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We investigate a recently proposed variational principle with rigid-body constraints and present an
extension of its implementation in three dimensional finite elasticity problems. Through numerical exam-
ples, we illustrate that the proposed variational principle with rigid-body constraints is applicable to
both single field and mixed finite elements of arbitrary order and geometry, e.g. triangular/tetrahedral
and quadrilateral/hexagonal elements, in two and three dimensions. Moreover, we demonstrate that, as
compared to the commonly adopted approach of discretizing the rigid domains with standard finite ele-
ments, the proposed formulation requires neither discretization nor numerical integration in the interior
of each rigid domain. As a comparative result, the variational formulation may reduce the total number
of degrees of freedom of the resulting finite element system and provide improved accuracy.
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1. Introduction

The presence of stiff fillers is prevalent in engineering and bio-
logical materials. Although of different nature, those stiff fillers
typically have significantly stiffer mechanical responses, in the
order of five orders of magnitudes or possibly more, than the under-
lying soft matrix. From a computational modeling perspective, a
commonly adopted approach in the literature to model the stiffer
fillers is to discretize them with standard finite elements, e.g., tri-
angular and quadrilateral elements, and assign them much larger
moduli (typically a thousand times or more) than those of the soft
matrix [1-4]. However, this approach adds unnecessary degrees
of freedom (DOFs) (since the fillers are much stiffer and do not
experience any strain) to the resulting system of equations and
thus inevitably increases the computational expense. Alternatively,
recent research suggests that, making use of the polygonal dis-
cretization, each filler can be treated as one single polygonal finite
element (the “n-gon” approach) [5]. However, as demonstrated in
[6], since the fillers discretized with one polygonal elements tend
to be “mechanically softer” than the standard elements, numer-
ical integration of higher order is required in conjunction with
larger moduli, which increases the number of integration points
and degrade the conditioning of the finite element (FE) stiffness
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matrix. On the other hand, it is worthwhile mentioning that with
the ideas recently proposed in the Virtual Element Method (VEM)
[7-11], the integration issue associated with the above mentioned
“n-gon” approach could be possibly avoided, as demonstrated in
[11].

More recently, a different methodology has been proposed to
model the stiff fillers [6]. Instead of being approximated as a mate-
rial phase of high moduli, the stiff fillers are effectively idealized as
rigid bodies. Accordingly, a variational formulation is put forward,
which takes into account the presence of rigid spatial domains in
elastic solids by describing each of them as a set of kinematic con-
straints over the boundary. Therefore, no discretization is needed
in the interior of each rigid domain. While the set of constraints
only consists of kinematic quantities (displacement field), other key
information, such as the average stress field and boundary trac-
tions, can be extracted from the Lagrange multipliers related to
the constraints [6]. In reference [6], the FE implementation aspects
and numerical examples of the variational principle have been
presented in two dimensions (2D) and for lower order polygonal
elements. In this work, we provide a complete extension of the FE
implementation of the variational principle to three dimensions
(3D), and demonstrate its application to both standard and higher
order finite elements.

The remainder of the paper is organized as follows: Sec-
tion 2 reviews the variational principle proposed in [6] with both
displacement-based and two-field mixed formulations. Section 3
presents the extension of the FE implementation of the variational
principle to 3D. Section 4 demonstrates the applications of the


dx.doi.org/10.1016/j.mechrescom.2016.03.003
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechrescom.2016.03.003&domain=pdf
mailto:hchi6@gatech.edu
mailto:paulino@gatech.edu
dx.doi.org/10.1016/j.mechrescom.2016.03.003

16 H. Chi, G.H. Paulino / Mechanics Research Communications 78 (2016) 15-26

o? i=1,.N

Fig.1. Schematic of an elastic solid containing N disconnected regions 9(12)’ cen Qﬁ)
that are constitutively rigid. The interface of material discontinuity between the rigid
domain QEZ) and the non-rigid part of the solid (1) is denoted by I'.

variational principles in studying physically-based examples with
standard finite elements of various orders, including: (i) the nonlin-
ear elastic response of a filled elastomer reinforced with a random
isotropic distribution of spherical particles and (ii) the onset of cav-
itation in a fiber reinforced elastomer. Section 5 provides some
concluding remarks. Finally, we provide two appendices which
complement the paper.

Before proceeding with the technical sections, we briefly and
partially introduce the notation adopted in this paper. For any given
variable (or field) g, be it a tensor of any order, we denote by dg its
variation. For any function (or functional) f(g) that depends on g,
we write Df(g) - 6g to denote its derivative (or directional deriva-
tive) with respect to g. Moreover, for any subset E of a given spatial
domain @, E c €, we denote by |E| its area or volume, and by OE its
boundary. We define (- )g as the average operator:

.1
<~>E=E/E(-)dx- (M

If the average is taken over the whole domain €2, we use instead
the notation (-) with the subscript 2 omitted. We shall also use |-|
to denote the standard determinant operator for a matrix.

