row is the design for an elliptical hole (kx = 1.25). Hexagons in the insets are coloured to help visualize the
connectivity added with ground structure generation.
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Figure 11. Cloaking metric,�, versus load angle, θ , for the no cloak, DLT cloak and optimization-based cloaks: in (a,b), the
cloaks are evaluated under tensile loading for a circular (kx = 1) and an elliptical (kx = 1.25) hole, respectively; in (c,d), the
cloaks are evaluated under shear loading for a circular (kx = 1) and an elliptical (kx = 1.25) hole, respectively. The multi-load-
case optimized cloakswere designed considering tensile loads oriented atθ sym = [0°, 30°, 60°, 90°, 120°, 150°]. (Online version
in colour.)
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reference no cloak opt. cloak (GS1)

q = 0°
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q = 90°
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q = 150°

normalized displacements in x¢ direction

–1 –0.5 0 0.5 1

x¢

x

y

θ

Figure 12. Normalized displacement fields in the x′ direction for tensile loading: the left, middle and right columns show,
respectively, the displacement fields of the reference lattice, the lattice with no cloak and the lattice with the GS1 optimized
cloak designed for an elliptical hole (kx = 1.25) and tensile loads oriented at θ sym = [0°, 30°, 60°, 90°, 120°, 150°]. (Online
version in colour.)

(b) Effect of load directions used in design
In the previous sub-section, the load directions considered in multi-load-case design were aligned
with the reference lattice’s lines of symmetry (i.e. θ sym = [0°, 30°, 60°, 90°, 120°, 150°]). Here, load
directions aligned away from the reference lattice’s lines of symmetry are considered in design
(i.e. θnosym = [10°, 45°, 80°, 100°, 135°, 170°]). Additionally, designs obtained considering θsym and
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reference no cloak opt. cloak (GS1)

q = 0°
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normalized displacements in y¢ direction
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Figure 13. Normalized displacement fields in the y′ direction for shear loading: the left, middle and right columns show,
respectively, the displacement fields of the reference lattice, the lattice with no cloak and the lattice with the GS1 optimized
cloak designed for an elliptical hole (kx = 1.25) and tensile loads oriented at θ sym = [0°, 30°, 60°, 90°, 120°, 150°]. (Online
version in colour.)

θnosym are evaluated for the directions not used in design and compared with designs obtained
considering all 12 load directions simultaneously (i.e. θall = [0°, 10°, 30°, 45°, 60°, 80°, 90°, 100°,
120°, 135°, 150°, 170°]). As before, all load cases used in design are tensile loads, but the cloaks are
also evaluated for effectiveness in shear.

In the left, middle and right columns of figure 14, the cloaking metric, �, is reported for
the cloaks designed considering a circular hole and the six tensile load cases aligned along the
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Figure 14. Cloaking metric,�, versus load angle, θ , for the DLT cloak and optimization-based cloaks (GS1 and GS2) designed
for a circular hole (kx = 1). In (a–c), the cloaks are evaluated in tension; in (d–f ), the cloaks are evaluated in shear. In the
left, middle and right columns,� is reported for the cloaks designed considering the six tensile load cases aligned along the
reference lattice’s lines of symmetry (θ sym), the six tensile load cases aligned away from the reference lattice’s lines of symmetry
(θ nosym) and all 12 tensile load cases (θ all), respectively. Solid and dashed lines indicate� evaluated for load directions aligned,
respectively, along (i.e. θ sym = [0°, 30°, 60°, 90°, 120°, 150°]) and away from (i.e. θ nosym = [10°, 45°, 80°, 100°, 135°, 170°]) the
reference lattice lines of symmetry.

reference lattice’s lines of symmetry (θ sym), the six tensile load cases aligned away from the
reference lattice’s lines of symmetry (θnosym) and all 12 tensile load cases (θall), respectively.
In the top row � is reported for the cloaks evaluated in tension and in the bottom row � is
reported for the cloaks evaluated in shear. In all plots, � is reported for all 12 load directions
to understand how these multi-load-case designs behave in directions for which they were not
designed. Since the lattice has different stiffnesses along its lines of symmetry than away from its
lines of symmetry, solid lines are used to show the response of each lattice when loaded along
its lines of symmetry (θ sym) and dashed lines are used to show the response of each lattice when
loaded away from its lines of symmetry (θnosym).

