
Topology Optimization with Concave Polygons 

Reference 

Motivation 

 Polygonal elements are nature inspired  

 Polygonal elements can alleviate mesh bias and 
produce optimal topologies 

 To handle arbitrary/degenerate polygons, available 
techniques are less accurate and inefficient 

 Virtual Element Method (VEM), provides stable and 
efficient alternative 
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Virtual Element Method Formulation 

 Two basic properties are  required to be satisfied: 

           1. Consistency: 𝑎ℎ
𝐸 𝒑
1
, 𝒗 = 𝑎𝐸 𝒑

1
, 𝒗  ∀𝐸, ∀𝒗 ∈ 𝑉𝐸, ∀𝒑

1
∈ 𝑃1 𝐸    

           2. Stability: ∃α∗, 𝛼∗ > 0, ∋ 𝛼∗𝑎
𝐸 𝒗, 𝒗 ≤ 𝑎ℎ

𝐸 𝒗, 𝒗 ≤ α∗𝑎𝐸 𝒗, 𝒗  ∀𝐸, ∀𝒗 ∈ 𝑉𝐸  

 Consistency can be ensured by exact integration: 

      𝑎ℎ
𝐸 𝒑1, 𝒗 =  𝛻𝒑𝟏: 𝑪: 𝛻𝒗ΩE

𝑑Ω𝐸 =  𝛻𝒑𝟏: 𝑪 ⋅ 𝒗 ⋅ 𝒏𝜕ΩE
𝑑𝜕Ω𝐸   

 Finally, we get: 

    𝑎ℎ
𝐸 𝒖ℎ, 𝒗ℎ = 𝑎

𝐸 ∏𝒖ℎ, ∏𝒗ℎ + 𝐼 − ∏ 𝑠
𝐸 𝒖ℎ, 𝒗ℎ 𝐼 − ∏  

 A projection operator is defined:∏: 𝑉ℎ
𝐸 → 𝑃1 𝐸 : 

     Such that:  𝑎𝐸 ∏𝒗ℎ, 𝒒 = 𝑎
𝐸 𝒗ℎ, 𝒒  and ∏𝒒 = 𝒒 ∀𝒒 ∈ 𝑃1(𝐸) 
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Future Work 

Topology optimization with geometrical and 
material nonlinearity with arbitrary polygons 

 
Nonlinear topology optimization for multi-physics 

and multi-scale  problems 
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Topology Optimization with CVT Polygons  

Conclusion 

  For regular polygonal mesh, PolyFEM and VEM formulation yields similar optimal design with very close compliance 
  For concave/degenerate polygonal mesh, VEM result is stable while traditional PolyFEM results is numerically unstable 
  VEM formulation allows more flexibility for the shape of elements in topology optimization  

One quad is divided into 
five concave polygons 

Optimization with VEM formulation 
Objective:2805.697 

Optimization with PolyFEM formulation 
Objective: 267223.208 

Optimization with PolyFEM formulation 
Objective:362.023 

Optimization with VEM formulation 
Objective:361.988 


