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Motivation and Introduction

• The large deformation impose challenge on the computational simulation of 

soft materials

Jeong-Yun Sun et al, 2007

• However, efficient quadrature rules for polygonal elements are difficult to 

construct in practice. 

1st quadrature

Chi et al, 2015
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• Soft materials are considered as hyperelastic, whose deformations can be 

described by:

Chi, H., Talischi, C., Lopez-Pamies, O., Paulino, G.H. 2015. Polygonal finite elements for finite elasticity. International 

Journal for Numerical Methods in Engineering, 101, 305–328

Variational Formulation of Finite Elasticity 

 Two field mixed formulation:

where

= Admissible sets for displacement field and pressure field

= Body force per unit undeformed volume= Undeformed configuration

= Surface traction per unit undeformed area= Stored-energy function
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Polygonal Finite Element Spaces

• The displacement space

 k=1, Mean Value coordinates

with:

 k=2, linear combination of pairwise products of 𝜑𝑖
1

such that:

Floater, M. S. 2003. Mean value coordinates. Computer aided geometric design, 20(1), 19-27.

Rand, A., Gillette, A., and Bajaj, C. 2014. Quadratic serendipity finite elements on polygons using generalized barycentric

coordinates. Mathematics of computation, 83(290), 2691-2716.
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Polygonal Finite Element Approximations

• The pressure spaces:

 Discontinuous across the element edges: 

 Continuous across the element edges:

elements elements

𝑘 = 1 … 𝑘 = 2 …

𝑘 = 2 …

elements
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Integration Scheme and Gradient Correction

Talischi, C., Pereira, A., Menezes, I.F.M., Paulino., G.H. 2015. Gradient correction for polygonal and polyhedral finite elements. 

International Journal for Numerical Methods in Engineering. 102, 728-747.

• We use the triangulation scheme over element 𝐸 , denoted as

𝑘 = 1 𝑘 = 2

• The definition of the correction to the gradient is as follows:

For any given                       , the corrected gradient             is the one 

satisfies:
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Convergence of Mixed Polygonal FEM

• Consider a boundary value problem with displacement boundary condition 

applied as follows:

with

Displacement error: 

Pressure error: 
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Convergence of Mixed Polygonal FEM

elements elements elements
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Filled Elastomers

• The microstructure and the unit cell considered:

 Incompressible Neo-Hookean

Material

 𝑁 = 50 particles, with a volume 

fraction of the particle: 𝑐𝑝 = 25%.

 The thickness of the interphase: 

𝑡 = 0.2𝑅𝑝, where 𝑅𝑝 is the radius 

of the particle.

 The effective volume fraction is 

𝑐 = 𝑐𝑝 + 𝑐𝑖 = 36%

Chi, H., Lopez-Pamies, O., Paulino, G.H. 2015. A paradigm for higher-order polygonal elements in finite elasticity using a 

gradient correction scheme, Computer Methods in Applied Mechanics and Engineering, Vol. 306, pp. 216-251. 2016.
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Linear CVT Mesh
(41061 EL., 77893 Nd.)

Quadratic CVT Mesh
(22051 EL., 95233 Nd.)

Quadratic Tri. Mesh
(58814 EL., 118141 Nd.)

• Similar number of nodes in the matrix

Talischi, C., Paulino, G.H., Pereira, A., Menezes., I.F.M. "PolyMesher: A general-purpose mesh generator for polygonal 

elements written in Matlab." Journal of Structural and Multidisciplinary Optimization. 45,3, 309-328, 2012.

Filled Elastomers
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CPE6HM elements 

elements

elements

elements

Filled Elastomers

elements 𝜆𝑚𝑎𝑥 = 2.6456

elements 𝜆𝑚𝑎𝑥 = 2.2615

CPE6HM elements 𝜆𝑚𝑎𝑥 = 1.4308

elements 𝜆𝑚𝑎𝑥 = 2.9132
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Goudarzi, T., Spring, D.W., Paulino, G.H., Lopez-Pamies, O. ”Filled elastomers: A theory of filler reinforcement based on 

hydrodynamic and interphasial effects”. Journal of the Mechanics and Physics of Solids. 80, 37–67, 2015

Filled Elastomers

uniaxial tension
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Concluding Remarks

• We presented a gradient correction scheme to develop efficient and 

consistent quadrature on arbitrary polygonal elements.

• The gradient correction is shown to deliver optimal convergence of the mixed 

FEM solutions up to quadratic order.

• Polygonal finite element appears to be able to handle larger localized 

deformations than the standard finite elements.
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