The top row of figure 14 shows that the GS1 cloak performs better in tension for all load
directions when designed for tensile loads aligned away from the lattice’s lines of symmetry
(θnosym), whereas the GS2 cloak generally performs better in tension in load directions for which it
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Figure 15. Cloaking metric,�, versus load angle, θ , for the DLT cloak and optimization-based cloaks (GS1 and GS2) designed
for an elliptical hole (kx = 1.25). In (a–f ), the cloaks are evaluated in tension; in (d–f ), the cloaks are evaluated in shear. In the
left, middle and right columns,� is reported for the cloaks designed considering the six tensile load cases aligned along the
reference lattice’s lines of symmetry (θ sym), the six tensile load cases aligned away from the reference lattice’s lines of symmetry
(θ nosym) and all 12 tensile load cases (θ all), respectively. Solid and dashed lines indicate� evaluated for load directions aligned,
respectively, along (i.e. θ = {0°, 30°, 60°, 90°, 120°, 150°}) and away from (i.e. θ = {10°, 45°, 80°, 100°, 135°, 170°}) the
reference lattice lines of symmetry.

was designed. The GS2 cloak has the most design freedom, and, as expected, always outperforms
the GS1 and DLT cloaks. The GS1 cloak always outperforms the DLT cloak in tension for loads
aligned along the lattice’s lines of symmetry (θ sym, solid lines), but only outperforms the DLT
cloak in tension for loads aligned away from the lattice’s lines of symmetry (θnosym, dashed lines)
when it is designed for those load cases only (figure 14b). When all 12 load cases are considered
(θall, figure 14c), the performance of the optimized cloaks is typically somewhere between that of
either of the six-load-case results. In general, the optimized cloaks are effective in tension in all
directions investigated here. In the case of shear (bottom row of figure 14), the GS1 and GS2 cloaks
are always superior to the DLT cloak and the GS2 cloak is always superior to the GS1 cloak. Cloak
performance is best in shear when designed for tension in all 12 load directions (θall, figure 14e).

Figure 15 provides a similar study for the case of an elliptical hole and similar trends are
observed. The superiority in shear of the GS2 cloak over the GS1 cloak is less clear for the case
of an elliptical hole. Nevertheless, all optimized cloaks considered here for an elliptical hole are
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effective in directions for which they were not designed and are superior to the DLT cloak with
the exception of the GS1 cloak when evaluated in tension for directions aligned away from the
lattice’s lines of symmetry (θnosym, dashed lines in top row of figure 15a,c).

7. Conclusion
Approximate elastostatic cloaking devices that hide the effect of a circular or elliptical hole on the
displacement field of 2D lattices are designed using topology optimization in a discrete setting in
which the lattice elements are modelled using Euler–Bernoulli beam elements that can also take
axial force. In an effort to match the global stiffness characteristics of the design lattice to those
of the reference (undisturbed) lattice, a weighted least-squares objective function that considers
multiple load directions is proposed. This choice of weights nullifies unimportant cross-terms in
the least-squares function. Additionally, the selected objective function does not require an extra
adjoint solve in computing the sensitivities needed for optimization and is shown to be convex
when the stiffness matrix is a linear function of the design variables.

The resulting optimization-based cloaks are shown to outperform elastostatic cloaks designed
using the DLT approach [17]. When designed for uniaxial tension applied in multiple directions,
the optimization-based cloaks are shown to perform well not only in the directions they were
designed for but also in directions they were not designed for. Moreover, although designed only
for tensile load cases, the optimization-based cloaks are also shown to perform well in shear and,
surprisingly, the superiority of the optimization-based cloaks over the DLT cloaks is even more
apparent in shear than in tension. These observations indicate that the optimization-based cloaks
do indeed inherit the global stiffness characteristics of the reference lattice.

Although the objective function is convex and, in theory, a global optimum can be found, it is
unlikely that perfect cloaking can be achieved with this approach, if at all. Cloaking capabilities
in this setting are limited by physical constraints of the design space, e.g. the ground structure
connectivity and box constraints on the design variables. Convexity of the current formulation
relies on a one-to-one mapping between nodes in the reference and design lattices. Additionally,
the nodal positions of the design region, which are determined by the selected coordinate
transformation, remain fixed during the optimization. Perhaps improved cloaking could be
achieved with a different coordinate transformation (e.g. a cubic coordinate transformation [28]),
or by allowing more design freedom in choosing the number and location of nodal positions
available in the design region, either a priori or as part of the optimization problem. The size and
shape of the design region could also be explored and optimized.

As demonstrated in the study comparing single-load-case and multi-load-case designs in §6a,
it is apparent that the choice of boundary conditions plays a critical role in mimicking the stiffness
characteristics of the reference lattice. One load case is clearly not sufficient, but the multi-load-
case study in §6b indicates that too many load cases can also degrade cloaking performance.
Additional studies are needed to determine how to best choose the set of boundary conditions
considered (e.g. load directions, number of load cases, type of loading conditions, type of support
conditions).

