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Abstract

The present study introduces a formulation for topology optimization of structures with constraints on the first principal stress.
We solve the problem considering local stress constraints via the augmented Lagrangian method, which enables the solution
of large-scale problems without the need for ad hoc aggregation schemes and clustering methods. Numerical examples are
provided which demonstrate the effectiveness of the framework for practical problems with numerous (e.g., in the range of
million(s)) local constraints imposed on the maximum principal stress. One of the examples is a three-dimensional antenna
support bracket, which represents a realistic engineering design problem. This example, which has more than one million

constraints, is proposed as a benchmark problem for stress-constrained topology optimization.

Keywords Local stress constraints - Topology optimization - Augmented Lagrangian - Principal stresses

1 Introduction

In engineering practice, it is hard to overstate the complexity
of the design problems that are often confronted throughout
many different industries. Frequently, large teams of talented
and creative experimentalists, analysts, and designers are
required to produce an initial design candidate and progres-
sively refine it into a product which meets a large collection
of requirements. While this is obviously a complex task for
assemblies like an aircraft, it is also true for the lower level
components of such systems where it might be initially sur-
prising to discover an exceptional degree of difficulty. The
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number of different scenarios and physics which must be
considered during the design process generally renders the
task unachievable when armed with only human intuition
and analytical methods. While there are multiple design
methods that attempt to address this issue, topology opti-
mization has become increasingly successful in this regard
and seems to hold a great deal of future promise. Born in the
minds of two great scientists more than three decades ago
(Bendsge and Kikuchi 1988), the mathematical beauty of the
method might only be outdone by its increasingly apparent
utility in practice.

However, as with most mathematical techniques in engi-
neering, topology optimization was quickly confronted with
numerous challenges. Perhaps most importantly, design for
avoiding structural failure became the focus of much of the
literature as the difficulty and practical interest in solving
the problem became evident. While there are multiple ways
in which one might account for structural failure during the
design process, the imposition of local constraints (typically
on stress-related criteria) has drawn much of the attention.
Multiple challenges of such a strategy have been discov-
ered and are noted in many prior works, which are nicely
summarized in Bendsge and Sigmund (2003); Sigmund
and Maute (2013); Deaton and Grandhi (2014), for exam-
ple. These include the so-called singularity phenomenon,
which is now typically resolved via constraint relaxation
techniques (Cheng and Guo 1997; Rozvany 2001; Bruggi
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2008). However, an additional issue arises due to the local
nature of stress and the potentially huge number of con-
straints that must be imposed; typically one for each ele-
ment or integration point in the finite element discretiza-
tion. This problem is significantly compounded for practical
engineering design in which multiple load cases must often
be considered and dynamic analyses may also be required.
Constraining a local stress measure for multiple load cases
or at each step of a potentially dynamic analysis can easily
result in many millions of stress constraints for practical
problems. While the vast majority of the existing litera-
ture has resorted to constraint aggregation and clustering
schemes (Yang and Chen 1996; Duysinx and Sigmund 1998;
Bendsge and Sigmund 2003; Paris et al. 2009, 2010; Le
et al. 2010), it seems increasingly unlikely that these meth-
ods will become computationally tractable for practical
engineering design in which large finite element meshes,
multiple load cases, and dynamic analyses (generally com-
posed of many time increments) are required. In contrast to
global approaches, local strategies based on the augmented
Lagrangian (AL) method (Bertsekas 1996, 1999; Nocedal
and Wright 2006) have demonstrated the ability to handle
millions of local constraints and inherently respect the local
nature of stress as proposed by Cauchy nearly two centuries
ago (Cauchy 1827). Pereira et al. (2004) have employed the
AL method for imposing stress constraints in the context
of density-based topology optimization, which is a concept
that has been further explored and expanded in recent works
(Giraldo-Londofio and Paulino 2020; da Silva et al. 2021).
The majority of the existing stress-constrained topology
optimization works in the literature have considered con-
straints on the von Mises stress measure, although it is typi-
cally only appropriate for structural design with materials
akin to ductile metals. A level set formulation with Drucker-
Prager type stress constraints was proposed by Amstutz et al.
(2012). Additionally, Luo and Kang (2012) also employed
the Drucker-Prager criterion for materials with different
strengths in tension and compression. Similar formulations
were unified by Giraldo-Londofio and Paulino (2020) using a
single failure surface encompassing several classical failure
criteria, including von Mises, Tresca, Drucker-Prager, and
Mohr-Coulomb, among others. However, for isotropic, brit-
tle engineering materials failure may be more appropriately
prevented by constraining the maximum principal stress in
the structure. Surprisingly, there are very few existing works
which directly address this important application. Recently,
Chen et al. (2021) proposed a BESO formulation for con-
straining the maximum principal stress. In their work, the
largest maximum principal stress in the domain is approxi-
mated using a p-norm type aggregation function which
is constrained to be below a user-specified upper bound.
Numerical examples with fewer than 50,000 elements are
then provided, along with results obtained taking differing
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values of the p-norm parameter, “p.” Additionally, Holm-
berg et al. (2014) considered the largest tensile principal
stress in the context of fatigue in which a p-norm strategy
was also employed, along with a clustering technique in
order to improve the approximation of the local stresses.
However, results are provided for numerical examples which
do not include more than 7000 elements.

In the current work, we propose the use of the AL method
for imposing local constraints on the maximum principal
stress, which enables the solution of the original problem
with local stress constraints using a mathematically well-
established formulation while also allowing larger practi-
cal problems to be considered. Additionally, due to the
tension—compression asymmetry of such a criterion, we pro-
pose the use of an aggregate objective function including the
compliance as a computationally efficient means of adding
support for compression-dominated structural members. The
calculation of the first principal stress is also performed effi-
ciently using an easily vectorized form (both in 2D and 3D)
in order to take advantage of shared-memory parallelism.
Finally, we note that the AL formulation does not require
the special treatment of a negative first principal stress, as
is addressed using a Heaviside function within the p-norm
aggregation function in Chen et al. (2021), for example.