2. Variational formulations with rigid-body constraints:
Finite elastostatics

Consider an elastic solid in its undeformed and stress-free
configuration that occupies a domain  with boundary 92. A dis-
placement field u® is prescribed on part of the boundary 99X,
whereas a surface traction t (per unit undeformed surface) is
prescribed on the complementary part of the boundary 02¢. Fur-
thermore, we assume that the elastic solid contains N constitutively
rigid regions Q(]Z), e Qg\f). that are disconnected and collec-
tively occupy the domain Q) = 9(12) U---u ng). The remaining
non-rigid part of the solid is denoted by (1) and is taken to be char-
acterized by a hyperelastic energy WA, which is a non-negative,
quasi-convex function of the deformation gradient F. Accordingly,
the first Piola-Kirchhoff stress tensor at each material point in (1)
is given by the constitutive relation:

ow®
PX) = 5%

The interface of material discontinuity between the rigid domain
ng) and the non-rigid part Q) is denoted as I, so that
I''n...nT'’N=¢. A schematic description of the solid is provided in
Fig. 1. Throughout this paper, we mainly focus on the case where
the presence of body forces is neglected, however, the generaliza-
tion of the variational formulation incorporating presence of body
forces can be found in the Appendix A. Throughout this paper, a
Lagrangian description of the fields is adopted.

Exploiting the fact that the motion of the rigid domains can
be completely described by the motion on their boundaries, the

(X, F). (2)

basic ideology of the variational formulations with rigid-body con-
straints is to constrain the motions on the boundary I'! of each
rigid domain to be a rigid-body motion, and consider the standard
variational formulation in the non-rigid domain (V. In particular,
the variational principle considers a restricted set of kinematically
admissible displacements KR:

KR = {u:onan,u=u°,andonFi, i=1,...,N,
u=u +HX, H'H + H' + HT =0,
Whereug e R H e Rdx‘j} (3)

where the constant vector ug e R? and constant second-order ten-
sor H e R4 characterize the rigid-body translation and rotation
of each rigid domain ng), respectively. In this paper, this concept
is applied in the context of both standard displacement-based and
mixed formulations.

2.1. The displacement-based formulation with rigid-body
constraints

The so-called displacement-based formulation of finite elasto-
statics considers the displacement field u as the only indepen-
dent field; the deformation gradient is accordingly written as
F(u)=I+V u, where V denotes the gradient operator with respect
to the undeformed configuration and I stands for the identity in the
space of second-order tensors. When incorporating the presence of
rigid domains, the classical principle of minimum potential energy
becomes seeking the equilibrium displacement field u such that,

M) = min [IM(u) (4)
uckR
where
NM(u) = wi(x, F(u))dX—/ t-uds, (5)
QM) Qe

is the potential energy in the non-rigid domain Q1.

By introducing two sets of Lagrange multipliers, A’ and X, i=1,
..., N, which are assumed to be continuous vectors and constant
symmetric second-order tensors, respectively, we recast the above
constrained optimization as:

min min min stat stat

uek(QW) wierd H erdxd yijcoriyd Zierdd

L(u,u), H A, ) (6)
with
L(u, ), H, A, 2 = TTD(u)
N
+Z%|Q§2)|Ei - (HTH + H + HT)
i=1

N
+Z/ A (u—ul — HX)dS, 7)
iz /T

where K(Q(1) is the space of kinematically admissible displace-
ment in (1 and stat stands for stationarity with respected to its
argument.

It is worthwhile noting that, by looking into the strong form of
the Euler-Lagrange equations of (6), the physical meaning of the
two sets of Lagrange multipliers are identified [6]. More specifi-
cally, Af is found as the traction field on the interface I'i, and X'
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corresponds to the average first Piola-Kirchhoff stress over the rigid
domain QEZ) through

(HH—I)Z’ = (P(X))Q(z) i=1,..,N. (8)
1

We emphasize that although we only consider the kinematic con-
straints on the boundary of each rigid domain QEZ) in the variational
formulation, key information in the interior of each rigid domain
QEZ) can be directly extracted from the Lagrange multiplier fields,
which is essential for many problems, such as computational
homogenization. Furthermore, we remark that with the application
of the method of Lagrange multipliers, the nature of the solution we
seek is altered from pure minimum to a combination of minimum
and stationary fields, as shown in (6), which makes it unsuitable for
stability analysis because we on longer have positive definite stiff-
ness matrices for stability any more. As an alternative approach,
the penalty method can be adopted for the constraint optimiza-
tion problem (4), which treats the constraints in (4) with penalty
terms instead of the Lagrange multipliers. With the penalty method
[12], although the constraints (i.e. rigid-body motion of each rigid
domain) are no longer strictly satisfied, standard approaches for
stability analysis can be directly employed, which searches for the
loss of positive definiteness of the stiffness matrix. For better per-
formance, one may adopt a combination of both the method of
Lagrange multipliers and the penalty method when stability anal-
ysis is of interest, in which the constraints u = uf) +H'Xin (3) are
treated with the Lagrange multipliers whereas the remaining ones
are considered with penalization terms. Notice that the constraints
u= ug + H'X can be practically rewritten as linear constraints, and
therefore can be condensed out in the FE implementation (see Sec-
tion 3) without altering the minimum nature of the solution.

