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Supporting Information Text

Here we present all the details of the concepts presented in the main text. The presentation is detailed to make sure that all
the results are reproduceable or generalizable, e.g. generalization of frustration mechanisms with linear springs to those with
nonlinear springs.

1. Details of Theoretical Formulation

The total elastic energy expression for the geometrically frustrated Kresling origami cell, Ugy (u;' ), includes two parts. The
rst part is the energy from the spring mechanism, Uy (u;' ), which introduces frustration by prestressing. The second part is
the energy of the standard Kresling origami cell, U(u;' ). Therefore, we have:

Ui (U;' ) = Uspr(U;I )+ U(u;') (1]

where two independent variables, u and ' , represent the axial displacement (change in the cell height) and the twist angle
(relative rotation between the top and bottom faces of the cell). These variables describe the folding and unfolding process,
as shown in Fig. S1. In the following paragraphs, we present the detailed formulation of the standard Kresling cell and four
di erent frustrated mechanism systems.

Fig. S1. lllustration of the parameters in the standard Kresling origami cell. Schematics of the (A) deployed and (B) folded con gurations with geometric parameters and
vertices description. The rst row shows the top view, and the second row shows a perspective view. The elastic energy is described by the ve-term model ( b, ¢, a1, b, ¢)of
Ref. (1). Figure reproduced from Ref. (1).

Standard Kresling cell. The geometry of the standard n-gon Kresling cell is de ned by three intrinsic parameters: r, hioed ,
and . Here, r is the radius of the circumscribed circle of polygon, higea is the height of the cell in the folded state, and
o is the initial relative angle between the top and bottom polygons in the deployed state. Figure S1 shows the geometric
parameters of Kresling cell. We de ne a as the length of the crease between the top/bottom polygon and the side panels.
The parameters b and c are the length of mountain and valley creases connecting two adjacent side panels, respectively. The
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dihedral angle between the top/bottom polygon and the side panels is denoted by .. The angles , and . represent the
dihedral angles between adjacent side panels along the mountain and valley creases, respectively. The subscript "0' refers to the
initial con guration, i.e., deployed state. The expressions of these geometric parameters (see Fig. S1) are given as follows ():

ap=a=2rsin(=n); [2]

=" h§ +4r2sin® ( 0=2); b(u;" ) = P (ho u)?+4r2sin?(=2+ o=2); [3]

cozphg+4rzsin2(0:2+ =n); c(u;' )= p(ho u)2+4r2sin('= 2+ =2+ =n); [4]
ho (ho u)

a0 = arctan

a(u;' ) = arctan

(5]

2rsin( 0=2+ =n)sin( o=2); 2rsin('=2+ ¢=2+ =n)sin('=2+ 0:2);
hicos(o+2 =n) r2[cos(o+ =n) cos(=n)]?

= arccos ;
bo ha+ r2[cos(o+ =n) cos(=n)]?

(6]
N (ho u)’cos( + o+2=n) r?cos( + o+ =n) cos(=n)]*
p(u;' ) = arccos (ho u)2+r2[cos( + o+ =n) cos(=n)]? ;

hicos o r?[cos(o+ =n) cos(=n)]?.
h2+r2[cos(o+ =n) cos(=n)]2 '

0 = arccos
[7]
(ho u)®cos( + o) r?[cos( + o+ =n) cos(=n)]?.

o(w’ )= arccos (ho u)Z+r2[cos( + o+ =n) cos(=n)]?

We assume that the creases connected to the top and bottom polygons cannot deform, soap = a, as they are constrained by
sti er top/bottom plates (they do not deform) . Then, the elastic energy of the Kresling cell is expressed by the ve-term
expression as (1):

UG )= Joken (05" ) B)® + Znekse (c(u’ ) o)
¥ ;nakna( AU a0)? %nbkr;b( b(U')  bo)2 %nckm( dU) ) 8]

Here, na, np, and n. are the numbers of edge, mountain and valley creases, respectively;kspy and ksp are the stretching
sti nesses of the mountain and valley creases; andk:a , K., and krc the rotational sti nesses of the edge, mountain, and valley
creases, respectively. Table S1 lists the representative values of the parameters used in the theoretical analysis. The sti ness
parameters are taken from Ref. (1).

Table S1. Geometrical and mechanical parameters of Kresling origami cell.

Parameter Value
r (mm) 30
ho (mm) 46.95
o (deg) 15

Na 12

Np 6

Nc 6
Ks:p (N/mm) 0.32

Ks:c (N/mm) 3.18
Kra (N mm/rad) 0.16
Ko (N mm/rad) 0.26
Krc (N mm/rad) 0.32

Global stretch model. The global stretch model is created by adding a prestressed spring along the central axis of the standard
origami cell. To describe the mechanical behavior of the frustrated Kresling cell, we use the following expression for the spring
energy term:

Uspr (U;' ) = %ks;e( e U)z; [9]
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where ks Sti ness of the spring element and "¢ the stretching length. By substituting Egs. 8 and 9 into Eq. 1, we obtain the
following expression for the total elastic energy of the global stretch model:

Ur (" ) = %ks;e( W u)+ %nbks;b(b(u;') bo)? + %ncks;c(c(u;') c)?