The remainder of the paper is organized as follows: In
Sect. 2, the details of the mathematical optimization prob-
lem statement are provided. Subsequently, the augmented
Lagrangian formulation for imposing the local stress con-
straints is presented in Sect. 3 and multiple numerical exam-
ples are provided in Sect. 4. In contrast to previous works,
principal stress based design results are provided for exam-
ples in which millions of constraints must be enforced, dem-
onstrating the ability of the method to be used in practice
where large finite element models are frequently encoun-
tered. One of the examples consists of a 3D antenna support
bracket with more than a million stress constraints, which is
proposed as a benchmark in the field of stress-constrained
topology optimization. In Sect. 5 we offer a few conclud-
ing remarks, after which we provide four appendices.
Appendix 1 contains the details of the sensitivity analy-
sis, convergence plots for select examples are shown in
Appendix 2, the formulation is extended to also include
compressive principal stress constraints in Appendix 3, and
Appendix 4 contains the nomenclature used in the present
study.

2 Stress-constrained formulation

The formulation introduced herein seeks to minimize an
objective function, f(z,u), with constraints, gj(z, u) <0,
used to limit the first principal stresses at the centroid of each
element, j, with j = 1, ..., N. The topology is represented as



Limiting the first principal stress in topology optimization: a local and consistent approach

Page3of21 254

a function of the design variable vector, z € [0, 11V, and the
displacement field, u, is obtained from the solution of the
linear equilibrium equation Ku = f, where K and f are the
global stiffness matrix and load vector, respectively.! The
formulation described above is formally written as follows:

min  f(z,u)

2€[0, 11
st. g(zw) <0, j=1,...,N (D
with: Ku =f.

This formulation is valid for any objective function, f(z, u),
but in particular, we define f as a weighted sum of the mass
ratio and the mean compliance.” That is,

fz,u) = (1 — wym(z) + wCu), 0 <w< 1 )
where:

— ATV = fTu

m(z) = ATV, and C(u) = m. 3)

The function m(z) is the volume of the structure normal-
ized by its initial volume and E(u) is the mean compliance
normalized by the initial mean compliance. In addition,
A= {|Qf|}’);’=1 is a vector of element areas (2D) or vol-
umes (3D), where Q, defines the domain for element £, and
V = my(y) is a vector of volume fractions obtained using the
threshold projection function (Wang et al. 2011):

tanh(f) + tanh(B(y, — 7))
tanh(f7) + tanh(F(1 — 7))
where § controls the aggressiveness of the projection, 7 is

the threshold projection density, and y = Pz is the vector of
filtered densities, in which P is the filter matrix:

4

my\yy) =

! Although crack initiation in brittle materials typically occurs at
stress concentrations arising near material defects, we assume the
material is isotropic and homogeneous for simplicity. In practice,
this simplification might be addressed via typical engineering safety
factors placed on the selected stress limit, or via optimization under
uncertainty methods accounting for spatially varying material proper-
ties such as the elastic modulus and/or stress limit.

2 One important difficulty that arises when trying to solve mass mini-
mization problems with maximum principal stress constraints, as
opposed to von Mises, is the lack of active constraints in compres-
sion-dominated regions of the domain. Although these regions are
often necessary for satisfying the local constraints elsewhere in the
structure, only the filter radius generally prevents them from becom-
ing overly thin, as mentioned later in Sect. 4.1. Additionally, for the
numerical examples we have tested, the optimization problem often
requires more iterations to converge when compared with a problem
based on von Mises stress constraints. Adding the compliance to the
objective is a simple, computationally efficient strategy for mitigat-
ing some of the aforementioned difficulty since it not only provides
support for compression-dominated structural members but also has a
stabilizing effect on the evolution of the structural topology.

WA, 1%, = %0121\
P;= — 7 with w; = max <0,1 - ;> ,
N y R

zk=1 WitAy
®)
where [|x; — x|, is the distance between the centroids of
elements i and j, respectively, R is the filter radius, and ¢ is
the filter exponent.
The stiffness matrix is obtained as

N
K=Y Ek, withk, :/
£=1 Q

where 21}/:1 is the FE assembly operator, Kk, is the element
stiffness matrix, D, is the material moduli matrix of the
solid material, B, is the strain—displacement matrix, and
E, = mg(y,), where

B/DB,dx, (6)

4

mg(y,) =€+ —e)my(y,)F (7)

is the SIMP interpolation function (referred to as stiffness
interpolation function in this work) modified by an Ersatz
parameter, € K 1.3

2.1 Stress constraint definition

The present formulation imposes constraints on the maximum
principal stress to prevent the tensile stresses in the optimized
designs from exceeding a given threshold, o};,,. We define the
stress constraints using the polynomial vanishing constraint
(Giraldo-Londoiio and Paulino 2020), as follows:

g(z.w) =EjAj(Aj2+ 1)<0, j=1,...,N, 8)
where
A; =6} [0 — 1, )

and 0'].1 is the first principal stress at the centroid of element

Jj. Function A, is in essence a failure function based on the
first principal stress.
We compute the first principal stress as follows:*

-2 T cl
o, = \/g\/J_2s1n(9+27t/3)+ 3 (10)

3 We use the Ersatz parameter to avoid numerical instabilities when
vy, — 0.

4 This way of writing the first principal stress is consistent with
the notation used by Giraldo-Londofio and Paulino (2020) in Eq.
(3.1). In particular, the failure function based on the first principal
stress, as shown in (9)—(10), is a particular case of the unified fail-
ure function by Giraldo-Londofio and Paulino (2020) with param-
eters A=2/30y,, B=0, C=1, D=0, E=0, {=1, §=x/6,
f=1/30y,,and§ = 0.
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where | is the first invariant of the Cauchy stress tensor, o,
J, is the second invariant of the deviatoric stress tensor, s,
and

3v3 J
9=%Sin—1 <_ _\/'%_3/2) —7/6<60<x/6 (1n

is the Lode angle’, where J; = det (s) is the third invariant
of the deviatoric stress tensor. Since the eigenvalues of the
stress tensor are not obtained via a local iteration and there
is no need to sort the eigenpairs, (10) may be trivially vector-
ized, leading to increased numerical efficiency, especially in
3D. Note that this form also enables elegant computation of
the other two principal stresses in terms of the tensor invari-
ants, which might be useful in the event the designer wishes
to also constrain the minimum principal stress, 0. Although
this work is focused on brittle materials which are gener-
ally limited by tensile stresses, for the convenience of the
reader, we provide these additional relations below, where
we have o, > 0, > 0;. A single example also constraining
the minimum principal stress is included in Appendix 3 for
the reader’s convenience.