The weak form of the Euler-Lagrange equations of (6) can be
found in [6], and therefore is not listed here for the sake of simplic-

ity.
2.2. The two-field mixed formulation with rigid-body constraints

Following the same concept and procedure as the displacement-
based formulation, the two-field mixed formulation (presented
here in the context of the F-formulation [13-17,5]; while the F-
formulation can be found in [5]) for elastostatics incorporating rigid
domains reads as:

min min  min stat stat max
uck(QM) ulerd Herdxd 3ic[cocriyd Zlerdd peo()

Z(u, u), H, A, X', p) 9)
with
Z(u, vl WAL X p) =TT (u, p)

N

1 6@ si . wiTyi 4 Wi o\l

+> FIQPE (HTH +H +HT)
i=1

N
+Z/ A (u - ul) — H'X)dS, (10)
o1 /T

and
Twp = [ WX Fu), p)

Q)

+p[detF(u)—l]}dX—/ t-udS. (11)

Qe

The space Q(2(1) consists of square integrable function in (1)
and p is an additional pressure field introduced via the partial Leg-
endre transforms

W(X.F.p)=max {p( - 1) - W(X.E.])} , (12)

where the function W(X, F,]) is such that W(X,F) = W(X, F,])
when J=detF.

Again, the Lagrange multiplier field A is the traction field on
the interface I'!, whereas X' relates the volume average of the first
Piola-Kirchhoff stress over QEZ) via the relation (8). The weak form
of the Euler-Lagrange equations of the above variational problem
can also be found in [6] and thus is not repeated here.

3. Finite element implementation

Along the lines of the discussion in [5] for the FE approxima-
tion and implementation for the rigid-body constraint formulation
in 2D, this section presents a complete extension of the FE imple-
mentation of the rigid-body constraint formulation to 3D.

Consider a decomposition €2, of the domain 2. In partic-
ular, the discretization of the non-rigid domain Q%U contains
non-overlapping finite elements of arbitrary geometry (triangu-
lar/tetrahedral, quadrilateral/hexagonal and polygonal/polyhedral
elements) and order, and each discrete rigid domain Qgﬁ) is consid-
ered as a general polygon/polyhedral with its boundary I‘jl.

It is worthwhile stating the discrete spaces for the unknown
field before we proceed to the FE implementation aspects. First,
the global displacement space K, x in the non-rigid domain has the
following definition

3
Kk = {uh e [COQM] N i) :

wle € WEN VE € 2} (13)

where V,(E) is the local FE space over element E. For a local dis-
placement space of order k, it is kth order complete, i.e.

Pi(E) € Vk(E), (14)

where P, (E) are polynomial space of order k, and its functions
possess kth-order variation on the edges of E. Example of V,(E)
are the conforming Py (E) space on triangle/tetrahedral elements,
the space constructed by iso-parametric mapping on quadri-
lateral/hexagonal elements, and the barycentric coordinates on
polygonal/polyhedral elements.

Second, for the mixed formulation, various choices of the
discrete pressure can be adopted together with the rigid-body con-
straint formulation [18,19]. In this paper, the discrete pressure field
Dn is approximated as

Onir={an e () ranle e ver (B VE€ @V} (15)

which resembles the Taylor-Hood element in fluid problems
[18,20]. For higher order cases, we observe that the above approx-
imation implies that the discrete pressure field (of order k—1) is
continuous across the element boundaries. For the linear case, we
define Vy(E) = Py by convention, meaning that the discrete pres-
sure field is constant over each element but discontinuous across
the element boundaries. As a result, the elements coincide with the
standard lower order mixed finite elements. )

Additionally, the discrete space for the Lagrange multiplier A},
is defined as a piecewise space on I', Wy(T" ), such that

W) = { A e I’ e € P} (16)
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where F denotes the faces of F;'.,, respectively, and V;‘; is alocal space

defined on face F. Notice that the above definition implies that XL
possess kth-order polynomial variations on the edges of each F;;.
In the discussion that follows, the FE approximation and imple-
mentation of the rigid-body constraints given by Eqs. (6) and
(9) mainly deal with those terms that are associated with rigid
domains. The other terms for the non-rigid domain, on the other
hand, follow the standard FE procedures. In this section, we will
mainly focus on the two terms associated with each rigid domain
into the following two terms, as well of their relevant variations:

/ A}, - (uy, — ul —HX)dS, (17)
I

i

h
1 @ yuiTyi L wi L wily. yi
§|Q,.h (H'H'+H' +H"): X (18)

In order to reduce the number of unknown variables, we condense
u; and H' out of the above terms, and therefore out of the FE sys-

. . ~i :
tem, by introducing a set of “reference nodes”, X, on I', for each

rigid domain Qfﬁ) Each set consists of three (or four) in 2D (or 3D)
“reference nodes”, which are required to be non-collinear (or non-
coplanar). A schematic description of the “reference nodes” can be
found in Fig. 2 (a) and (b) in 2D and 3D, respectively.