1 1 1
+ SNaka (a(u;") ao)2+5nbkr;b(b(u;') bo)2+§nckm(c(u;') c0)’: [10]

Since the folding of the Kresling cell can be activated by either an axial force F or a torque T, the work done by these external
loads is given by:
Z Z
W(u;"' )= Fdu+ Td" [11]

Then, the total potential energy of the frustrated cell, ( u;' ), can be expressed as:
(u'" )= U (u;" ) W(u;'): [12]

Considering that ( u;' ) is a function of two independent variables, u and ' , the equilibrium condition is obtained from the
principle of minimum total potential energy:

@ @
— =0; - = 0: 13
e % @ 13l
Equation 13 gives the condition for free-rotation and free-translation, which are expressed as:
@ (u;')
——1 - =0; 14
@I [ ]
and
@ (u;")
—— = =0: 15
@u [15]

respectively.

The energy formulation in Eq. 9, shows that, for a given stiness ks, the energy contribution from the prestressed spring
can be tuned by adjusting “e. We refer to cases with negative “<=um ratios as negative prestressing modes. In these cases,
the spring remains contracted during the folding of the origami cell. The energy U (u;' ) of the frustrated Kresling cell in
the negative mode is calculated using Eq. 10. In contrast, positive prestressing modes correspond to positive “¢=un ratios.
Here, the spring tends to return to its original length as the cell folds, meaning that (e u) approaches zero. Based on the
relationship between "¢ and u, we de ne the following expression for the energy of the positive global stretch model:

oy Uspr (U;" )+ U(u;" ); u <
Utu (u;" ) = u(u;'); u> el [16]

By substituting the loading conditions of free rotation (Eq. 14) or free-translation (Eg. 15) into the energy expressions (Egs. 10
and 16), we obtain a relationship between Uy, and u or ' , respectively. These relationships are illustrated in Fig. 2B.
Moreover, we observe that the curves, Uy, versusu, and Ug, versus' , in Fig. 2B exhibit three stationary points. These
points are determined by solving the two conditions in Egs. 14 and 15. The stationary points, (u';' "), (e;'e), and (u";' "),
correspond to the three energy quantities. They are base energy of the rst stable state, U}, , the maximum energy between

stable states, Unmax , and the base energy of the second stable stateJ;, , respectively. Thus, 6energy terms are given by:

Uflru = Umy (UI ;' l); Umax Un (8 '€); Uflrlu = Uy (U“ ;! . ): [17]

Then, we de ne the energy barrier, U, as:

Ui = Umax Uflru: [18]

Table S2 (rows GS1-4) shows the energy terms of global stretch model along with the corresponding values ofu and ' for
di erent values of "¢ and a given sti ness kse. Compared to the standard Kresling cell shown in row “O', the base energy
of the rst stable state, U}, , is not zero in either the negative or positive prestress modes. However, the base energy of the
second stable state,U;, , behaves di erently depending on the mode. In the negative prestress mode, U;!, always increases (see
row “GS2'). As this energy increases, the frustrated Kresling cell changes from bistable to monostable (see rows "GS1' and
"GS2Y). In the positive mode, the base energy of the second stable state either increases (row "GS4') or stays the same (row
"GS3') depending on the value of . Additionally, the energy barrier, Uy , always decreases as e increases.
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Table S2. Geometrical and mechanical parameters of frustrated models (global stretch, global rotation, and crease stretch) in Fig. 2.

Model  Kkse (N/mm) Ye=Um kre (N mm/rad) e='m U, md) u'=un =g U, md)  u" =up = Uty (MJ)
(e} - - - - 0 0 0 11.249 0.862 0.971 31.317
GS1* 0.03 -0.6 - - 11.583 -0.016 -0.026 n/a n/a n/a n/a
GS2 0.03 -0.3 - - 2.894 -0.008 -0.014 47.462 0.641 0.813 45.668
GS3 0.03 0.5 - - 8.018 0.016 0.026 11.249 0.862 0.971 23.850
GS4 0.03 1 - - 32.006 0.034 0.056 11.698 0.904 0.985 13.505
GR1* - - 18 -1 21.038 -0.028 -0.051 n/a n/a n/a n/a
GR2 - - 18 -0.5 5.252 -0.015 -0.027 55.870 0.695 0.847 52.296
GR3 - — 18 0.6 7.531 0.020 0.036 11.249 0.862 0.971 23.787
GR4 - - 18 1.2 30.024 0.045 0.078 12.357 0.883 0.982 12.341
CSs1 0.08 -0.12 - — 3.397 -0.017 -0.029 15.163 0.899 1.000 40.908
CS2 0.08 -0.06 - - 0.849 -0.009 -0.014 12.365 0.883 0.987 37.424
CS3 0.08 0.3 - — 21.240 0.049 0.075 31.171 0.768 0.892 20.071
Cs4 0.08 0.6 - — 85.010 0.107 0.159 93.148 0.651 0.785 10.255

* In these models, the 2" stable state is not available.