Experimental validation of the optimization-based cloaks designed here remains the subject
of future work. The GS1 ground structure avoids crossing members in an effort to promote
manufacturability. Nevertheless, the geometry of the GS1 cloak is much more complex than that
of the cloaks designed by Bückmann et al. [17] and manufacturing will be more challenging.
Additive manufacturing (AM) provides a promising approach to physically realize the GS1
elastostatic cloaking devices with the design variables interpreted as a linear scale factor on either
Young’s modulus or beam thickness. The latter interpretation lends itself to most AM technologies
that allow for freedom in geometry, but connections between variable-thickness lattice elements
may need careful consideration. The former interpretation results in constant thickness over the
lattice elements, but requires a multi-material approach or one that can achieve variable stiffness
in a continuous range.
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Appendix A. Nomenclature
Nomenclature is defined in table 3.

Table 3. Nomenclature.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

h beam height
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

t beam thickness
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

E Young’s modulus
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

L length of beam in reference lattice
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

L� length of lattice element �
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Lx lattice width
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ly lattice height
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Nx number of hexagons along lattice width
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ny number of hexagons along lattice height
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

kx scale factor for ellipse semi-major axis
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ky scale factor for ellipse semi-minor axis
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

R1(θ ) hole radius
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Πi total potential energy of load case i
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

αf discrete filter threshold
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�(k)
max maximum change in cloaking metric at iteration k

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�
(k)
min minimum change in cloaking metric at iteration k

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Appendix B. Direct lattice transformation benchmark
Since the lattice systems are modelled differently here from the ones by Bückmann et al. [17] and
the stiffness transformation is also accomplished differently (see §6), a benchmark is provided
to justify comparison between the DLT and optimization-based approaches provided in §6. The
benchmark is performed using the target problem described in figure 3 with lattice parameters
selected to mimic those in one of the examples by Bückmann et al. [17].

The unitless lattice parameters used in the benchmark are outlined in table 4. The model
used by Bückmann et al. [17] seems to be a 2D, continuum finite-element model. Thus, several
discrepancies between it and the beam model used here are noted in table 4. First, the lattice
elements in the model by Bückmann et al. [17] have variable width: the width is w at the nodes
and W at midspan. Additionally, since they presumably use a 2D model, the elements have no
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Figure 16. Direct lattice transformation benchmark (no optimization): the left side shows results taken from Bückmann et
al. [17] and the right side shows the results obtained using the Euler–Bernoulli beam elements and the simplified DLT axial
stiffness transformation used here. Strain fields in the horizontal (x) and vertical (y) directions are provided for the reference
lattice, lattice without any cloak and lattice with cloak designed by DLT. The colourbar on the right side is stretched to match
that used by Bückmann et al. [17] on the left side; that is, all values greater than 20% of the maximum (or less than 20% of
the minimum) are mapped to the maximum value (or minimum value) and all other values are scaled by a factor of 5. (Online
version in colour.)

thickness. The beam cross-sectional dimensions used here were chosen to be t = 0.2 and h = 0.8
such that the maximum displacement in the lattice without any cloak most closely matches
that observed by Bückmann et al. [17]. Note also that, in contrast to the continuum model by
Bückmann et al. [17], the Euler–Bernoulli beam equations used here neglect the Poisson effect.

To evaluate the effectiveness of the DLT design obtained here and compare it with the
results provided by Bückmann et al. [17], the θ = 0° lattice is subjected to a uniform, horizontal
compressive pressure of p = 3.3 × 10−5, applied as nodal loads on the left and right edges of the
lattice, divided equally between the nodes on each edge.5 Sliding supports are also considered
at the top and bottom edges of the lattice. The left side of figure 16 shows the horizontal and
vertical strain fields of the reference lattice, lattice with no cloak and lattice with the DLT cloak
obtained by Bückmann et al. [17] and the right side shows the corresponding fields of the three
lattice systems obtained here. Strains in the x and y directions are computed as the displacement
in the x or y directions, divided by half of the lattice width, Lx, or height, Ly. The values of �

reported for each lattice system demonstrate that the approach pursued here is comparable to
that used by Bückmann et al. [17].

5Dividing the pressure equally between the nodes differs from the approach used in the main text, where the pressure is
distributed according to tributary width such that the nodes at the corners receive less load than those away from the corners.
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Table 4. Lattice parameters for direct lattice transformation benchmark.

