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What is Graphic Statics?

= A way to graphically determine the member forces in a structure without a

system of equations

= Can be used to analyze “unstable” structures that finite element analysis

cannot

= Helpful in designing cable structures
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History of Graphic Statics

= Composition of forces by Italians Leonardo da Vinci and Galileo Galilei.

» Dutch mathematician Simon Stevin (1548-1620) was the first person to represent
force as a vector and the interpretation of the parallelogram of forces.

» |[saac Newton (1642-1727) formulated the laws of force and motion.

» Frenchman Varignon (1654-1722) presented the force polygon and the funicular
polygon.

= Maxwell and Taylor (1864) published a graphical method for analyzing forces in
trusses.

= Cremona (1872) demonstrated the graphical analysis of trusses.

= German engineer Karl Culmann (1821-1881) is generally acknowledged as the
father of graphic statics — Die Graphische Statik (1866) was first comprehensive
body of graphical techniques.

» Techniques influenced and used by Koechlin (Eiffel Tower co-designer), Maillart,

Menn, Nervi, Gaudi, Candela, and Calatrava
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History of Graphic Statics

GRAPHICAL ANALYSIS

A TEXT BOOK ON

GRAPHIC STATICS

BY
WILLIAM S. WOLFE, M.S.

Head of Struetural Department, Smith, Hinchman & Grylls. Formerly
Instruetor in Arehiteetural Engineering, University of Hlinots.
Assoctate Member Ameriean Society of Civil Engineers.
Associate Member Society of Naval Architects
and Marire Engincers
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History of Graphic Statics

PREFACE

Tris book has been developed from notes and blue prints
prepared by the writer and used in his classes at the University
of Illinois. Certain additional material has been added, a part
of which has been briefly presented in a number of articles con-
tributed by the writer to the technical press.  The notes referred
to above were modeled after a set prepared by Dr. N. C. Ricker,
several years before, to whom the writer is greatly indebted.

Many additional problems might have been added and the
discussion greatly extended. This is especially true of Chapters
IV and VII to X ineclusive. However, it has been thought best
to keep the book to smaller proportions, and the writer believes
that a thorough mastery of the constructions and solutions
here presented will give the student an excellent grasp of the
subject.
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Adding Force Vectors Graphically

Foree Poiygon

Spanning Structures Statics, Zalewski and Allen 1998
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Basic Diagrams and Interval Notation (Bow’s Notation)

4a0 N

36N 23N

Joint is named by reading the letters and numbers that surround in a

clockwise sequence

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

P =440 N

1. Solve for equilibrium
reactions

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4ao N
P =440N
A B
1
rtrr D
C
36N 23N

1. Solve for equilibrium 2. Draw & label the form

reactions diagram

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4a0 N o

A B

1
i (.
<

3GIN 123N v b

Imm=5N
3. Draw the external force diagram to scale Force Palygon

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4A0 N o

(.

3GIN 123N v b
Imm=5N

3. Draw the external force diagram to scale Force Palygon

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4A0 N Ko
A B
1
. £t
3GIN 123N v b
Imm=5N
3. Draw the external force diagram to scale Force Palygon

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4a0 N

36N 123N

Imm=5N

4. Find the unknown points

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

Hao N /e

3GIN 123N b

Imm=5N

4. Find the unknown points

Spanning Structures Statics, Zalewski and Allen 1998
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Graphical Analysis Procedure

4a0 N

36N 123N

Imm=5N

5. Finish the Force Diagram & measure
member forces

Spanning Structures Statics, Zalewski and Allen 1998
11/18/2016
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Graphical Analysis Procedure

4a0 N

Imm=5N

-+

36N 123N

5. Finish the Force Diagram & measure
member forces

Spanning Structures Statics, Zalewski and Allen 1998
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Modifying the Geometry

thanging e Depth of the Truss

J/"F{DN

PERN

Form Diagram

Spanning Structures Statics, Zalewski and Allen 1998
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Modifying the Geometry

Force Diagram

Spanning Structures Statics, Zalewski and Allen 1998
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Graphic Statics

What about for a more complex structure?

Form Diagram
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Graphic Statics

Draw external forces to scale, label spaces between
external forces and internal polygons:

Form diagram Force diagram c
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Graphic Statics
Draw line parallel to member A1l:

A
Form diagram Force diagram c
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Graphic Statics
And line parallel to member B1:

A
Form diagram Force diagram c
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Graphic Statics
Label intersection Point 1:

A
Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

A
Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

A
Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

A
Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

A
Form diagram Force diagram c
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Graphic Statics
Continue this process to find locations of all nodes:

Form diagram Force diagram c
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Graphic Statics

Final diagram (excluding external forces):

Form diagram Force diagram
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Graphic Statics

Other examples:

These are
reciprocal!

Form diagram Force diagram
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Graphic Statics

Reciprocal diagrams: /

N

Reciprocity between loads and
supports
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Graphic Statics

Reciprocal diagrams:

Reciprocity between loads and
supports
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Graphic Statics

Reciprocal diagrams:

Form diagram Force diagram
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Graphic Statics
Why use them?

e Can optimize “unstable” structures (i.e. cables) without the
need for additional members to triangulate the domain

* If optimizing using the force diagram, equilibrium
guaranteed for a closed polygon. Thus, final design is always
feasible.
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the chord?

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the upper chord?

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the upper chord?
DeIsired Force in Upper phord

e A G .
T T
'2.| 3 e -w_._ “’;b
qa5 ~ - 1l
6:-% ....... — - ﬁd
8;0, - - @
h 10 B f&

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the chord?

