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 The flow theory of plasticity [Hill, 1950; Bell, 1968; Lubliner, 1992]:

The behavior of the plastic materials is characterized by NONLINEARITY and 

PATH-DEPENDENT physical processes (i.e., energy dissipation & unloading).

 Generalized 𝐽𝟐 deformation theory of plasticity [Hencky, 1924; Drucker and 

Prager, 1952; Chen and Han 1988; Sonato et al., 2015]:

A surrogate nonlinear elastic model:

𝝈 = 𝜆 𝐽1 𝜺 , 𝐽2 𝜺𝑑 𝐽1 𝜺 𝑰 + 2𝜇 𝐽1 𝜺 , 𝐽2 𝜺𝑑 𝜺

 Assuming small deformation, the nonlinear elastic solution is equivalent to 

the plastic solution under proportional loading.

 Nonlinear FEM analysis: Energy control approach
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Motivation
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Formulations and Sensitivity analyses
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A surrogate nonlinear elastic model
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 Drucker-Prager yield function
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𝝈 = 𝜆𝐽1 𝜺 𝑰 + 2𝜇𝜺

 Nonlinear elastic constitutive relationship
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Sonato M, Piccolroaz A, Miszuris W, Mishuris G. (2015). General transmission conditions for thin elasto-plastic 

pressure-dependent interphase between dissimilar materials. Int J Solids Struct, 64–65:9–21.
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Principal stress state of the nonlinear elastic model
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Projection of the trial inadmissible linear elastic 

stress state on the Drucker – Prager surface
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 Explicit expression

Key: The increment of the stress components on the Drucker – Prager yield 

surface is constant with respect to the increment of the strain components.

Analytical strain energy density function 𝜑

5/21/2019 7

𝝈 =
𝜕𝜑 𝐽1 𝜺 , 𝐽2 𝜺𝑑

𝜕𝜺

𝜑 =
1

2
𝝈I: 𝜺I + 𝜺 − 𝜺I න

0

1

𝝈′: 𝜺′ 𝑑𝑡

𝜺′ = 1 − 𝑡 𝜺I + 𝑡𝜺

𝝈′ = 1 − 𝑡 𝝈I + 𝑡𝝈

𝜑 =
1

2
𝝈I: 𝜺 + 𝝈: 𝜺 − 𝝈: 𝜺I

𝑈 𝝆, 𝒖 𝝆 = 

𝑒=1

𝑛

න
𝑉𝑒

)𝜑𝑒(𝒖 𝑑𝑉



Professor Paulino’s Research GroupProfessor Paulino’s Research Group

Corner-supported square
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Young’s modulus E = 1 × 105 MPa
Poisson’s ratio 𝜐 = 0.3
Tensile strength 𝜎𝑡 = 10 Mpa or 40 Mpa
Compressive strength  𝜎𝑐 = 40 Mpa

Linear solution Nonlinear solution 1 Nonlinear solution 2 Nonlinear solution 3

Symmetry: 6272 Q4 elements

Volume fraction: തv = 15%;  Density filter radius: 𝑅 = 0.018

Constant penalty: 𝑝 = 3

(von Mises) (Drucker-Prager) 
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Clamped beam
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Young’s modulus E = 1.8 × 105 MPa
Poisson’s ratio 𝜐 = 0.3
Tensile strength 𝜎𝑡 = 144 Mpa
Compressive strength  𝜎𝑐 = 1440 Mpa

Symmetry: 6272 Q4 elements

Volume fraction: തv = 25%;  Density filter radius: 𝑅 = 0.014

Constant penalty: 𝑝 = 3

Linear solution Nonlinear solution 1 Nonlinear solution 2
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Convert Optimized topologies to CAD models in ABAQUS
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Volume = 0.2462

6145 linear triangular 

elements

Volume = 0.2466

6106 linear triangular 

elements

Volume = 0.2454

6171 linear triangular 

elements

Material properties defined in ABAQUS:

Young’s modulu E = 1.8 × 105 MPa Poisson’s ratio 𝜐 = 0.3

The Drucker – Prager plasticity model:

Friction angle 𝜓 = 67.83° and cohesion stress 𝑐 = 261.82 MPa

OUR surrogate nonlinear elastic model (UMAT):

𝝊𝒑 = −𝟎. 𝟏𝟕𝟓 and 𝝈𝒚 = 𝟏𝟒𝟒 𝐌𝐏𝐚

Standard ABAQUS

ABAQUS UMAT
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Structural performance
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ABAQUS

ABAQUS

ABAQUS
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Concluding remarks

 We address the material nonlinear topology optimization considering

the Drucker – Prager criterion using a surrogate nonlinear elastic

constitutive model.

 The sensitivity analysis are simple, effective and efficient for the

present formulations (i.e., 𝐦𝐚𝐱𝑈 and 𝐦𝐚𝐱𝜒).

 Using the analytical strain energy density function improves the

efficiency of the framework.

 We obtain new nonlinear solutions accounting for realistic plastic

material properties, which can serve as benchmark problems.

 Assuming small deformation, the nonlinear elastic solution is

equivalent to the plastic solution under proportional loading.
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