Substituting Egs. 10 and 12 into Eq. 13, yields the expressions for the axial force, F, and torque, T, as follows:

Fu' )= @uu@(lil;l )
= kel e W mkaa(u ) ) EE ) nee (o) ) @H) [19]
+ Nakea ((a(u;') aO)% + NpKrp ( b(U;" ) bo)% + Nekre ( c(u;") co)%;
with loading conditions expressed by Eq. 14, and
T(u')= 7@%@;9;' )
= neken (o) ) ZH s nakeetu ) ) EE 4 naka () a0 B2 [20]
e ok (o0i7) ) 22 ke (e(u) ) B

with loading conditions expressed by Eq. 15.

Global rotation model. The global rotation model is obtained by adding a torsional spring whose center of rotation is located at
the center of the standard origami cell. The energy associated with the prestressed spring, Uspyr (U; ' ), is expressed in terms of
the spring sti ness k. and the rotation angle e as follows:

-1

2.
2kr;e( e ) ’ [21]

Uspr (U;" )

Substituting Egs. 8 and 21 into Eq. 1, we can write the total elastic energy, Uy (U;' ), of the global rotation frustrated cell as
follows:

Uy (u;' ) = 1kr;e( e )2 + %nbks;b(b(u;' ) b0)2 + %ncks;c (c(u;") 00)2

2
1 . 2, 1 . 2, 1 . 2
+ énakr;a( a(u;') a0)” + énbkr;b( p(u;" ) o) + énckr;c( c(u;') c0)’: [22]

Similar to the global stretch model, the energy expression for the global rotation model shows that, for a given sti ness
ki.e , the energy terms can be tuned by varying . In the negative prestressing mode, where ="', is negative (with '
being the maximum twist angle), the spring remains deformed throughout the folding of the origami cell. As a result, the total
elastic energy of the frustrated Kresling, Uy (U;' ), is given by Eq. 22. In contrast, in the positive prestressing mode (positive

= m) the spring tends to return to its original rotation angle during folding. In this case, theterm ( ¢ ') approaches
zero when the origami cell is folded. This behavior requires a modi ed energy expression based on the relationship between

e and ' , as follows:

Uspr (U;" )+ U(u;" ), es

Uiy (U;" ) = 23
 (57) uu;'); "> ol 23]
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The relationship between Uy, and u is evaluated using Egs. 22 and 23 under the loading condition given in Eq. 14, while
the relationship between Uy, and ' is obtained using the same equations with the loading condition in Eq. 15. The results
corresponds to the curves shown in Fig. 2E.

Table S2 (rows GR1-4) shows the energy terms of global rotation model along with the corresponding values of u and ' for
di erent values of e and a given stiness ke . Compared to the standard Kresling cell shown in row "O', the base energy
of the rst stable state, Uy, , is not zero in either the negative or positive prestress modes. However, the base energy of the
second stable state,U;, , behaves di erently depending on the mode. In the negative prestress mode, U}, always increases (see
row "GR2'"), excluding the monostable model "GR1. In the positive mode, the base energy of the second stable state either
increases (row "GR4') or stays the same (row "GR3') depending on the value of . Additionally, the energy barrier, Ut
always decreases as . increases.

Based on the above energy formulations, the expressions for the axial forceF and torque T are given as follows:

Sy — @, (U;I )
F(u")= T a@u
= nokes (B(U;' ) ko) b“ ) 4 nekso (c(u;" ) cg)@%’u ) 4 nakea ( a(u;" ) ao)% [24]
+ nbkr;b( b(u;I ) bo)% + nckr;c( C(U;' ) CO)%;
with free-rotating loading condition, Eq. 14, and
T(u')= 7@%@9;' )
= ke e )+ noken(ui) ) EE D ncke (o) o) 2ET (25]
#akea () w022 4y (o) ) 2D s ke (i) o) Do),

@ @ @

with free-translating loading condition, Eq. 15.
Crease stretch model (local). This model assumes that prestressed springs introducing frustration into the Kresling cell are

assumed to be aligned with the mountain ("'b) and valley (" c') creases. The energy associated with the prestressed spring,
Uspr (U; '), is given by:

1 . 1 N
Uspr (U;" ) = Ene;b Ksep (B(u;" ) o+ e;b)2 + Ene;c Ksec (C(u;") Co+ e;c)z; [26]

where ne;i, Kseii , and "¢ (i = b and c¢) are the number, sti ness, and stretching length of the spring element along the
mountain (" b) and valley (" c) creases, respectively. Based on Eq. 26, the total elastic energyUs, (u;' ) of the crease (local)
stretch model is expressed as follows:

Un (U;" ) = %ne;bks;e;b (b(u;") o+ ‘e;b)z + %ne;cks;e;c (c(u;") co+ ‘e;c)z + %nka;b(b(U:' ) b0)2

}nckr;c( c(u;') 00)2: [27]

1
npkep (bW ) bo)? 5

1 1
+ Zncksc (C(U;" ) €)%+ SNakea (a(U;' )  a0)?+ 5

2 2

Based on the above energy formulations, the expressions for the axial forceF and torque T are given as follows:

F(U;' ): %

= ne:bks:e:b (du;' ) by + ‘eib) @%1; ) + Nec ks;e;c (C(U;I ) Co + \e;c) @()é,l:l )

+ Npksp (B(U;" ) o) @CU ) + NeKsie (c(u; ') Co)% + Nakra ((a(U;") aO)% [28]
+ Nokeo (o(U5") bo)w + Nekre (c(U;') cO)M-

@u @u '’

6 of 25 Shixi Zang, Tuo Zhao, Diego Misseroni, and Glaucio H. Paulino
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with free-rotating loading condition, Eq. 14, and

T(u;' )= %

= Nepksep (B(U;") o+ ‘e;b)% + Neckserc (C(U;" ) Co+ ‘e;c)@%;ll )

+ NpKsp (D(u; ") tb)@%;ll ) + Nckse (C(U;" ) o) @%;.' ) + Nakra ((a(u;') ao)% 29]
+ Noken (o(Ui" ) bo)% + Nekee (c(U;") cO)MZ

@' @'
with free-translating loading condition, Eq. 15.

For the sake of manufacturing simplicity, we simplify Eqs. 26-29 by setting Ne.c =0, Nexy = Ne, Kseb = Kse, and  “ep = e
These assumptions correspond to the crease stretch model where the springs are aligned only along the mountain creases, as
shown in the schematic and plots in Fig. 2G and H. The simpli ed expressions are given as follows:

Uspr(u;I ): %neks;e(b(u;' ) by + \e)z; [30]

U (U )= Jnekse(BUi ) ot o)+ Znoken(b(ui' ) bo)? + Znckse (c(u') o)’

2
# ke (o' ) 2002+ Snokes (o(Ui') 502+ Snckee (o(Ui')  c0)?; [31]
2 ' ’ 2 ’ ’ 2 ' ’ ’
Fu )= @uuét;l )
= ﬁeks;e(lxu;l ) tb + ‘e;b)@%;;) + nbks;b(b(u;' ) b:))@%ljj) + ncksic (C(U;' ) CO) @m@llj) [32]
+ Nakea (a(U;') ao)% + Mok ( (5" ) bo)% + Nekeo (o' co)%;
and
T(u')= 7@%@9;' )
= Nekeo (B(U:' ) bo+ ‘e;b)%+ Mok (B(U;" ) bo)@%.' ) 4 nekee (c(u;" ) m)@%i' ) 3
+ Nakea (a(ui' ) ao)% + noken ( (U5 ) bo)%+ nokeo ( o(U;") co)%i

Equations 30 and 31 show that the energy terms can be tuned by varying . for a given sti ness kse. In the negative
prestressing mode, the spring in the crease stretch model remains deformed as the origami cell folds, so the total elastic energy
U (U;' ), is given by Eq. 31. In contrast, in the positive prestressing mode, the spring returns to its original length during
folding, causing the term (b(u;' ) ko + “ep) to approach zero. This behavior leads to a modi ed energy expression based on
the relationship between "¢ and j(b(u;' ) ky)j, as follows:

(
T A R A ORI L ORI o
e uu;'); jb(u;" ) hoj > e

We illustrate the relationship between Ui, and both u and ' , as obtained from Eqgs. 31 and 34 in Fig. 2H. This analysis
assumesne = np=2, and uses the loading conditions given in Egs. 14 and 15.

Table S2 (rows CS1-4) presents the energy terms of the crease (local) stretch model, along with the corresponding values of
u and ' , calculated for various "¢ and a xed stiness kse. Unlike the global prestressed models, the base energy of the two
stable states, U}, and U;!, increases in both negative (rows "CS1' and “CS2') and positive (rows "CS3' and “CS4') prestressing

modes. On the other hand, the energy barrier, Us, , always decreases as e increases.