2 . 1
0, = %\/Jz sin(@) + gl (12)
= 2 /T sin(0 - 21/3 b
03 = \/g 5 sin(@ — 2z / )+§ (13)

The first invariant of the Cauchy stress tensor is computed as

I, = Mo (14)

where M = [1 1 0]and o = [0, 04, 61,17 for 2D problems,
andM=1[111000]ando = [6,, 65, 633 63 643 01,17 for
3D problems. Similarly, the second invariant of the devia-
toric stress tensor is computed as

J,==06"Veo 15)
where
1t =120
V=|-1/2 1 0
0 0 3

3 To mitigate the unlikely event of a purely hydrostatic stress state,
numerically one might compute the Lode angle as

33 J3>

L.
0 = = sin _— ),
3 ( 2 J;/2+€m

where €,, ~ 2.2 x 107! is on the order of machine epsilon.
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for 2D problems and
1 —-1/2 =1/200 0]
-1/2 1 -1/2000
V= -1/2 -1/2 1 000
| o 0 0 300
0 0 0 030
| 0 0 0 003]
for 3D problems.

The vector of Cauchy stress values (in Voigt notation) at
the centroid of element j is computed as

o; = DyBu;, (16)

where w; is the displacement vector of element j and B, is
the strain—displacement matrix at the centroid of element
J. Note that we compute o; using the elastic properties of
the solid material (given by matrix D), which means that
the stress values used to evaluate the stress constraints (8)
are unrelaxed. Unlike traditional approaches that typically
use relaxed stresses, this way of defining the stress con-
straints allows obtaining solutions on an unrelaxed solu-
tion space (Giraldo-Londofio and Paulino 2020, 2021).
The third invariant of the deviatoric stress tensor is given by

1 1,
sy =30 (h-351) a7
for 2D problems and by
J3 = 511520833 + 202301301, — (511‘753 + 522‘7123 + S330122)
(18)
for 3D problems, where Sijs i,j =1, ...,3are the components

of the deviatoric stress tensor.

3 Solution via the augmented Lagrangian
method

Based on our previous work (Giraldo-Londofio and Paulino
2020, 2021), we solve the optimization problem (1) via the
AL method. That is, we solve (1) as a sequence of optimiza-
tion problems aiming to minimize the AL of the problem.
Specifically, at each step k of the AL method, we solve the
following minimization problem:

N

) 1 ﬂ(k)
(k) — (k) 2
ZGII[}){%NJ (z,u) =f(z,u) + N jzzl [/lj hj(z, u) + =R hj(z, w-|,

(19)
where
i®
J
hj(z,u) = max | g;(z, u), —W ) 20)
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(k+1) _ 4(k) (k) (k)
/Ij = /1j + H; hj(z ,u), and 21
w1 = min (ay(k),ﬂmax), a>1. (22)
Parameters /lj(.k) and u® are, respectively, the Lagrange mul-

tiplier estimators and quadratic penalty term at the k-th step
of the augmented Lagrangian method (Nocedal and Wright
2006). Based on our previous studies, /1( )= 0and u = 10,
Hmax = 10,000, and @ = 1.1are sultable to solve static prob-
lems. The upper limit, yu,,,,, in (22) is chosen to prevent
ill-conditioning.

The AL approach discussed herein is fundamentally dif-
ferent from typical approaches based on constraint aggrega-
tion techniques, which use smooth approximations of the
maximum function to estimate the maximum stress in the
design domain (e.g., see Le et al. 2010; Lee et al. 2012; Luo
et al. 2013; Holmberg et al. 2013; Xia et al. 2018). In con-
trast to solutions based on the aggregation approaches just
described, a solution obtained from the sequence of mini-
mization problems (19) is expected to converge to the solu-
tion of the original optimization problem with local stress
constraints (1) (e.g., see Bertsekas 1996, 1999; Nocedal and
Wright 2006). Moreover, the normalization factor 1/N used
in (19) has demonstrated to be an effective means of achiev-
ing nearly mesh-independent solutions (Giraldo-Londofio
and Paulino 2021).

Finally, we note that the formulation extends to multiple
load cases in a clear manner with an associated Lagrange mul-
tiplier estimator and penalty term for each element and each
load case. No additional ad hoc decision must be made with
regards to constraint aggregation or the quantity of constraints
for the optimizer to explicitly impose. In this case, the summa-
tion in (19) is performed over the total number of constraints,
which will equal the product of the number of elements, N,
and the number of load cases considered, M. The normaliza-
tion factor may then be updated to 1/(N X M), which is a
simple generalization of the 1/N factor previously mentioned.

4 Results and discussion

In this section, we present the results from six numerical
examples which demonstrate the efficacy of the proposed
formulation, both in two and three space dimensions. For
select examples, results are provided with various weight-
ing factors, w, on the volume fraction and compliance (2) in
order to demonstrate the relevant trade-off between the two
objectives. The compliance values reported in this section
are all provided in units of kN-m. Additionally, the reported
values of m(z*) represent the unnormalized volume fraction
rather than the normalized function, m(z), defined in (3). The
stress maps shown in all numerical examples correspond

Table 1 Numerical parameters used in all subsequent examples

Initial Lagrange multiplier estimators, /1](.1) 0
Initial penalty factor, (" 10
Maximum penalty factor, p,,, 10,000
Penalty factor update parameter, 1.1
SIMP penalization factor, p 35
Nonlinear filter exponent, g 3
Ersatz parameter, € 1078
MMA iterations per AL step, MMA_Iter 5
MMA move limit, move 0.15
Initial threshold projection factor, f* 1
Threshold projection factor increment, f,,.* 1
Threshold projection factor frequency, ﬁﬂl g 5
Maximum threshold projection factor, f,,," 10
Threshold projection density, 7 0.5
Initial guess, ¥ 0.5
Convergence tolerance on design variables, Tol 0.002
Convergence tolerance on stress constraints, To1S 0.003
Maximum number of AL steps, MaxIter 100

AParameter f starts at 1 and increases by f,

e every f,,, AL steps and
up to the maximum value, f,

max

to the normalized principal stress, G , = =E,o! +/ Glim» Where
E, = my(y,)is given by (7). Unless otherwise specified, the
numerical parameters provided in Table 1 are used in all sub-
sequent examples.®*”- The analyses are performed using a
Matlab implementation of the presented framework.