In 3D case, with a given set of “reference nodes”, any linear field
g(X) can be interpolated as

4
gX) =Y ¢HXg,

r=1

(19)

where Efr = g()~(lr) is introduced to denote the degrees of freedom
of g on the “reference nodes”.

Following the same definition of those in 2D [6], the interpolants
¢L(X) in 3D are defined as:

1 x y z 1 Xy Z
1% 5 7
2 Y2 %2 1 x y z
1 Xy 7 1 X ¥y z
¢fl(x):M, E(X)ZM7
o o
TR R A TR R A
1% % 3 1% % 3
1 x y z 1 x5y Z
1 X% y Z
4 Ya 44
i (X) = i (X _u 20
3(X) = = s 9y (X)= = , (20)
¢l ¢l
1 0! —¢i, 0
; )
| 0 - 21,1
|
| 0 0
i |
C' = |
|
’ )
|_¢Zl,n—4 O
| s
| 0 7¢ll,n—4
|
0 1 0 0

with
oSS
1 XYz
~ s
~ 2 V2 4
i i i
3 V3 43

i i Si
1x4y4,z4

(21)

and X={x,y,2}T.

With the help of the “reference nodes” and their associated
interpolants, we are able to rewrite Eq. (17) into the following
matrix representation:

/_ Xy (up —uh — HX) dS = AT C'U, (22)
l_‘l
h
where arrays A" € R3"-12 and U’ € R3" are of the form
i
; uhx,1
Ahx,] ui
. hy,1
Ay i
iy' uhz,]
Ahz,]
Al = and U'=¢ 4, (23)
.Ai uhx,1
l'1x,n—4 ﬁhy,l
1
Ahy,n—4 Ehz,]
i
Ahz,n—4
i i i ; ;
and Ahx,j, Ahy’j, A,?ZJ. are the components of nodal traction associ-
ated with vertex le.. We remark that the nodal traction A;m P A;ly P

ALZ]. has similar nature to the nodal force for surface traction in

the standard FE literature [19,21-24] - it is directly solved in the
FE system. We also remark that with the “reference nodes” tech-
nique, nodal tractions associated with the “reference nodes” are
excluded from the vector A, and therefore are not solved the in the
FE system. If the nodal tractions of all the nodes in the rigid domain
QEZ) are of interest, for instance, in interfacial debonding problems,
one needs to describe the rigid-body motion ug +HX directly (by
considering the components of the vector and tensor as unknown
variables), instead of representing them with the displacements on
the “reference nodes”. Furthermore, if the surface traction field l;l
is of interest, it may be reconstructed from the nodal tractions as
a postprocessing step. The coefficient matrix C' is a (3n—12) x 3n
matrix with entries as follows

0 —gzﬁfl,l 0 0
0 - 0 ~ ¢, 0
gy 0 0 g
0 o —ghna O 0
0 0 *¢i,n—4 0
Bea O 0 bal o
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@

()

e vertex X JZ

@ “reference” node X2

Fig. 2. Illustration of the particles considered by the rigid-body constraint formulations in (a) 2D and (b) 3D. The “reference nodes” are marked with circles.

The displacement gradient H! in each rigid domain can be
expressed in matrix notations as well:

i, u,,7 [0¢)/0x 3¢)/dy 03¢}/0z
U : ~UB.
i u, 0, /0x  d¢i,/dy ¢} /0z
25)

Plugging in the above simplified terms (their variations can be
obtained easily in a consistent manner) into the weak forms of
displacement-based, we recast the Galerkin FE approximation in
the form:

(1)
Dch - Suy = y§ a%(x, F)(uy)) : V(duy)dX

2

N i P
- %t-8uhd5+z ‘Qg,f)’(ﬁ’si)z - (5U'B)
i=1

Bﬂg

N
+Z§U”C"TA":0, Vouy, e 0, k, (26)
i=1

. T~ . ~i o ~iT
DLy 8% = %mg,f)\ (BITU' UB +UB +BTU )

18X =0, VOX e Ry, (27)
DLy, 8A = SATCU =0, VSA' e R3"12, (28)
Similarly, the mixed formulation takes the form:
DL}, - Suy,
—aw 9
=y§ [E)l:(x’ F(uh)»ph)"‘phaF(detF(“h))] 2 V(8uy)dX

2

N . . .
- f{ -owds+ Y 2| B < (GUB)
i=1

e
N .