Shixi Zang, Tuo Zhao, Diego Misseroni, and Glaucio H. Paulino 7 of 25
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Crease rotation model (local). The crease (local) rotation model assumes that prestressed torsional springs, which introduce
frustration into the Kresling cell, are inserted along the creases. The elastic energy Usy (u;' ) associated with these springs is
given by:

X1 ;
Uspr (U;' ) = Ene;i Krei (i(u;") iot i) [35]

i=a; b c

where ne;i, Kreii , @and ¢ (i = a; b; and c) are the number, sti ness, and rotating angles of the spring element placed along
the top/bottom (* a'), mountain (" b) and valley (" ') creases, respectively. Based on Eq. 35, the total elastic energyUs, (u;' )
for the crease rotation model can be written as:

. X . 2, 1 . 2, 1 . 2
Ufru (U, ) = Ene;i kr;e;i ( i(U, ) io+t e;i ) + Enbks;b (b(U, ) l1)) + Encks;c (C(U, ) CO)
i=a; b; c
1 ' 2 1 ' 2 1 ' 2
+ énakr;a( a(u;') a0)” + énbkr;b( p(U;" ) o) + inckr:c( c(u;') c0)”: [36]

As with the previously analyzed frustrating models, the expressions for axial force F and torque T are derived based on the
principle of minimum total potential energy, as follows:

P = Sl
= i:jb; C Neji Krei (i(u;') ot e;i)%+ Npksp (b(U;* ) bo)% [37]
+ Nekse (c(U;' ) m)% + Nakea (a(U;') ao)% + Nokes ( b(U:" ) bo)%
+ Nokee (e(u;") co)%;

and

T )= SRl
= i:b; C Neji Kreii (1(U;") o+ e;i)%+ Npks:p (b(u;" ) bo)% [38]
+ nekse (o(u;") 00)@%;,' ) 4 Nakea (a(u;') ao)% + Nokes ( o(U:") bo)%

@c(u;")

+ Nekre (c(u;') cO)T:
Here, we perform a theoretical analysis of the crease (local) rotation model using the example shown in Fig. S2A, where the
torsional springs are placed only along the top and bottom creases (a'). Under this assumption, ne = n,, allowing Egs. 35-38
to be simpli ed as:

Uspr (U;' ) = %nekr;e( a(u;') ao t e)z; [39]

Ut (U;" ) = }nekr;e( a(u;") a0+ e)2 + %nbks;b(uU;' ) tb)z + %ncks:c (c(u;' ) C0)2

2
+ Znakia (aU’ ) a0)®+ 2noken (o(Ui' ) b0) + 2nckee (e(Ui') <o) [40]
F(u' )= @uu@(l:;' )
= ke () a0t )20 e kb)) EE s ko) @) @8 pay
+ Nakea (a(U") ao)% + nokes ( o(U;" ) bo)% + nekee (o(u;' ) co)%Q

8 of 25 Shixi Zang, Tuo Zhao, Diego Misseroni, and Glaucio H. Paulino
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and

T(uw')= ngl.];I )
= Nekre ( a(U;') a0+ e)%+ ks (B(U;" ) m)%+ Nokes (c(U:" ) m)% [42]
+ Nakea ( a(u;') ao)% + nokes ( (U3 ) bo)%+ ok ( o(U;" ) co)%I

Fig. S2. Theoretical model of crease (local) rotation frustrated cell. (A) Standard Kresling origami (top-middle) and two frustrated models (top-left and top-right). The left model
has six deformed torsional springs that increase the dihedral angles (negative prestress). The right model has six deformed torsional springs that decrease the dihedral angles
(positive prestress). Here, ¢ denotes the rotating angle of the torsional spring. The symbols a0 and g, #, denote the dihedral angles between the top/bottom polygon and
side panels in the standard and the frustrated models, respectively. (B) Reprogrammable energy landscapes. Top: intrinsic energy landscape (black curve) versus tunable
landscapes (green curves) with the negative prestress model. Bottom: intrinsic energy landscape (black curve) versus tunable landscapes (green curves) with the positive
prestress model. Left: the elastic energy U versus the normalized axial displacement u=u , under axial loading with free-rotation. Right: the elastic energy U versus the

normalized twist angle '=" 1, under torsional loading with free-translation. (C) Continuously tunable energy barrier with the global stretch feature. Normalized length changes

of the spring e=' m versus the energy barrier U, which is de ned as the maximum energy of a frustrated model Upyax minus the energy at the rst stable state Uf',u.

Equations 39 and 40 demonstrate that the energy landscape of the crease rotation model can be tuned by varying . for a
given stiness Kre . In this model, a negative e de nes the negative prestressing mode, which corresponds to deploying the
Kresling origami cell and increasing its dihedral angles. In this mode, the torsional spring remains deformed during folding,
so the total elastic energy Uy (U;' ) is given by Eq. 40. In contrast, the positive prestressing mode is de ned by a positive

e, Which corresponds to folding the origami cell and decreasing the dihedral angles. In this case, as the cell folds, the
spring returns to its original rotation angle, causing the term ( a(u;" ) a0+ ) to approach zero. As a result, the energy
expression is modi ed based on the relationship between ¢ andj a(u;' )  aoj, as follows:

U (U5 ) = Uspr (U;" )+ UU;" )5 Ja(u") a0 e 3]
T vy PaU')  wi> e

The relationship between Uy, and both u and ' , as obtained from Egs. 40 and 43, are shown in Fig. S2B.