6 The parameters provided in Table 1 correspond to the default
parameters originally proposed by Giraldo-Londofio and Paulino
(2021). We note that the parameter f,,,, could be set in a manner con-
sistent with da Silva et al. (2019) via linearization of the nonlinear
filter kernel,

- lIx; —x;ll,\? o1 IIx; = x;ll
R R/iq

Using the expression, f;,, = 2R/I,, from da Silva et al. (2019) and
an effective filter radius of approximately R/g, one could also choose
ﬁ_max = ZR/qle'

7 As is the case with most topology optimization problems in the lit-
erature, the particular problem we wish to solve is nonconvex. As a
consequence, gradient-based algorithms like the method employed
in this work are susceptible to local minima and convergence to the
global minimum cannot be guaranteed. Although we cannot avoid
this fact, in the current work we attempt to make the evolution of the
topology smoother by lowering the MMA move parameter from the
default of 0.5 to 0.15 in anticipation of the nonlinearity of the optimi-
zation problem with the hope of consistently arriving at a reasonable
local minimum.

8 Although we have empirically found MMA Tter =5 to work well
for most problems, should the user wish to change this parameter we
note that a and f,,, should be updated according to a = 1.1"A-Itex/3
and ﬂfmq = round(25/MMA_Iter,0) in order to ensure the penalty
factor (u) and threshold projection factor (f) increase at approxi-
mately the same rate as they would with the default parameters..
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Fig.1 L-bracket domain geometry and boundary conditions where
L=1mandd =0.06 m

4.1 2D L-bracket design

Results are first presented for the classical L-bracket test
problem in two spatial dimensions. A finite element mesh
generated using PolyMesher (Talischi et al. 2012a) is uti-
lized which consists of 200,704 regular Q4 elements. The
domain geometry and boundary conditions are illustrated in
Fig. 1. A linear elastic material is used with Young’s modu-
lus, E, = 70 GPa, Poisson’s ratio, v, = 0.3, and stress limit,
Gjim = 100 MPa. An applied load of P = 2 x 10° kN is used
and the results for various values of the weighting parameter,
w, are provided in Fig. 2 with a filter radius of R = 0.05 m.
As the weighting parameter is increased from O to 0.95 more
emphasis is placed on reducing the compliance rather than
the amount of material. This results in designs which are
significantly heavier once the weighting parameter is taken
sufficiently close to 1. Based on the results shown in Fig. 2,
we recommend a value of w € [0.25, 0.5]. Convergence
plots for each of the results shown in Fig. 2 are provided in
Appendix 2.

This example with a weighting parameter of w = 0 dem-
onstrates two difficulties mentioned previously. In particu-
lar one can see that the compressive members in which
the stress constraints are not active are still present in the
design, even though they tend to be quite slender. In par-
ticular, the vertical compressive member is present in order
to increase the section modulus of the structure, ultimately
decreasing the tensile stress in the vertical member near the
re-entrant corner. Including the compliance in the objec-
tive by increasing the weighting parameter to w = 0.25 or
w = 0.5 helps to add cross-sectional area to such members
which are likely quite susceptible to buckling. Additionally,
the convergence plots provided in Fig. 15 of Appendix 2
highlight the stabilizing effect of introducing the compli-
ance into the objective function. In particular, we observe
smoother convergence of the maximum principal stress as w
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is increased (corresponding to more emphasis on reducing
the compliance). Here, we also note that as w is increased,
the radius of the rounded re-entrant corner is reduced in
order to favor decreasing the compliance.

Additionally, Fig. 3 illustrates the effect of taking differ-
ent stress limits with a fixed weighting factor of w = 0.5. In
all presented cases the 200,704 local constraints are satis-
fied. Consistent with our intuition, a lower stress limit gen-
erally results in a heavier structure with thicker structural
members, particularly those loaded in tension. The example
with a weighting factor of w = 0.5 required 18 minutes run-
ning on a desktop with an Intel(R) Core(TM) i9-10900K
CPU @ 3.70GHz and 64GB of RAM.

4.2 2D Notched beam design

Next, we apply the presented framework to the 2D notched
beam domain with geometry and boundary conditions
shown in Fig. 4. The beam is made of a linear elastic mate-
rial with Young’s modulus, E, = 20 GPa, Poisson’s ratio,
vy = 0.3, and stress limit, o};,, = 2 MPa. A load of magnitude
P =4 x 10°kN is distributed across a width d = 10 m. Sub-
sequently, the domain is discretized into 100,000 polygonal
elements and a filter radius of R =4 m is chosen. Similar
to the previous example, we also investigate the effect of
taking different values of w on the final design, as shown by
the results depicted in Fig. 5. Again we see that taking larger
values of w leads to larger structural members since reduc-
ing the compliance is favored. The stress also becomes less
evenly distributed as w increases since larger members lead
to lower stresses except in regions near stress concentrations.
This is again an effect of the compliance where the larger
members are preferred for stiffness but are not required in
order to satisfy the stress limit. This example required 16
minutes running on a desktop with an Intel(R) Core(TM)
i9-10900K CPU @ 3.70GHz and 64GB of RAM.

4.3 2D Double L-bracket design

In this example, we consider three design scenarios each
with up to four load cases and the double L-bracket geom-
etry illustrated in Fig. 6. The domain is discretized into
306,328 regular Q4 elements and the magnitudes of the
applied loads for each of the 3 design scenarios considered
are also provided in Fig. 6. For the first design scenario
only two load cases are considered (i.e., F; = F, # 0 and
F; =F, =0), whereas all four load cases are considered
in the two remaining design scenarios. Note that the opti-
mization problem extends in a straightforward manner to
multiple load cases. Only the normalized compliance func-
tion (3) must be updated to include the summation over M
load cases,
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w=0 w = 0.25

[

Ay

AY

w = 0.50

w = 0.75 w = 0.95

0.8
0.6
0.4
0.2

(z*

m(z")
C(z")

=0.314 m(z*) = 0.307 m(z*) = 0.313 m(z*) = 0.376 m(z*) = 0.695
= 922.34 O(z") = 20.12 O(z") = 18.49 O(z*) = 14.74 C(z*) = 8.53

Fig.2 L-bracket designs (top) and principal stress fields (bottom) for various values of weight factor, w