+ SUTCTAT =0, Vo, € «f (21), (29)
i=1

u aw"
DLy - épn :yﬁ [detF(up) — 1 — —-—(X, F(uy), p)1dpy = 0,
Q;U D
Vopn € Qui-1 (21), (30)

o e
DL, 8% = %mgﬁ)\ (B‘TU' UB +UB +BTU )

18X' =0, VOX e Ry, 31)

DLy -8A = SATCU, VSA' € R312, (32)

The above Galerkin approximations (26)-(28) and (29)-(32) can
be readily used in FE implementations. We note that while terms
related to each rigid domain reduce to a set of algebraic constrain-
ing equations, we take the standard FE procedure for the non-rigid
domain Qf:). In the above equations, we have made use of the
notation

ygszmz Z yg 53)

E
h EG.QEI])

to indicate standard numerical evaluation of the integrals over Qb
which account for elemental contributions following the standard
assembly rules (see, e.g., [19,21-23]). The symbol § is employed
to indicate the numerical evaluation of integrals over the part of
boundary BQg where the traction boundary condition is applied.

4. Numerical examples

In the sequel, we present two applications of the rigid-

body constraint formulation in the study of physical behavior
of filled elastomers: (i) a qualitative study regarding the onset
of cavitation in a fiber reinforced elastomer, and (ii) the non-
linear elastic response of a compressible elastomer reinforced
with a random isotropic distribution of spherical rigid particles.
The first application uses a mixed formulation and the second
one a displacement-based formulation. These applications aim to
demonstrate the ability of the rigid-body constraint formulation to
be used in conjunction with finite elements of arbitrary geometry
and order in both 2D and 3D. Throughout, the compressible neo-
Hookean material model is adopted, whose stored-energy function
has the form:
W(F):% F:F—3]+§(detp_1)2, (34)
where p and k are the initial shear and bulk moduli, respectively.
The standard Newtwon-Raphson algorithm is used to solve the
nonlinear system of equations and each loading step is regarded
as convergent once the norm of the residual reduces below 10-6
times that of the initial residual.

4.1. Onset of cavitation in fiber reinforced elastomers

One interesting phenomenon of the filled elastomers is cavi-
tation, that is, the sudden growth of pre-existing defects into large
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Fig. 3. (a) Schematic of the experimental setup of Cho and Gent [26] with L=12.5mm, D=9.5mm and d =0.43 mm; (b) a photograph of the lateral view (X direction) of the
cavity formed between the two steel tubes for the case of d=0.43 mm [26]; (c) a two-dimensional plane-strain model of the experiment in the undeformed configuration;
(d) a two-dimensional plane-strain model of the experiment in the deformed configuration.

cavities under sufficiently large loads [25]. In their experiment, Cho
and Gent [26] investigated this phenomenon in fiber reinforced
elastomers by some ingenious experimental setups. They made
specimens in which two steel tubes of length L and diameter D
were parallelly aligned at an initial distance d and bonded by a layer
of transparent silicone rubber, as depicted in Fig. 3(a). They then
subject the specimen to uniaxial tension transverse to the tubes
and observed the onset of cavitation in the region in between the
two tubes through the transparent rubber. As an example, Fig. 3(b)
shows a photograph of the cavity formed between the two steel
tubes in the specimen with an initial distance of d = 0.43 mm.

This example adopts the experiment setup of Cho and Gent [26]
and idealize it to a 2D plane-strain model. The 2D model is shown
in Fig. 3(c) and (d) in undeformed and deformed configurations.
Because the main purpose of example is to demonstrate the effec-
tiveness and robustness of the rigid body constraint formulation,
we only chose one set of experiments among the several sets of
experiments that were reported, which has the following dimen-
sions: L=12.5mm,D=9.5 mmandd=0.43 mm. The size of the block
H is chosen to be H=300 mm, which is found to be large enough to
avoid the interaction between the fibers an the outer boundary. The

macroscopic strain for such problem is defined aseé=h/H — 1, where
his the deformed length of the block in the direction of applied ten-
sion. To allow for cavitation, three vacuous defects that are circular
in shape with aninitial radius R = 2 um are introduced at three crit-
ical locations in the numerical model, according to previous works
on the onset of cavitation in such problems [27]. Two defects are
placed 1um away from the inner sides of the fibers/rubber inter-
faces and the other at the midpoint in between the fibers (steel
tubes).

The shear modulus p of the silicone rubber is taken to be 1 and
its bulk modulus « is taken to be 1000, to better model the nearly
incompressible behavior. Since the steel tubes are much stiffer than
the silicone rubber (the shear modulus of the steel tubes is in the
order of 80 GPa), the steel tubes are considered as rigid bodies and
treated with the rigid-body constraint formulation discussed in this
paper.