Table S3 shows the energy terms of the crease (local) rotation model, with the corresponding u and ' calculated for various

e values and a given sti ness ke . For the rst stable state, the base energy U}, is non-zero in both negative and positive
prestressing modes, unlike the standard Kresling cell shown in row "O. However, the base energy of the second stable state,
Ui, , behaves di erently depending on the prestressing mode. In the negative prestressing mode, this energy is not reported
for model "CR1' because the increasing energy causes the Kresling origami cell to switch from bistable to monostable. A
comparison between models "O' and "CR2' further shows that U}, always increases in the negative mode. In the positive
prestressing mode, the base energy at the second stable state can either increase (row "CR4'") or remain unchanged (row "CR3'),
depending on the value of .. Additionally, the last column of Table S3 shows that the energy barrier Ury consistently

decreases as . increases.

2. Nonlinear Spring Model

The formulations described above are based on a linear spring model, whereks.e or k... are constant. In this section, we extend
the theoretical analysis of the four frustrated mechanism systems presented earlier by introducing nonlinear springs, and we
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Table S3. Geometrical and mechanical parameters of frustrated model (crease rotation) in Fig. S2

Model  Kkre (N mmirad) e="m U, (mJ)  u'=up B ug, md)  u=u, Mg Uty (MJ)
(e} - - 0 0 0 11.249 0.862 0.971 31.317
CR1* 5 -0.5 9.061 -0.012 -0.021 n/a n/a n/a n/a
CR2 5 -0.25 2.263 -0.006 -0.011 50.315 0.660 0.827 48.762
CR3 5 0.5 9.026 0.015 0.026 11.249 0.862 0.971 22.292
CR4 5 1 35.995 0.035 0.060 11.977 0.902 0.985 10.270

* In this model, the 2™ stable state is not available.

present the general expressions for the nonlinear frustrated Kresling origami structure.

Global stretch model (nonlinear).  In this frustration model, the spring force displacement relationship is de ned as Pgs = Pgs(e),
where Pgys is the axial force and "¢ is the current length of the spring. The spring length is given by "¢ = ;0 + X, Where “¢;0 is
the rest length and x the spring deformation. When the nonlinear spring is incorporated into the global stretch model, the
deformation is dened as x = "¢ U, with u being the axial displacement of the Kresling cell. As a result, the relationship
between the spring axial force Pys and the displacement u is expressed as:

Pgs = Pgs(Ceo + e U): [44]

Based on Eq. 44, the elastic energy of the spring,Usyr (u;" ), is given by (cf. Eq. 9 for the linear case):

Z—
Uspr (U;" ) =sgn( “e U) Pgs(Te;0 + X)dx: [45]
0

By substituting Eqgs. 45 and 8 into Eq. 1, the total elastic energy of the nonlinear global stretch model, Uz, (U;' ), is
obtained as:

Z .
. o 1 1
Uiw (U;" )=sgn( e U) Pgs( e0 t X)dx + Enbks;b(lxu;I ) kb)z + Encks;c (c(u;") C0)2
0

1 1 1
+ Enakr;a( a(u;") a0)2+ Enbkr;b( b(u;" ) bO)2 + Enckr;c( c(u;') 60)2 [46]

which can be compared with the equivalent expression for frustration induced by a linear spring, Eq. 10.

We derive the axial force and torque by substituting Eq. 46 into the expressions @, (u;' )=@uand @4, (u;' )=@". The
resulting expression for the axial force F (u;' ) is given as:

F(u' )= @uuétllj;' )
= sgn( e WPg(eo+ e U)+ Noksp(b(u;') bo)%+ Nekse (C(u3" ) %)% [47]
+ Nakea (a(U") ao)%mbkr;b(b(u;') bo)%mckm(c(u;') co)%;

while the torque, T(u;' ), is evaluated by Eq. 20.

Here, we present an example of a nonlinear frustrated model that includes a conical spring placed inside the origami structure
and aligned with its central axis (Fig. S3A). The nonlinear force displacement behavior Pgs("e) of the conical spring (2) is
given by:

8
2 KR(\e;O ‘e); e 2 [\e;T;‘e;O];
Pgs(Ce) = h h IR IPTPI 48
wle) 2(Ki=2)¥2 1 1 21 1+Ky(K? =2 i e2[es) et 48l
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where

a Gd* ] B Kz _ Ks.
Kr = 2NA (D2 + D2)(D; + D)’ Ki=Ke 350 Ke=
( 2 3 1:2) =2 2 4
Ka K K2 K7 Teot e 2D7Na
Kg= —24+ D24 4 D2 © O Ky= L e0T e .og - 1WA 4
3 16 16 3 ron Ks © "°T  Gd*(D, Dy’ [491
3 Gd* (A g)t 7 o D, . .
K . K+ = - c - A= X N:d:
6 80, D1 N ; 7=(a S)D2 D, oA 0 id;
n h i0 .= . .
. 1 =2 . : s)(D?+ D3)Y(D,;+ D
e = max 0' (NAd)2 Z (D2 Dl)z : T = e ( eA E,S)( 41.D3 2)( 1 2) :
2

Based on the design parameters D1, D2, d, “e.0, Ni, Na, and G) listed in Table S4, we compare the linear and nonlinear global
stretch models in Fig. S3B. The results show that the energy landscape is in uenced by the nonlinear prestressed spring (orange
dashed line), with the base energy of both stable states increasing. The main di erence between the linear (blue line) and

nonlinear models emerges near the second stable state, due to the variation in axial forcePgs at large stretching lengths ..