Z?il £ u®

rarene) M)y — _
C(u'’,...,u'") ZM 0
i=1 0

(23)

while the additional local constraints are enforced via addi-
tional Lagrange multipliers and penalty terms as discussed
in Sect. 3. Here, we consider a linear elastic material with
Young’s modulus, E, = 70 GPa, Poisson’s ratio, v, = 0.3,
and stress limit, o), = 160 MPa. A constant weighting
parameter of w = 0.5 is used and a filter radius of R = 0.05
m is selected. Due to symmetry of the design domain and
load cases considered in design scenarios 1 and 2, the results
are also symmetric, as illustrated in Fig. 7 for these two
design scenarios. For the third design scenario, however,
this symmetry is broken via differing magnitudes of the
vertical loads. The results for this final design scenario are
also shown in Fig. 7. Note that in all cases, the local stress
constraints are satisfied. Unlike the previous two examples,
here we consider up to four load cases, which substantially
increases the number of local stress constraints that need to
be satisfied by the optimizer. For instance, design scenario
1 considers two load cases, which corresponds to 612, 656
local stress constraints, and design scenarios 2 and 3 con-
sider four load cases, which both correspond to 1, 225, 312
local stress constraints. The example considering 2 load
cases required 33 minutes, while those with 4 load cases
required 62 minutes running on a desktop with an Intel(R)
Core(TM) i19-10900K CPU @ 3.70GHz and 64GB of RAM.

4.4 3D corbel design

Next, results for multiple three-dimensional examples are
provided, beginning with the corbel considered in this
subsection. The geometry and boundary conditions are
illustrated in Fig. 8. A linear elastic material is assumed
with Young’s modulus, E, = 30 GPa, Poisson’s ratio,
vy = 0.25, and stress limit, o};,, = 5 MPa. A traction load
of P = 0.1 x 10’ kN is applied at the tip of the bracket and
distributed as shown in the figure. One-half of the domain
is discretized into 512,000 8-node regular hexahedral ele-
ments with symmetry boundary conditions imposed. The
results obtained with two different weight factors (w = 0.25
and w = 0.5) and a filter radius of R = 0.15 m are provided
in Fig. 9. For comparison, we also provide the results from
imposing identical constraints on the von Mises stress
measure (omitting the principal stress constraints) with
otherwise identical numerical parameters. Here we note
the design asymmetry induced via the tension/compression
loading asymmetry of the boundary value problem when
the maximum principal stress is constrained. This is similar
but not equivalent to the effect of the Drucker-Prager crite-
rion (among others) for which a similar topology might be
obtained, such as the one presented in Fig. 5 by Giraldo-
Londofio and Paulino (2020), for example. In contrast, von
Mises stress constraints result in a perfectly symmetric struc-
ture, which is also the case for the Tresca criterion as shown
in the aforementioned work. Furthermore, the stress singu-
larity is not removed in the compression-dominated part of
the domain when principal stress constraints are imposed,
with the opposite behavior observed when constraining the
von Mises stress measure.
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Fig.3 L-bracket designs (top)
and principal stress fields (bot-
tom) for various values of stress
limit, oy,

Olim = 100 MPa

Olim = 120 MPa

ol

Olim = 140 MPa

Oum = 160 MPa

0.8
0.6
0.4
0.2

m(z") = 0.235 m(z") = 0.222
C(z*) = 23.16

The different weight factors produce minor changes
in the final topologies, which result in intuitive trade-offs
between the final volume fraction and compliance of each
structure. In the case of the principal stress-constrained
design, increasing the weight factor from w = 0.25 to
w = 0.5 resulted in 32.5% lower compliance at the cost of
7.5% additional material. For the von Mises stress meas-
ure, the increased weight factor produced 12% lower com-
pliance but required 11% more material. Interestingly, the
percent decrease in compliance is very large compared to
the required percent increase in material when the maxi-
mum principal stress is constrained. In contrast, a mild per-
cent decrease in compliance and a larger percent increase in
material is observed when using the von Mises stress meas-
ure. This is likely a result of fewer active constraints when
the principal stress measure is employed and, consequently,
a larger feasible design space. Finally, we note the generally
lower stresses produced throughout each structure when the
weight factor is increased, due primarily to the additional
material required to increase the stiffness. The von Mises
and maximum principal stress examples required 6 and 8 h,
respectively, running on a cluster with an Intel(R) Xeon(R)
Gold 6226R CPU, NVIDIA A100 GPU, and 320GB of
RAM.

@ Springer

4.5 3D bridge design

Next, we present the results for the three-dimensional bridge
domain with geometry and boundary conditions’ illustrated
in Fig. 10. The bridge is made of a linear elastic mate-
rial with Young’s modulus, E;, = 20 GPa, Poisson’s ratio,
vy = 0.25, and stress limit, 6};,, = 4 MPa. A distributed load
of magnitude P = 80 x 103 kN is applied to the deck sur-
face. Two separate finite element meshes are created for
one-quarter of the domain with symmetry boundary condi-
tions imposed. The coarser mesh consists of 115,800 regular
8-node hexahedral elements, whereas the finer mesh con-
tains 393,750 elements. Results are obtained using a weight-
ing parameter of w = 0.25 and a filter radius of R = 1.5 m.

T - ed
L o

Fig.4 Notched beam geometry and boundary conditions. L = 360 m,
H=120m,h=30m,d =10m

° Note that our boundary conditions are different from those pre-
sented in the 2D bridge example of Amstutz et al. (2012). In the
aforementioned work, the boundary conditions permit the formation
of a compression arch whereas those in our example do not afford
such a possibility.
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Fig.5 Notched beam designs
(left) and principal stress fields
(right) obtained with differ-

Design with w = 0.25
m(z") =

ent values of the weighting
parameter, w

=0.117 and O(z*) = 95.41
1
- 0.5
— - 0
Design with w = 0.50
m(z*) = 0.193 and C(z*) = 57.64
1
0.5
0

Deblgn with w = O 75
) =0.298 and C(z *3476

(T (ZN

|
3L/5 ! Fy Fy Fy
d d (x 10°kN) (x 10°kN) (x 10*°kN) (x 10°kN)
FOF FOR
g2 te> © Design 1 2 2 — -
. P Fy  Design 2 2 2 1
l/ 0 Design 3 3 2 1

l— 3L/5 —sk 21 /5 »k— 31,75 —|

Fig.6 Double L-bracket domain geometry (L = 1 m and d = 0.06 m) and loads corresponding to each design scenario

