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Motivation

Ssiger International Plaza

John Hancock Center Courtesy of Skidmore, Owing and Merrill, LLP 4

http://en.wikipedia.org/wiki/John_Hancock_Center



10th World Congress on Structural and Multidisciplinary Optimization Introduction

Topology Optimization of Structures under Stochastic Excitations
J. Chun, J. Song, G.H. Paulino

Motivation

O Topology optimization

Stromberg, Beghini, Baker and Paulino (2011)
O Stochastic excitation

HYOGOKEN NANBU EQ - KOBE-JMA3.EW 1/17/1995 DT=0.02 Amax=617.14gal

o]
o
o

D
o
o

N
o
o

N
o
o

o

Acceleration (gal)

N
=}
S

A
o
=]

&
S
S

x - time /DT = 0.02

"Application of layout and topology optimization using pattern gradation for the conceptual design of buildings." L.L . Stromberg, A.g
Beghini, W. F. Baker, and G. H. Paulino. Structural and Multidisciplinary Optimization. Vol 43, No. 2, pp. 165-180, 2011.
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1. Discrete representation method

M
/ I\
AATNL W]
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Discrete representation method
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Discrete representation method

O General (random process)
. ‘ ‘
T
£ = O+ Y v,s5,(6) = st +s(0)" v N
, = . \
2/ S AWM
o v:uncorrelated standard normal random variables | |
o s(?): deterministic basis functions based on the 0 2 4 . 6 8 10
. e ime
spectral characteristics of the process ‘
? P e . °l ee
L e :l HTJ» . L"&"" " :jz %hjll o
. . . > mime LYY ‘HLH\T\ ‘T. e ! LUle, 19 or! W‘T‘ e | wm’\ B
0 Example : Filtered white noise (earthquake) LT e L “ woem o]
o 1 S S ® 6 6 °
6 . 6
6 8 10

o WAWVAWVAWAVVAVAWAWMTYW o 2 4
Time
f()= jv(r)s(z__r)dr

Filter
@, G, Unit-impulse response
function of the filter
Z 5,() = ZWZ. h(E—1)A
i=1

White Noise
,’/221/2n®0/At-vi-hf(t—tl.)At = s(t)'v
i=1

i Sl b ,
Magnitude of WN impulse

Der Kiureghian, A. (2000). The geometry of random vibrations and solutions by FORM and SORM. Probabilistic Englneerlng

Mechanics, 15(1),: 81-90.
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Response of Linear System to Stochastic Excitation

Linear system + Gaussian

O Duhamel’s Integral

u(t) = jf(r)hs(t —1)dt

O Response

o h/?) :the unit-impulse response function

of the system

u(t)zjzn:vl.sl.(r)hs(t—r)dr Zva(t) a(t) Vi-eo a(t)= j (D (t—1)dr, i=1,..,n

0 i=1
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[ Deterministic, time-dependent ] [Random, time-independent ]
- filter + structure

O  MDOF in FEM settings

u(t,)
u(t,)

u(t,.,)
u(t,)

u(At) 0 O
u(2At) 0 0

u(t, — At) 0 v

u(t,) v,

vn—2 vn—l an—l (tO)
vn vn an (tO)

0 % a(t)
V V a,(t)

\

Numerical time integration

) Inversely computed
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Instantaneous failure probability

O ‘Instantaneous’ failure events of a linear system

E ={u(t )>u0} {a(t) V>uo}
u(t)

. A//// Call
/ A N VoA
Ty \/V ”\N

O Failure Probability, P(E))

P(u(tO)ZuO):P(uO —aT(tO)VSO):P(g(u)SO)

(): uo _aT(tO)VZB oato —&(fo)'V
=t o) =)

P(u(ty) 2 uy) =0[B(uy,1,)]
Bugsty) =1,/ [a(t,)]| = b(t,)- v
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Stochastic topology optimization formulation

min ~ /,,,(3(d))

T P(E[) < Pftarget Tmeesaa e . [HOW to compute sensitivity in an efficient way]
with  M(p)u(z,p) + C(p)u(z,p) + K(p)u(z,p) =1(z,p)

p : Filtered density

M: Mass matrix, C: Damping matrix, K: Stiffness matrix
f(t): Stochastic process (e.g., for earthquake loading f(t) = —MIi,(t)) = —MIf(t))