Fig. S3. Frustrated model with nonlinear spring. (A) Global stretch model with a conical spring. Here, ho denotes the height of the standard Kresling cell, h¢, is the height of
the frustrated cell, and ug is the height difference. (B) Reprogrammable energy landscapes achieved by conical and linear springs. Left: the elastic energy U versus the
normalized axial displacement u=u , under axial loading with free-rotation. Right: the elastic energy U versus the normalized twist angle '=" , under torsional loading with
free-translation. (C) Mechanical response of conical and linear springs Py versus deformed length  "¢.

Table S4. Geometrical and mechanical parameters of the conical spring.

Parameter  Value

D1 (mm) 9
D2 (mm) 15
d (mm) 1
“e:0 (Mm) 75
N; 1.5
NA 7

G (MPa) 2000

Global rotation model (nonlinear).  In this frustration model, the spring torque rotation relationship is dened as Ty = Tg ( e),
where Ty is the torque and . is the current rotation of the spring. The spring rotation is given by ¢ = ¢0+ X, Where ¢ is
the rest angle and x the spring deformation. When the nonlinear spring is incorporated into the global rotation model, the
deformation is de ned as x = e ', with ' being the rotation of the Kresling cell. As a result, the relationship between the
torque Ty and the rotation ' is expressed as:

Tor = Tgr( e0 + e ) [50]
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Based on Eq. 50, the elastic energy of the nonlinear torsional spring is expressed as (cf. Eq. 21 for the linear case):

Z .
Uspr (Ui ) =sgn( e ") Tor (g0 + x)dx: [51]
0

By combining the energy expression of the nonlinear spring, Eq. 51, with that of the standard Kresling cell, Eq. 8, we obtain
the total elastic energy of the nonlinear global rotation model as follows:

z
U (U )=sgn( e ) Tor( o+ X)dx + %nbks;b(b(u;' ) )P+ %ncks;c (U’ )  co)?
0
1 . 2 1 ' 2 1 ' 2
+ Enakr;a( a(U; ) aO) + Enbkr;b( b(U; ) bo) + Enckr;c( C(U; ) cO) ) [52]

We derive the axial force and torque by substituting Eq. 52 into the expressions @y (u;' )=@uand @, (u;' )=@". The
resulting expression for the axial force is given as:

T(u;')= 7@%@;9;' )
= sgn( e ITa( w0+ o ')+ Noken(b(u') bo)@%i' )+ nokee (o(u;" ) co)% [53]
+ Nakea (a(U;") ao)%+ Nokes ( (U;" ) bo)%+ Nekee ( o(U;" ) co)%i

which can be compared with the equivalent expression for frustration induced by a linear spring, Eq. 25. Notice that, in this
case, the axial force is evaluated by the original Eq. 24

Crease stretch model (nonlinear, local). In this frustration model, the spring force displacement relationship is de ned as
Pes = Pes(Te), where Pgs is the axial force and "¢ is the current length of the spring. The spring length is given by "¢ = .0 + X,
where "o is the rest length and x is the spring deformation. When the nonlinear spring is placed along the mountain creases of
the Kresling cell, the deformation is given by x = (b(u;' ) ko + “ep), where b(u;"' ) is the current mountain crease length, by
is its initial value, and "¢y is the prestretch. Similarly, when the spring is placed along the valley creases, the deformation is
x=(c(u;') co+ “ec),wWherec(u;' ) isthe current mountain crease length, ¢ is its initial value, and "¢ is the prestretch.
As a result, the relationship between the axial force Pcs(e) and the displacement u is expressed as:

Pes(b(u;' ) o+ “ep); for mountain creases,
Pes = . [54]
Pes(c(u;') co+  “ec); for valley creases.