Along the lines of Lefevre et al. [27], and making use of the
symmetries in the model, we consider only a quarter of the model
with a structured quadrilateral mesh, as shown in Fig. 4(a). In the
mesh, the matrix is discretized by quadratic quadrilateral element
with continuously linear pressure approximation (resembles the
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1um

(b)

Fig. 4. (a) The 2D structured mesh used with the rigid-body constraint formulation, which consists of 9201 elements and 28,158 nodes - note that interior of the fiber does
not contain any elements; (b) the structured mesh used in ABAQUS containing 16,111 elements and 48,820 nodes. The mesh is the same as (a) in the matrix, but contains

additional elements and nodes in the fiber.

Table 1

The statistics of meshes in Example 1.
Approaches # of Nodes # of Elem. (Matrix) # of Elem. (Particles) Total # of DOFs
Rigid-body constraint 28,158 9201 0 66,434
Standard FE approach 48,820 9201 6910 113,751

quadratic Taylor-Hood element in fluid problems), which is shown
to be numerically stable (at least for linear problems) [18,19,28],
whereas the rigid fibers do not contain any element. For comparison
purpose, we also work out the problem with the CPES8H elements
in ABAQUS using a mesh that has the same discretization in the
matrix, but also with discretization inside the fibers, as shown in
Fig. 4(b). The statistics of the two meshes are presented in Table 1.
As we can see, the standard FE approach considerably increases the
total number of nodes/elements in the mesh because of the sub-
stantial gradation in the mesh size needed to accommodate the
different length scales in the model, i.e., the length scale of the
defects, fibers and the block. With the rigid-body constraint formu-
lation, on the contrary, the total number of elements/nodes in the
mesh is significantly reduced because each rigid fiber is described
only by the set of constraints of the nodes on its boundary, which
greatly improves the computational efficiency. As a result, while the
FE system of the standard FE approach has a total of 113,751 DOFs,
that of the rigid-body constraint formulation contains only a total of

66,434 DOFs, 639 of which are the Lagrange multipliers associated
with the rigid-body constraints." We note that most of the (636
of them) additional Lagrange multipliers are associated with linear
constraints and thus can be readily condensed out of the FE system
to further improve computational efficiency. Moreover, since all the
constraining equations are algebraic, the rigid-body formulation is
able to handle the strong gradation in the edge lengths of the fibers,
which is a serious problem with the “n-gon” approach because of
the quality of the shape functions and numerical integration.

Fig. 5 shows the snapshots of the deformed configurations of
the region between the fibers obtained by the quadratic quadri-
lateral elements with continuously linear pressure field at four
stages of macroscopic strains, € = 4.5, 12.1, 16.5, and 35.1%. The

! We remark that the total numbers of pressure DOFs for both approaches are
different. The pressure field in the rigid-body constraint formulation is continuous
(in the matrix) while the one used in the ABAQUS is discontinuous.
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Fig. 5. With three defects introduced in the model, the deformed configurations of the region between two fibers under four levels of macroscopic strains.
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Fig. 6. The growth histories of the three defects quantified by the ratio of their deformed areas to their initial areas as function of the applied macroscopic strain €: (a) the

defects on the matrix/fiber interface and (b) the defect in the middle of the two fibers.

results obtained by the CPES8H element with ABAQUS is identical
and therefore not shown here. As quantitative comparison, we also
work out the current-to-undeformed area ratios a'/A! and a™/A™
of the defects at the interfaces and midpoints, which are shown in
Fig. 6(a) and (b). The comparison shows good agreement between
the results obtained by the rigid-body constraint approach and
ABAQUS. The rigid-body constraint approach is able to fully capture
the growth history and interactions between the defects, indicat-
ing that all the defects start to grow initially; however, further
loading results in the contraction of the interfacial defects and the
continuing growth of the midpoint defect.

4.2. Elastomers reinforced with spherical particles

The second example presents the application of the rigid-body
formulation to the study of the nonlinear elastic response of a com-
pressible elastomer filled with an isotropic distribution of rigid
spherical particles. To that end, we consider a unit cell generated
via arandom sequential adsorption algorithm [29,3] that contains a
total of 30 spherical particles of same radius, resulting in a total vol-
ume fraction of roughly c=20%, as shown in Fig. 7(a). The unit cell
is subjected to uniaxial tension, whose macroscopic deformation
has the form

(F)=X1e1 e +1e;0€e; +Aze3Qe;3 (35)
with Ay, k=1, 2, 3 being the stretch in e, direction. If the unit cell

is isotropic, we have A, =X3. In addition, periodic displacement
boundary condition is prescribed [3], that is, for k=1, 2, 3,

ug (1, X3, X3) — u (0, X2, X3) = (F)gg —
U (X1, 1,X3) — 4 (X1, 0, X3) = (F)io — Sz (36)
ug (X1, X2, 1) — ug (X1, X2, 0) = (F)i3 — 8is3,

and the shear and bulk moduli of matrix is taken to be u=x=1.