E,: Failure event, P,**: Target failure probability
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Sensitivity calculation

Computing the sensitivity of structural responses with respect to various design parameters is
essential for efficient gradient-based optimization

O Probabilistic constraint on of an instantaneous failure event
P(E,)=P(u,—a(t,,p)' v<0)< P
O Alternatively,
O[—B(uy, 1), P)] < D(—P™*)

O Sensitivity of the reliability index with respect to the design variable is derived as

aB(u09to9p) zaB(uoﬂtoﬂp) ap B(uO’IO)zL
od. & op,  od |a ()]
oa(t,
< [a(o, ). ol ")j
(a,(1,,p) +-+a (1,,p) ) op, od

----------------

[ e aa,.(r(,,ra)é__ 0P, |
=k 0fo:P ; j od " ImpI|C|tIy defined term 11

..................................................................................
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Sensitivity calculation-cont’d

0 Adjoint method by introducing adjoint system equation (Newmark method)

( 1 M(f))+LC(ﬁ)+K(ﬁ)ju(t,wﬁ)=f(t,-+1,ﬁ)
nAt

77(At)2
+C(f)){Lu(t4,f))+(Z—ljﬁ(t4,f))+At(L—l]ii(t.,ﬁ)}
nat n ’ 27 ’

. S B 1 L
+M(p){ u(z,,p)+ At u(z,,p)+ (Z - l] (7, p)}

1
77(At)2

O From a general recurrence relation associated with three sequential displacements
(Chan et al. 1962, Zienkiewicz 1977)

(M(@)+ALC@) +7(At) K@) u(t,,..p) =7 (At) 1(¢,.,,p) +(0.5+y =2n) (A1) £(2,,p)
+(0.5—y+m)(At) £(2,,.p)
—[ 2M(p)+ (1-27)AIC(p) +(0.5+ y = 27) (At) K(p) |u(,.p)
—| M(p)+ (¥ ~DALC(H) +(0.5- y + ) (At) K(P) |u(z, ,.p)

12
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Sensitivity calculation-cont’d

O By pre-multiplying the discretized adjoint system with the dimensional adjoint variable
vector and adding to right-hand side terms of the original sensitivity equation

Bt D) _ - v O0CLH)
op; gl O P,
) of(t,.p) of(t,,,p)
an JHl: AD). (tj,p)—n(At)zT—(O.5+7—2n)(m)2#
’ ; j : Z{ « ﬁ)_aa,»ao,ﬁ)}_z":[T,ZT.au(tf,ﬁ)J
(¢t ,.p) OB(p _ OE(p i | P s T T op,
~(0.5—y +n)(At) a’/; + a=,§'.)) u(f,_,p)+ gg)) -U(f_/_z,p)} = P il P
' ' al AB) = M(p) + A1 C(p) + (A1) K(p)
2 t'— b t 2 ~ ~ ~ ~
+an 4 l:_( )- (’ P +B(p)- % +E(p)- %} g(p)=—2M(p)+(1—2y)AtC(p)+(0.5+y—2n)(m)2 K(p)
! ’ ! E(p) = M(p) + (7 - DAIC(p) + (0.5 - 7 +17) (A1)’ K(p)
O After solving adjoint system problem
5) & OA(p of(t,,p oL, P
Blotud o5 2P i gy n(ar) TP 054y apy(ary TP
apj j=1 / 6p ’ apj 6/0]
of(t;,,p) IB(p) (p)
~(0.5— Aty 2 = ‘
0.5~y +m)(Ar) %, o5 " L)+ u(t, )}
) {E(ﬁ)-—a“(‘f"’) +E(ﬁ)~—6u(t3’p)}+k {E( ). O ")}
-/ P, op;

13
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Flow chart for topology optimization under stochastic excitations

L Initial Design Generating Stochastic
P = Punitial Excitation Model

| |
!

Random Vibration Analysis using dynamic FEA,
T ) and compute Pf

l

Sensitivity Analysis of objective and constraint
functions

Jal l

Update Design Variables using Mathematical
Programming ™~

'

Convergence Criteria
achieved?