continuummodel [17] beammodel

lattice width, Lx 152.04 152.04
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

lattice height, Ly 139.65 139.65
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

reference hexagon edge length, L 4 4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

number of hexagons along lattice width, Nx 22 22
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

number of hexagons along lattice height, Ny 12 12
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole radius, r1 30 30
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole semi-major axis parameter, kx 1 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hole semi-minor axis parameter, ky 1 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

design region outer radius, R2 60 60
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Young’s modulus, E 3 3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poisson’s ratio, ν 0.4 —
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

reference lattice element thickness — t= 0.2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

reference lattice element width w= 0.8,W = 1 h= 0.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Appendix C. Enforcing symmetry in single-load-case design
The load directions used to obtain each of the multi-load-case designs in §6 were selected
specifically to preserve the symmetries of the reference lattice. It is worth investigating whether
enforcing symmetry directly on the design variables and considering a single load case in design
is another effective way to achieve multi-directional elastostatic cloaks. The study provided in
figure 11 is revisited, with symmetry enforced on the design variables in all cases that consider
only a single load direction. To enforce symmetry, all lattice elements in the design region
with centroid falling within 30° of the x-axis are taken as design variables and their values are
mapped to the remaining lattice elements such that the six rotational and mirror symmetries (with
respect to the reference lattice nodal positions) are preserved. The general approach for enforcing
symmetry in topology optimization is taken from Almeida et al. [29]. The resulting values of � are
provided in figure 17, where it is demonstrated that enforcing symmetry on the design variables
has a negative impact on cloaking performance and causes the single-load-case, optimized cloaks
to perform worse than the DLT cloak in all cases.

Appendix D. Convergence of the elastostatic cloaking formulation
Convergence of the objective function, f, is shown for the GS1 cloaks with a circular (kx = 1)
and an elliptical (kx = 1.25) hole in figure 18a,b, respectively, considering single load directions,
θ = 0°, θ = 30◦, θ = 60° and θ = 90°, and the three different sets of multiple load directions
studied in §6b. The objective function decreases monotonically over the optimization iterations
for all of the single- and multi-load-case problems studied here. The objective function values
of the single-load-case designs tend to reduce at a faster rate than those of the multi-load-case
designs.

In figure 19, convergence of the cloaking metric, �, for the GS1 cloaks evaluated in tension
is reported for the single-load-case designs. Results for the circular hole (kx = 1) are shown in
the left column and results for the elliptical hole (kx = 1.25) are shown in the right column.
The cloaking metric, �, tends to decrease monotonically over the optimization iterations when
evaluated in the load direction for which the cloak was designed; however, � may increase
over the optimization iterations when considering load directions for which the cloak was not
designed.
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Figure 17. Cloaking metric, �, versus load angle, θ , for the no cloak, DLT cloak and optimization-based cloaks: (a) and (b)
evaluate the cloaks under tensile loading for a circular (kx = 1) and an elliptical (kx = 1.25) hole, respectively; (c) and (d)
evaluate the cloaks under shear loading for a circular (kx = 1) and an elliptical (kx = 1.25) hole, respectively. The single-load-
case, optimized cloaks were designed with symmetry enforced on the design variables such that the six rotational and mirror
symmetries (with respect to the reference lattice nodal positions) are preserved. (Online version in colour.)

1.0

0.8

0.6

0.4

0.2

0

1.0

0.8

0.6

0.4

0.2

0500 1000 1500

iteration

2000 2500 200 400 600

iteration

800 1000

ob
je

ct
iv

e 
fu

nc
tio

n,
  f

(a) (b)

q = 30°
q = 0°

q = 90°
q = 60°

q nosym

q sym q all

optimized for:

Figure 18. Convergenceof theobjective function, f, for optimization-basedelastostatic cloakdesignsbasedonground structure
GS1 and considering single load directions,θ = 0°,θ = 30◦,θ = 60° andθ = 90°, andmultiple load directions,θ sym = [0°,
30°, 60°, 90°, 120°, 150°],θ nosym = [10°, 45°, 80°, 100°, 135°, 170°],θ all = [0°, 10°, 30°, 45°, 60°, 80°, 90°, 100°, 120°, 135°, 150°,
170°] for the (a) circular hole (kx = 1) and (b) elliptical hole (kx = 1.25). In each case, the objective function value is normalized
to its value at the initial design. (Online version in colour.)

In figure 20, convergence of the cloaking metric, �, for the lattices evaluated in tension is
reported for the GS1 multi-load-case designs. Results for the circular hole (kx = 1) are shown in
the left column and results for the elliptical hole (kx = 1.25) are shown in the right column. The
cloaking metric, �, decreases monotonically over the optimization iterations in almost all cases.
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Small increases in � in late iterations are observed for the tensile load cases aligned along the
reference lattice’s lines of symmetry (θ sym) when the cloak is not designed for these load cases
(middle row of figure 20).
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Convergence for cloaks designed consideringθ sym = [0°, 30°, 60°, 90°, 120°, 150°],θ nosym = [10°, 45°, 80°, 100°, 135°, 170°] and
θ all = [0°, 10°, 30°, 45°, 60°, 80°, 90°, 100°, 120°, 135°, 150°, 170°] are provided in the top,middle andbottom rows, respectively.
(Online version in colour.)
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