The resulting topology and stresses are shown in Figs. 11
and 12 for the coarse and fine mesh, respectively. While the
two different mesh sizes result in slightly different numbers
of structural members, the resulting volume fraction and
compliance values are nearly identical. More importantly,
the maximum principal stresses are all within the specified
limit throughout each domain with identical input param-
eters, despite the fact that the finer mesh required enforce-
ment of 340% more local constraints. Additionally, the finer
mesh results in more supporting members for the bottom
of the deck when compared with the coarse mesh results,
due primarily to the additional design freedom. In both
cases, the bottom chord is loaded in tension and is almost
entirely near the specified stress limit. This is in contrast to
the struts supporting the deck which are clearly in compres-
sion, resulting in no active constraints in that region. This

numerical example required 27 minutes (coarse mesh) and 3
h (fine mesh) of compute time running on a cluster with an
Intel(R) Xeon(R) Gold 6226R CPU, NVIDIA A100 GPU,
and 320GB of RAM.

4.6 Benchmarking: 3D antenna support bracket
design

Finally, we propose a 3D antenna support bracket design as a
benchmark problem for the field of stress-constrained topol-
ogy optimization. Here, we investigate this realistic engineer-
ing design problem with domain and boundary conditions
briefly illustrated in Fig. 13. Note the presence of multiple
passive regions of elements which are not designed. Due to
the complexity of the geometry, we provide an IGES CAD
file in the Electronic Supplemental Information. Design

@ Springer



254 Page 10 of 21

0. Giraldo-Londoio et al.

principal stress fields (right)

Fig. 7 Final designs (left) and [Design L. F,=F,#0and F3 = F;, = 0

m(z*) = 0.234 and C(z*) = 42.95

Design 2: F} = F5 20 and F3 = F; #0
m(z*) = 0.264 and C(z*) = 55.48

N )
|\ /m 08
be

A 0.6

/\

W ) I 0.4

0.2

m(z*) =0.311 and C(z*) = 74.95

[Design 3 >F#0and Fs =F, # OJ

Fig.8 Corbel domain and boundary conditions where L =2 m and
d=04m
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symmetry is enforced using a symmetry filter applied
about the x-z plane (Giraldo-Londofio and Paulino 2021).
The bracket is assumed to be made of a linear elastic mate-
rial with Young’s modulus, E, = 70 GPa, Poisson’s ratio,
vy = 0.33, and stress limit, oy;,, = 140 MPa. Traction loads
are evenly applied to the bolt holes depicted in Fig. 13b, such
that the total magnitude of the load in the x direction equals
1 x 103 kN, and that in the y and z directions each equals
0.05 x 10° kKN. We obtain numerical results using a weight
factor of w = 0.25, along with a filter radius of R = 0.03
m. The domain is discretized into an unstructured mesh of
1,190,344 8-node hexahedral elements, corresponding to
1,190,344 local stress constraints which must be enforced.
The resulting topology and stresses are shown in Fig. 14.
For comparison, the results without stress constraints are
also provided. It is interesting to note that in the compres-
sion-dominated region (shown in the top row of Fig. 14) the
designs with and without stress constraints are nearly iden-
tical, whereas the region loaded in tension is substantially
modified. The stresses exceed the limit in multiple parts of
the domain when the stress constraints are omitted, and one
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[Design with w = 0.25 (principal stress)]

m(z") = 0.170 and C(z*) = 0.120

Design with w = 0.25 (von Mises)
m(z") = 0.237 and C(z*) = 0.084

Fig.9 Corbel design and principal stress fields considering the prin-
cipal stress constraints (top) and von Mises stress constraints (bot-
tom). For each type of stress constraint, two values of w are chosen

such region is highlighted in the same figure. Furthermore,
while the stress-constrained design does not suffer from
significantly higher volume fraction (~ 0.9% more material
required) the compliance is roughly 13.4% larger, indicating
that the optimizer has sacrificed stiffness rather than mass in
order to ensure the stresses are below the specified limit. This
numerical example required approximately 9 h of compute
time running on a cluster with an Intel(R) Xeon(R) Gold
6226R CPU, NVIDIA A100 GPU, and 320GB of RAM.

5 Concluding remarks

A tailored topology optimization formulation was presented
for structural design limiting the maximum principal stress
using an augmented Lagrangian framework. While the vast
majority of the topology optimization literature has focused

Design with w = 0.5 (principal stress)
m(z") = 0.218 and C(z*) = 0.081

Design with w = 0.5 (von Mises)
m(z") = 0.263 and C(z*) = 0.074

to evaluate its effect in the optimized topology of a 3D problem. The
results displayed here were obtained after discretizing one-half of the
domain using 512,000 regular hexahedral elements

on von Mises based stress-constrained design, there are a
large class of materials (e.g., brittle materials) in which
the maximum principal stress is a more appropriate stress
measure to limit. The augmented Lagrangian method ena-
bles the imposition of the local constraints without the need
for artifacts, such as aggregation schemes and/or clustering
methods, which are neither consistent with the local nature
of stress nor robust numerically as they require the selection
of parameters that must often be modified depending on the
specific problem under consideration. Analytical sensitivi-
ties of the relevant functions are derived, which facilitate
the efficient solution of the optimization problem with gra-
dient-based algorithms. The addition of the compliance to
the aggregate objective function serves multiple purposes
including stabilizing the evolution of the topology and pre-
venting unreasonably thin, compressive members which
may ultimately be susceptible to buckling. One important
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- Passive region Design domain - Support

Isometric Front view

Fig. 10 Bridge domain and boundary conditions, L = 60 m

Design with w = 0.25
m(z*) = 0.138 and C(z") = 160.4

Isometric Isometric

Side view Side view

Fig. 11 Bridge design (left) and principal stress fields (right). The results displayed here are obtained after discretizing one-quarter of the
domain using 115,800 regular hexahedral elements
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Design with w = 0.25
m(z*) = 0.129 and C(z"

) = 160.7}

Isometric

Side view

Isometric

0.8
0.6
0.4
0.2

Side view

Fig. 12 Bridge design (left) and principal stress fields (right). The results displayed here are obtained after discretizing one-quarter of the

domain using 393,750 regular hexahedral elements

potential path for future improvement of the presented
formulation would be to incorporate buckling constraints
directly in the optimization problem definition as an alterna-
tive to the compliance in order to provide additional support
for compression-dominated regions.