I

No (iterate)

l Yes

Result: Optimal Topology

14
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Numerical example : Building structure

Design domain:
Bilinear quadrilateral element, Q4

rit EL: 20m

Stromberg, L., Beghini, A., Baker, W. F. and Paulino,
G. H. (2012)

___________________ @ LEVEL 04
EL: 15m

/ Frame element
___________________ & LEVELO3
EL: 10m

A
Material Concrete
,,,,,,,,,,,,,,,,,,, .M D—» Thickness 0.10 m
EL: 5m Time, to 10 sec
______ Threshold values ug 0.02
e Volf. 0.65
Column 0.4m x 0.4m
_____________ GROUND g AN & 0.45
777 EL: Om ¥ 5n
..... : Filtered Gaussian process using
with M(p)u(z,p) + C(p)u(z,p) + K(p)u(z,p) = —M!f(t))i- """""""" Kanai-Tajimi filter

.....................................................................................

"Topology Optimization for Braced Frames: Combining Continuum and Discrete Elements." L.L . Stromberg, A. Beghini, W.]l_:5
Baker, and G. H. Paulino. Engineering Structures. Vol 37. pp. 106-124. 2012.
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Failure event - Inter-story drift ratio

~\T ~\T ~\T
5, - {u _((a(ro,mm +a(ty, )iy +a(ro,p>,-,R>ij O} i

nL.

1

nlL. nlL

i i

~ ~ ~ ~\T ~\T ~\T
{uio _{(a(toﬁp)IL + a(toﬂp)IM + a(toap)IR )V _ (a(tO’p)(ifl),L + a(tO’p)(ifl),M + a(tO’p)(il),R)VJ < 0} fori=3.4,,.n

Filtered Gaussian process using KT filter

0 Kanai-Tajimi filter model

2¢ -Do, | Cs : damping ratio of the filter
h, () =exp(=¢, 1) [i—ngsm(a)f J1-¢7 -0 =280, cos(w,\[1-¢7 't)} ;: predominant frequency of the filter

2
(D(w)\ 1+40 (0/ @, 2

— D —Cg =0.3
[1-(w )2]2 +(2(;fa)/a)g)2 ° ,8\10* ......... ¢ =05 -
- ¢ =0.7|| £
. 8r .
a a
7 7
£ £
f(0)=) 21D, /At -v, - b (t—1,)At z =
= E E
g \ 5

0 ‘ ‘ “‘ __________________

0 10 20 30 40 50 60

o (rad /s

)
Clough, R. and Penzien, J. (1993). Dynamics of structures. New York: McGraw Hill; 1993.
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[ ] [ ] [ ] [ [
Parametric study on impact of ground motion characteristics
12 : : : : : = A AT A (®,=3, Btareet=1.5)
—,=03 ) G 0.3
L e Gg =041 W% volume 2.81m?(18.7%)
R T (P ¢ =05
g‘ h e
4 == ) B (®,=3, Btereet=1.5)
E sl ~H & 0.4
E Volume 2.42 m3 (16.1%)
L | LEVEL 03 -
% EL: l0m
¥ 21 2;5
i 1 v g C (=3, prareet=1.5)
e & 0.5
50 60 Hom Volume 2.27 m® (15.1%)
o (rad /s)
preet=1.5 = (P=6.68%)
‘ ‘ ‘ s A (=3, prreet=1.5)
£, =0.4) —— 0, =4.5x Wy 4.5m
E T © =505 XU 4  Volume 2.08 m?(13.9%)
N Y 6 Y B o =55n
] | T
2 B (®,=3, Brareet=1.5)
o
= 1 N & wf 5.0m
E? Volume 2.42 m*(16.1%)
T 1 B
8
] | BT C (P,=3, Btarset=1.5)
oy 5.5
. GROUND 3
50 60 tom Volume 2.82 m® (18.8%) 17

o (rad /s)
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Conclusions

0 Introduction of a new approach incorporating random vibration theories into
topology optimization using a discrete representation method for stochastic
processes

o Computation of the failure probability regarding stochastic responses by a closed-
form solution

o Implementation of the Adjoint method to evaluate the senS|t|V|ty of dynamlc
responses modeled by the discrete representation method N

o Application of the proposed stochastic topology
optimization method to achieve optimal solutions
satisfying probabilistic constraints on stochastlc
responses of structural systems