Desired Force in Upper Chord
II ) I ?Lﬁ _

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization
Work backwards

Spanning Structures Statics, Zalewski and Allen 1998

CEE 307: Graphic Statics Lecture

11/18/2016




Form Finding and Optimization
Optimal upper chord

& Shiosai Bridge, Japan

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the chord?

AL el el vl el F

! [

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the chord?

g\Lﬁ-\;’_ch\ba

For equal forces,
these lines must all
become the same 10 b
length! o

|

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we use the force diagram to optimize this structure
for a constant force in the chord?

Note: This structure is
“unstable” so the problem
cannot be solved with finite
element analysis!

Spanning Structures Statics, Zalewski and Allen 1998
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Form Finding and Optimization

How can we find the optimal of an arch subject
to a maximum compressive force?

Scale: 1 mm = 50 kN a

522 kN 513kN E S5S13kN F 522kN

539kN C G 539 kN

9 x AX

Note: This structure is | .
“unstable” so the problem Firex
cannot be solved with finite
element analysis!
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Form Finding and Optimization

How can we find the of an arch subject to a
maximum compressive force?

Scale: 1 mm =50 kN

Q)

- h
g
F,+F.+Fy +F.e =2136 kN !
o)
6
1 f
Fmax g
h
AX  Fo. >y - AX(2136 kN) i
y, 2136kN ' F . | Fro |
and so on....
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Form Finding and Optimization

How can we find the of an arch subject to a
maximum compressive force?

Scale: 1 mm =50 kN

562 kN

B d
b
|
| q
|
|
|
: i )
y: AX(2136 kN) | O ]
= |
| - |
| : f
AX d
h

and so on....
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Form Finding and Optimization
Robert Maillart's Salginatobel Bridge Design (1928)

Robert Maillart's Key Methods from the Salginatobel Bridge Design Process (1928). Fivet, C
Zastavni, D. (2012). Journal of the International Association of Shell and Spatial Structures, 53(1): 39-47.
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Form Finding and Optimization
Robert Maillart's Salginatobel Bridge Design (1928)

i
E

o | '

Vi 7ATR VIS AT |

Robert Maillart's Key Methods from the Salginatobel Bridge Design Process (1928). Fivet, C
Zastavni, D. (2012). Journal of the International Association of Shell and Spatial Structures, 53(1): 39-47.
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Form Finding and Optimization

How can we compute the of a truss?
P/2 P P P P/2 a
B C D E
2 b
2 4 5 7
A F
1 3 6 8
4 C
G 6 1\& g
d
5
V=>AL
=£Z FL
o e
7
f

*Assuming areas selected
based on constant stress
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Form Finding and Optimization

How can we compute the of a truss?

L F
P/2 P P P P/2 a
B C D E
5 b
2 4 5 7
A F
1 3 6 8
4 C
G 6 1\& g
d
5
V=>AL
=£Z FL
o} e
=2x[G1+G3+B2+C4+ Al+12+23+34]+45 !
=2x[0+1.5PL +1.5PL + 2PL +2PL +3PL +1.5PL + PL |+ PL =26 PL ;

*Assuming areas selected
based on constant stress

11/18/2016
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Form Finding and Optimization
How can we find the geometry for the truss of

?
P
a
>p
8
C
Iy:')
3L 3L
Initial guess: y=0 : : b
V=> AL §p
_1 8
_GZFL

= 2x[(5Lngj+(3Lxgﬂ =8.5PL

*Assuming Constant Stress
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Form Finding and Optimization
How can we find the geometry for the truss of

?
P
a
Fstrut
oL
C
/N O
| | |:tie
3L 3L
b

*Assuming Constant Stress
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Form Finding and Optimization

How can we find the geometry for the truss of
?

P In Matlab, plot Volume vs. y-coordinate

oL

Yolurme

3L 3L

Min. occurs aty = 1!

11/18/2016
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Form Finding and Optimization

How can we find the geometry for the truss of
?

P

Points lie on an arc! b
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Graphic Statics
An extension: Rankine’s Theorem

TueoreM. [f lines radiating from a point be drawn parallel to
the lines of resistance of the bars of a polygonal frame, then the sides
of any polygon whose angles lie in those radiating lines will represent
a system of forces, which, being applied to the joints of the frame, will
balance each other ; each such jforce being applied to the joint between
the bars whose lines of resistance are parallel to the pair of radiating
lines that enclose the side of the polygon of forces, representing the force
wn question.  Also, the lengths of the radiating lines will represent the
stresses along the bars to whose lines of reswstance they are respectively
parallel.

Rankine’s Theorem
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Graphic Statics

To find the shape of a cable, for any given set of forces in
equilibrium:

oP

CEE 307: Graphic Statics Lecture
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Graphic Statics

oP 5P

Construct the
External Force

Polygon:
5P Define an arbitrary origin
| ‘O’, and construct rays to
the ends of the force
-+ § vectors
5P
1wy 1 Dy

Rankine’s Theorem
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Graphic Statics

Drop lines of action from the forces:
4P

3P
B C ¢ D ¢3P E
A A A
oP 5P
Draw parallel lines
of force for the rays
A|b a
Yo b}
aA - C @)
Y4 ei \

Rankine’s Theorem
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Graphic Statics

Continue for all rays

and forces

4P

¢3P

oP
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These rays will
correspond to the
member directions in
a funicular structure

oP

Rankine’s Theorem

11/18/2016




Graphic Statics

4P

oP 5P

Rankine’s Theorem
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Graphic Statics

4P

oP 5P
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Graphic Statics

The finished
funicular polygon

4P

oP
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Graphic Statics

4P
Changing the origin . | ¢3P 5 ¢3P -
changes the shape £ R A
5P 5P
_—
AlD a\ /z
v bY ©
al C — 07 /
L
elV dL
Rankine’s Theorem
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