It is demonstrated, through numerous two- and three-
dimensional examples, that this framework is not only effec-
tive for small-scale design, but can also handle problems in
which millions of local constraints must be simultaneously
imposed. This property renders the formulation significantly
more useful in practice, where complex geometries must
often be approximated with relatively large finite element
discretizations. To this effect, we have proposed a bench-
mark problem, consisting of a three-dimensional antenna
bracket design, which can be used to evaluate the perfor-
mance of other formulations for stress-constrained topol-
ogy optimization (due to the complexity of the geometry,
the IGES CAD file is provided as electronic supplementary

information). Thus, we hope that other algorithms for stress
constraints can be tested against this benchmark.

Appendix 1: Sensitivity analysis

The sensitivity of the AL function in (19) is written as
i aEf P 0V, o o

or in vector form as

aJ<’<>

oJ® _0Eo J ) A JK) 25)
oz 0z 0E 0z oV’

where E = (E,})_,V=(V,}}_,

?;;3 P'J, (Pz) and — aV =P'J, (Pz) (26)

@ Springer



254 Page 14 of 21

0. Giraldo-Londoio et al.

- Passive region

Design domain

Loaded bolt holes

Fig. 13 Antenna support bracket domain

and Ty, = diag(ml(y)), ..., ml(yy)) and
I, = diag(m(,(yl), ...,my(yy)) (Talischi et al. 2012b).
Based on the functional form of the AL function in (19), we
rewrite (25) as follows:

oY _ o , 1oP® + o 1oP®
0z aE N 0E aV N 6V
27
where
k < ®) u 2
Pk — Z [,11. h(z,u) + Thj(z, u) ] (28)
Jj=1

Recalling that hj(z,u)=max[gj(z,u),—/1;">/;4<k>] and

g(z,u) = EJ»AJ-(AJ.2 + 1), we obtain
ap®
= = 29
v, (29)
and
N
oP® @ ahj(z,u) ahj(z, w)  Hu
A9 4 4O (g, ] Lot
JE, Z[l e hE W = ou_ OE,
j=1
(30)
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Supported
=7 bolt holes

Using a standard adjoint sensitivity analysis procedure, we
add the sensitivity of the equilibrium equation, Ku = f, to
(30) to avoid the expensive computation of du/dE,. By
doing so, we obtain

N
aPw Z [ A9 4, ®p u)] Ohy(z.w) Oh(zW)  gu
0E, & |t THTE OE ou  OE
j=1 14 14
ou 0K
T K— I
+é ( oE, T oE,"
(31

We collect all the terms in (31) that multiply du/0E, and
choose the adjoint variable & such that these terms vanish.
After doing that, we obtain the following:

N
9Pk ® oh(z, u) oK
= - Al (k) h. ] TO™ ,
JE, Z‘ [ Tuih@w| == e (32
Jj=
where £ solves the adjoint problem:
oh;(z,u)
Ké = [,1“‘) + 1Oz, u)] . 33)
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Fig. 14 Antenna support [ Design with w = 0.25 and stress constraints ]

bracket design and principal *\ _ *\ _
stress fields when including m(z") = 0.118 and C(z") = 1.10

stress constraints (top) and
omitting stress constraints
(bottom). Both problems were
performed using the same
1,190,344 element mesh

0.8
0.6
0.4

0.2

0.8
0.6
0.4

0.2

Design with w = 0.25 and no stress constraints
m(z*) = 0.117 and C(z*) = 0.97

0.8

0.6

0.4

0.2

0.8
0.6
0.4

0.2

Hl
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We use (6) to compute the term (0K/JE,)u in (32) in an
element-wise fashion as

oK

Eu = k,u,, (34)

where u, is the displacement vector of element . To obtain
oP® /0E, using (32)~(33), we need to compute 0k;/E, and
oh; /ou. To obtain the former, we use (8) and (20), which
yields

JoE, 0 otherwise,

ohy(z,w) { A(A? + 1)3,; when gi(z,u) < —,1;’”/;4(’0
(35)

where 6,; is the Kronecker delta operator. Using the chain
rule, we obtain

oy _ 98
du oJu
ag; (9N o1, IN; an 0A; 9, Jdc (36)
0A, < ol, 06 ' 0J, o6 = 0J; ao> ou

on(z,
when g;(z,u) < —A%® /u® and i)
: j oF,

sake of completeness, below we provide all partial deriva-
tives needed to evaluate 0h;/du.Using (8), we obtain

= 0 otherwise. For the

9,

IA,

= Ej(3Aj? +1). 37)

From (9), (10), (17), and (18), we obtain

and dJ5/0J, are obtained from (17). In addition, from (14),
(15), (17), and (18), we obtain

o, —r
=M, (40)
Jo
aJ, 2=
— = =Vo, 41
o 3'° “h
andl()

[ $22833 — ‘753 1 [1]

S11533 — 023

aJ — J.
_3 — S11522 612 + 2 (42)

do  [2(01301, = 51103) | 3
2(01,073 — $2,013)
[ 2(093013 — $33015) |

OO O = = =

Finally, the sensitivity of the Cauchy stress with respect to
the displacement vector is obtained as
do _Jdo  0e

= -— =DB
ou 0e ou 43)

Appendix 2: Convergence plots for selected
problems

Convergence plots for the L-bracket, notched beam, and
double L-bracket examples are shown in Figs. 15, 16, and
17, respectively.

oA, 00 dJ; 1

J 3
— = 0+2x/3 -
ol, ~ op l\/—\/—cos( 57 a1, 3]
oA, ae aJ 1
= /7, cos(0 +27/3 )( 3) + sin(@ +27/3)|, and (38)
0/ Ojm [\/_ ? 0/, a-]3 0/, \3J;,
oA,
— =0
aJ,
for 2D problems, and
aAj 1
a_ll B 3o-lim’
oA, 1.
= \/_ cos(0 + 27:/3) sin(@ +27/3)|, and (39)
9/, Uhm \/— J,
OA.