_a. . LEVEL 04 ﬁ
EL: 15m -

LEVEL 03 -,
""" " TEL:lom -

LEVEL 02 g
"  EL:5m {P

GROUND

- EL : 0m $ %W
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Performance of sensitivity methods

O Input stochastic process

f(O=s@®)'v s,(t) = exp[-2.47(t —t)]sin[3.27(t — 1) ]H (t - 1,) / |s(2)||

0O Failure event

. (a(IO’ ﬁ)zeﬁ + a(t09 fj);l;ight)v
2

<0

E,. =u,

O Sensitivity

oB(u,,t,.p) :

od

e

10m

E
o
Thickness
Column
Time, tg
Threshold values ug
Initial Volf

21,000Mpa
2,400kg/m?
0.10 m
0.35m x 0.35m
7 sec
0.02
0.5

21
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Performance of sensitivity methods-cont’d

L 5m L

1600

10m

1400

1200

DD

| |
= [ I
~ = |

Finite difference method

1000

800

600

400

Normalized computational time

200

0

C

. - a 200 finite elements, b 800 finite elements, and ¢ 1800 finite elements
Direct differentiation method Adjoint method 22
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Reliability-Based Design Optimization

0 Deterministic design optimization (DO)

].T{iin obj (d)

7 SR
/00

SN
. o N
st gd)>0,i=1,..,n, N

71777

dlower < d < dupper

Vil

O Reliability-based design optimization (RBDO) of failue

Objective function

].glil’l ]Fobj (ds l'l'X)
HUx

s.t P(Esys) = P[U ﬂ gl(dDH’X) S O] S IDSyStarget’ l = 1”"’”0

High probability
~ _ of failure

~
~
~
~
~
~
~
~

~
~ Limit-state functions °

.
>

V.

1

l I!
d ower < d < dupper’ M’ower < uX < Mupper /

| —
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System Reliability-Based Desigh Optimization

0 Component Reliability Based Design Optimization (CRBDO)
min f,,,(d,py)

Limit-state functions

c

s.t P[gi(d,uX)SO]SPftarget’ i=1,..n

I! l
d ower < d < dupper, u ower < HX < Mupper

0 System Reliability Based Design Optimization (SRBDO)
min f,,,(d,py)

It l .
dower <d< dupper, uower < HX < lJ’upper .:

MSR method
(Song and Kang 2009, Kang et al. 2012)

Song, J., and W.-H. Kang (2009). System reliability and sensitivity under statistical dependence by matrix-based system reliability method. Structural Safety, Vol. 31(2), 148-
156.

Kang, W.-H., Y.-). Lee, J. Song, and B. Gencturk (2012). Further development of matrix-based system reliability method and applications to structural systems. Structure ax}
Infrastructure Engineering: Maintenance, Management, Life-cycle Design and Performance. Vol. 8(5), 441-457.



10th World Congress on Structural and Multidisciplinary Optimization

Topology Optimization of Structures under Stochastic Excitations
J. Chun, J. Song, G.H. Paulino Numerical examples

Optimal topologies

O Varying target failure probabilities

LEVEL 05
e @ @@ R e .: ....................................................................................................... “EL30m

LEVEL 04 $
EL: 15m

LEVEL 03 $
EL: 10m

LEVEL 02 $
EL: 5m

A ($,=700) B (%,=700) C (9,=700) D ($,=700)

BrEt  1.4=(P=8.1%) BV 1.7=(P=4.5%)  BUE'  2.0=(P=2.3%) B 2.3 =(P=1.1%)
Volume 4.95m3(24.7%) Volume 6.15m3(30.8%) Volume 7.19m335.9%) Volume 8.34 m3(41.7%)

25
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Convergence and Dynamic response

0 Convergence history

15

volume (m3)
[N
o

25

15

O Dynamic response comparison

f®)

0 50 100 150
<
|
T~
<
4 = e ———
Btarget ......... [31 R [32 _____ [53 R '34 [ _|m
~
| | [ep]
0 50 100 150 <
Iteration
—— pftarget ... = sz _— Pf3 — Py _IN
\N
A o<
0 50 100 150 <

-1000¢

Numerical examples

1000+

500
0
-500

A3/L3

AL,