The displacement-based formulation is used on a tetrahedral
mesh generated by Netgen [30], as shown in Fig. 7(b). The mesh
consists of 23,679 nodes and 110,281 elements. Again, each par-
ticle in the FE mesh is described only by its boundary nodes. For
comparison, we also use a mesh that has the similar discretization
in the matrix, but with each particle being discretized by tetrahe-
dral elements, which is shown in Fig. 7(c). In the latter case, we
assign a high moduli to each particle, namely, x = ;£ =5000. A com-
parison of the statistics of the two meshes is provided in Table 2.
As shown from the comparison, because the rigid-body constraint
formulation requires absolutely no discretization in the interior of
each particle, it reduces the total numbers of nodes and elements
in the mesh as compared to the standard FE approach. In contrast,
itis also observed that, due to the additional 17,922 Lagrange mul-
tipliers associated with the rigid-body constraints, the resulting
total number of DOFs in the FE systems for the rigid-body con-
straint formulation increases as compared to that for the standard
FE approach. We note that, since the majority (17,622) of the addi-
tional Lagrange multipliers are associated with linear constraints,
they can be readily condensed out of the FE system for more effi-
cient computational performance.

Fig. 8 shows the deformed configurations at A1 =3 obtained by
both meshes. For the results obtained by the mesh with rigid-body
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Fig. 7. (a) The unit cell considered in this example, which contains 30 monodispersed spherical particles at a total volume fraction c=20%. (b) The mesh considered with the
rigid-body constraint formulation, which consists of 110,281 elements and 23,679 nodes (note that none of the inclusions is discretized). (c) The mesh used in ABAQUS that
contains 131,551 elements and 25,515 nodes (note that all the inclusions are discretized).

Table 2
The statistics of meshes in Example 2.

Approaches # of Nodes # of Elem. (Matrix) # of Elem. (Particles) Total # of DOFs
Rigid-body constraint 23,679 110,281 0 95,559
Standard FE approach 25,515 109,551 22,000 85,995

(b)
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Fig.8. Deformed shape of the unit cell at stretch 1 = 3 obtained by (a) rigid-body constraint formulation (no discretization of inclusions needed) and (b) ABAQUS (discretization

of inclusions is required).

constraint formulation, although most of the regions surrounding
the particles (soft material) are highly stretched, all the particles
remain unstrained, and the deformed configuration is identical to
the one obtained by ABAQUS. For quantitative comparison, we also

plot in Fig. 9(a) and (b) the total elastic energy density (W) and the
component of the macroscopic first Piola-Kirchoff stress (P);; as
a function of the applied stretch A;. We note that, in case of the
rigid-body formulation, the macroscopic stress (P)1; is computed
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Fig. 9. Macroscopic quantities as function of applied stretch A1: (a) macroscopic stored-energy function and (b) macroscopic first Piola-Kirchhoff stress.

from the FE solution of stress in the matrix phase in conjunction
with the set of Lagrange multipliers A! and relations (8). Both
approaches produce identical macroscopic responses, indicating
the effectiveness of the rigid-body constraint formulation in dealing
with complex spatial distributions of rigid domains in 3D.

5. Concluding remarks

This work extends the FE implementation of a recently proposed
rigid-body constraint formulation to 3D problems [6] consider-
ing both displacement-based and mixed variational formulations.
By introducing a set of four “reference nodes”, any rigid body in
3D that is described by its boundary nodes is modeled as a set
of algebraic equations. The stress quantities associated with the
rigid body, such as the boundary tractions and the average first
Piola-Kirchhoff stress, are then extracted from the Lagrange multi-
pliers of the constraining equations. Two numerical examples are
presented, demonstrating that rigid-body constraint formulation is
applicable to finite elements of arbitrary geometry and order in 2D
and 3D, which may reduce the size of the discretization (therefore
the computational cost) and provide improved accuracy.
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Appendix A. Variational formulation with rigid-body
constraints considering body forces

This appendix presents a possible generalization of the vari-
ational formulation with rigid-body constraint including the
presence of body force in both matrix and rigid spatial domains
(e.g., rigid inclusions). Only the generalization of displacement-
based variational formulation is shown here, as that of the mixed
formulation follows the same concept and procedures.

If the elastic solid €2 is assumed to be subjected to a body force f
(per unit undeformed volume), not only the displacement field on
the boundary of the rigid domains, I'!, but that in the interior of each
rigid domain QEZ), needs to be considered. Since the displacement
field in the interior of each rigid domain takes the form of rigid-body

motion, we consider a slightly modified definition of the restricted
set for kinematically admissible displacements cR:

KR ={u:ondQX, u=u’, andinQEz), i=1,...,N,
u=u +HX, H'H + H + HT =0,
whereuf) e RY, H ¢ RdXd}, (37)
As a result, the displacement variational principle in (4) and (5)

becomes one where we seek the equilibrium displacement field
u e KR such that,

N
[1(a) = min | TTM(u) - f (u + HX)dX ]|, 38
(@) = min ();Q@(o ) (38)
where
M) = w(X, F(u))dX — / t-udsS
Q1) Q0
- / f.udX, (39)
Q)

is the potential energy of phase Q(V. Similarly, the Lagrangian of
the displacement-based variational formulation in (6) is therefore
amended as:

min min min stat stat

uek(@M) ujerd Herdd yicjcorit Eerfil,

L(u, ul), H, A, ') (40)
with

N
L(u,ul, HL AL 2 = T () + Z% QP2 (HTH + H + HT)
i=1

N
+Z/ AL (u—ul —HX)dS
i1 /T

N
-y / f-(u)) + HX)dX, (41)
i1 /o
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It is worthwhile looking at the strong form of the Euler-Lagrange
equations of (41), which is given by:

DivP(X) = 0in Q(1), (42)
P(X)N = ton 0Q°, (43)
—PX)N" =0onT", i ..o N, (44)

/xas / fdX=0,i=1,...,N, (45)
o®

(H4D) T = /(x"@x)ds
1271 | Jri
—/ (f@X)dx],izl,...,N, (46)
o
u=u) +HXonI",i=1,...,N, (47)
H'H +H +HT =0,i=1,...,N, (48)

where N is the outward unit normal vector on 2%, and N is the
unit normal vector on I' pointing towards the non-rigid domain
Q.

As compared to the original formulation derived in [6] and Sec-
tion 2 of the present paper, the body force f shows up in the
additional terms in Egs. (45) and (46). From the Euler-Lagrange
equations, we can observe that the Lagrange multiplier A! is still
the traction field on the boundary of the interface I'\. Moreover, by
applying the Divergence Theorem to Eq. (46), we have fori=1,...,

N
H +DX = % PN @ XdS — f @ X)dX
22 | Jri Q@
_ ﬁ/(z)(mw@xw—f@xwx (49)
15,71 /ol

1
= — PdX
2] /Qm

suggesting that the Lagrange Multiplier X' is also the volume aver-
age of the Second Piola-Kirchhoff stress over the rigid domain QEZ)
asin (8).

As a final remark regarding the finite element implementation
of the variational principle considering the presence of body force,
we comment that we need to treat the following terms in addition
to those discussed in Section 3:

/ f udX (50)
Q1)
/Q(z)f- (ul + H'X) dX. (51)

Because the first term integrates over the matrix phase Q(1), it is
treated with the standard finite element procedures [19,21-23].
One the other hand, we also need to compute the volume integral
of f. (uf) + H'X) over each rigid domain QEZ), as shown in the second
term in (50). In practice, such integral can be readily computed
using the approximations proposed in the VEM, see, e.g., [7].

Appendix B. Nomenclature

(F) macroscopic deformation gradient

(P) macroscopic first Piola-Kirchhoff stress

(W) macroscopic stored-energy function

Al array of nodal tractions for Qgﬁ)

Al Lagrange multiplier introduced which is a continuous
vector field on I'!

i Lagrange multiplier introduced for I which is a constant
symmetric second order tensor

I the interface between the rigid domain 5252) and non-rigid

domain Q)

FZ the boundary of the ith discrete rigid domain Qgﬁ)

K initial bulk modulus

MM macroscopic stretch in ey direction

Ao macroscopic stretch in e, direction

A3 macroscopic stretch in e; direction

KR arestricted set of kinematically admissible displacements
considering rigid subdomains

Kn.k discrete global displacement space of order k

Pr(E)  polynomial space of order k on element E

Q space consists of square integrable functions

Qp k-1 discrete global pressure space of order k — 1

V(E) local finite element space of order k on element E

Wi(T})  discrete space for the Lagrange multiplier A}

% initial shear modulus

Q undeformed domain

QM non-rigid material phase

SZEIU a discretization of the non rigid domain Q(1)

QEZ) the ith constitutively rigid regions of the domain 2

ng‘) the ith discrete rigid domain

L a discretization of the domain 2

IT(u, p) potential energy in the two-field mixed formulation
w (X F j) a general stored-energy function such that W (X, F) =

W (X, F,J) when J=detF
w* (X, F, p) function obtained by Legendre transformation of J in

W (X,F,))

0Q° part of the domain boundary where traction t is pre-
scribed

00X part of the domain boundary where displacement u® is
prescribed

L(X) the set of interpolation functions introduced for Qfﬁ)

[T(u) potential energy in the displacement-based formulation

Ci coefficient matrix defined for ngl) in forming rigid-body
constraints

F deformation gradient tensor

f body force per unit undeformed volume

H constant second order tensor characterizing the rigid
body rotation of ng)
first Piola-Kirchhoff stress tensor

t applied boundary traction per unit undeformed area

Ui array of nodal displacements for Qfﬁ)

uf) constant displacement vector characterizing the rigid

body translation of Qf,z)

X initial position vector

u the equilibrium displacement field

5. the equilibrium pressure field

)?r the set of “refernce nodes” introduced for Qgﬁ)
W (X, F) stored-energy function

stat stationarity condition
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