J
— = cos(0 + 2z /3)
93 Oy l\/—\/— aJ3]

for 3D problems. The partial derivatives, 06 /0J, and 00 /dJ,
are obtained from direct differentiation of (11), and dJ; /91,
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10 Note that 0/, /da is only needed for 3D problems.
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Fig. 15 Convergence plots for the L-bracket example
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Fig. 16 Convergence plots for the notched beam example
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Fig. 17 Convergence plots for the double L-bracket example

Appendix 3: 2D bridge design subject
to tensile/compressive stress constraints

In this example, we apply the presented framework to design
a 2D bridge subjected to constraints on both maximum prin-
cipal stresses (tensile stresses) and minimum principal
stresses (compressive stresses). In order to also enforce a
compressive stress limit, o > 0, on the minimum principal

| I Passive region

Design domain [l Support |

T P

J/?) EERFEE R R
1 D

LL{G L/60 L/30

L

Fig. 18 2D bridge geometry and boundary conditions, L = 180 m
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ohm = 3.5 MPa,

Design with w = 0.5

5

@® t o
Olim /Jlilll —

TP,

ARSI WL o

TP,

-1
Design with w = 0.5
O—ltim =35 MPa, o—lcim/o—ltim = X
1
N\ \\ . / / 2 0
\ / -1
Design with w = 0.5
o—ltim =35 I\APZ%‘ O—lcim/o—fim =10
1

\\\\_\ L z /_//// 0

-1
Design with w = 0.5
O—ltim =35 MPa, o—lcim/o—ltim =0
1
S\ \\_/ yaws. 0
\ / -1
Design with w = 0.5
o—ltim =5 NIPB” O—lcim/o—ltim =1
1
0
-1

Design with w = 0.5

ot = 8 MPa,

c t _
JliIIl/UliHl =1 J

Q/‘\\ )

Fig. 19 2D bridge designs (left) and largest principal stress fields
(right) for various tensile stress limits, o), ~and compressive-to-
tensile stress limit ratio, o}, /o . The largest principal stress ratio

stress, o3, the additional constraints are augmented in a simi-
lar manner to the maximum principal stress constraints in
which Eq. (9) is replaced with A; = —GJs/aﬁm — 1, corre-
sponding to a lower bound. The domain geometry and
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in magnitude is illustrated with the correct
sion max (|5}],152]) - sign(G} +53), where

3 _ c
6, =Es0,/0p,

sign via the expres-

=1 _ 1/t
6,=E,0, /o, and

boundary conditions are shown in Fig. 18. The bridge is
loaded with a uniformly distributed load of magnitude
P =5 x 10° kN applied over the surface of the deck. Moreo-
ver, the domain is discretized using 97,200 regular Q4
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Design with w = 0.5
O = 8 MPa

V4

\\ -1

Fig.20 2D bridge design (left) and von Mises stress field (right) for o}, = 8 MPa

elements. The bridge is made of a linear elastic material with
Young’s modulus, E, = 27.5 GPa, and Poisson’s ratio and
vy = 0.2. For this example, we assume different values of the
stress limits in tension (al’im) and compression (o}, ) to eval-
uate their effect on the optimized designs. All results are
obtained using a constant weighting parameter of w = 0.5
and a filter radius of R = 2.5.

The results for three different compression-to-tension
stress limit ratios (o}, /oy, ) and three different stress limits
are presented in Fig. 19. Here we wish to highlight a few
important observations. First and foremost, the results with
a stress limit ratio of 10 and those without a compressive
stress limit are identical. Since the materials we consider
(e.g., ceramics, concrete, etc.) typically have a compressive
stress limit that is much higher than the tensile stress limit,
these results illustrate the justification for not including con-
straints on the minimum principal stress in the main body
of this work. In the vast majority of cases the compressive
stress constraints would not be active and, consequently,
would have little to no effect on the optimized designs.
However, for completeness, we also provide the results cor-
responding to an identical stress limit in tension and com-
pression. In this case, the observed significant change in
optimized topology is expected. If the designer wishes to
consider a material with a compressive stress limit close in
magnitude to its tensile stress limit, then this extension may
be useful. Secondly, we note that reducing the tensile stress
limit with a stress limit ratio of 10 or greater has removed
the under-truss that otherwise develops in an effort to reduce
the number of structural members subject to tensile loading.
However, reducing the stress limit with a stress limit ratio
of 1 does not remove the under-truss from the optimized
design, which is likely due to the approximate symmetry of
the boundary value problem and stress constraints. Finally,
a von Mises stress-constrained result is also provided in
Fig. 20 for comparison with the last result shown in Fig. 19,
corresponding to equal principal stress limits in tension and
compression. As expected, the two optimized designs are
quite similar reflecting the tension/compression symmetry
of the imposed stress constraints.

Each design example shown in Figs. 19 and 20 required
approximately 9 minutes running on a desktop with an

Intel(R) Core(TM) 19-10900K CPU @ 3.70GHz and 64GB
of RAM.

Appendix 4: Nomenclature

E, Young’s modulus of solid material

JB(z,u) Augmented Lagrangian function at the k-th
sub-problem

N Number of elements in the finite element
mesh

R Filter radius

f(z,u) Aggregate objective function

gs(z,u) Stress constraint of element #

hy(z,u) Modified stress constraint of element £ for
the AL method with inequality constraints

p SIMP penalization parameter

q Nonlinear filter exponent

a Parameter used to update the penalty factor,
,U(k)

p Parameter used to control the aggressiveness
of the threshold projection function

fl Threshold density value used in the thresh-
old projection function

€ Ersatz stiffness parameter

/1(;) Lagrange multiplier estimator of element £
for the k-th AL sub-problem

u® Quadratic penalty factor for the k-th AL
sub-problem

Yo Poisson’s ratio of solid material

a; First principal stress at the centroid of ele-
ment £

Olim Material first principal stress limit

v Matrix used to obtain J, stress invariant in
Voigt notation

A={Q, 1}’ , Vector of element areas (2D) or element vol-
umes (3D)

B, Strain—displacement matrix at the centroid
of element 7

D, Material moduli matrix for solid material

E = my(y) Vector of element stiffness parameters

@ Springer



254 Page 20 of 21

0. Giraldo-Londoio et al.

K Global stiffness matrix
P Filter matrix
A\

f

= my(y) Vector of element volume fractions

Global force vector

k, Stiffness matrix of element £
Global displacement vector

u, Displacement vector of element ¢

y=Pz Vector of filtered densities

z Vector of design variables

& Adjoint vector
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