Thus, the elastic energy of the nonlinear spring is expressed as (cf. Eq. 26 for the linear case):

Z b(u' ) bo+ Tep
Uspr (U;" ) = Nepsgn(o(u;' ) o+ “en) Pes(Te;0 + X1)dxs
0
z c(u ) cot ec
+ Neesgn(c(u;' ) Co+  ec) Pes(Te;0 + X2)dX2: [55]
0

The total elastic energy of the nonlinear crease stretch model, Ugy (U;' ), is given by the combination of the elastic energy
stored in the nonlinear springs and the energy of the standard Kresling cell:

Z b(u' ) bo+ Tep

Ui (U;" ) = nNepsgn(d(u;’ ) o+ Tep) Pes(Teso + X)dx
0
Z c(u' ) cot+ ec 1 5
+ Neesgn(c(u;' ) Cot+  Tec) Pes(Tejo + x)dx + énbks;b(b(u;' ) ) [56]
0
1 o 2, 1 iy 2, 1 o 2, 1 o 2.
+ Encks;c(c(uf ) Co)+ Enakr;a( a(u;') a0)” + Enbkr;b( p(U;" ) o) + Enckr;c( c(u;') c0)’;
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We derive the axial force and torque by substituting Eq. 56 into the expressions @U, (u;' )=@uand @\, (u;' )=@". The
resulting expression for the axial force is given as:

Fu )= @WU@()I: )
= NeasgnOUi’) Bt Cen)PeCeot DU ) Bt e) D)
# eSO ) Gt ec)Pu(ent o(u’) ot o) T
+ npksp (b(U;" ) )@tlJ ) . Nekse (c(u;" ) co)%+ Nakra ( a(U;' ) a0 )@agu ) [57]
+ ke ( b(U;" ) bo)%+ nekee (o(ui') ) 2D,

and for the torque is given as:

T(u')= 7@%@9;' )
= Nepsgn((u;' ) o+ Tep)Pes(Ceo+ b(u;' ) o+ ‘e;b)@%;.l )
F eSO ) Gt we)Paleot oui) G0t ) D)
e k(b)) P nokee (o) @) @8 4 nk () ) @0 sy

@l
@b(U ) @c(u;" ).
—a

Crease rotation model (nonlinear, local). In this frustration model, the spring torque rotation relationship is de ned as
Ter = Tor( &), Where T is the torque and ¢ is the current rotation of the spring. The spring rotation is given by ¢ = co+ X
with ¢.0 being the rest angle and x the angular deformation. Since the torsional springs are inserted along the creases, the
spring deformation x is given by x = ( i(u;" ) io+ i) Where i(u;') is the current dihedral angle, o is the rest angle,

ei is the prestress, andi = a;b; or ¢ corresponds to edge, mountain, and valley creases, respectively. Accordingly, the
external load applied through the torsional springs is expressed as:

+ npkep ( b(u;" ) o) —=1+—— + NcKre ( c(u;' ) c0)

Te = Ta(i(U') 10+ &) i=a bjandc [59]

Thus, the elastic energy of the nonlinear spring is expressed as (cf. Eq. 35 for the linear case):

X z () ot e
Uspr (U;" ) = Ne;i sgn( i (u;" ) io+ ei ) Ter( e;0 + X)dX: [60]
0

i=a; b; c

The total elastic energy of the nonlinear crease rotation model is given by:

X Z .(u-- ) o+ B
. SRR 1 Oy, L S
Uru (U;' ) = Ne;i Ter(eo + x)dX + Enbks;b(uu; ) )+ Encks;c (c(u;" ) co)
i=a; b; c 0
1 ] 2 1 ] 2 1 o 2.
+ énakr;a( a(u;') a0)” + Enbkr;b( p(u;" ) o) + énckr:c( c(u;') c0)’; [61]

We derive the axial force and torque by substituting Eq. 61 into the expressions @, (u;' )=@uand @W, (u;' )=@". The
resulting expression for the axial force is given as:

F(u')= @u“@(l: )
X .
= Nei Ter (o + i (U;" ) io+ e;i)%wL Npkso (B(U;' ) bp) ———2 (“ )
i=a; b; c u
+ Nekse (c(u;" ) CO)% + Nakra (a(u;') ao)% [62]
+ Nokep ( p(U;" ) bo)% + Nekee (c(U;") c0 )@ (@Uu ),
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and for the torque is given as:

- i_jb;c Nei T ( o+ i(U") o+ e:i)%Jr N m)%
ke (o) ) L nakea (a(uit) a0 225 163]
el (o) m%" Nekre (o(u:") co)%:

3. Experimental Data and Error Analysis

For the experimental results in Fig. 3, the black solid curve represents the mean response obtained from ve independent tests
conducted on standard Kresling samples. The colored solid curves (red, blue, and orange) represent the mean responses from
three tests, each performed on a di erent frustrated Kresling sample with distinct prestress con gurations. The mean values of
displacement u;, rotation ' i, force F;, torque T;, and energy U; at the i-th loading step are computed as follows (3):

P.”f ul P.”f ] P."f FJ P.”f T/ P."f U/
u= 2= A2 LR 2 Lo I Loy 2 [64]
Ne ne Ne Ne Ne
whereu!, " !, F}, T! and U! are the displacement, rotation, force, torque, and energy values recorded from the j -th sample at

the i-th loading step, and n. is the number of samples used for each con guration (n =5 for the standard Kresling cell and
ne = 3 for the frustrated Kresling cell). The shaded regions around each curve represent the standard deviation of force ¢,
torque T, and energy u., across then. Kresling samples. These standard deviations are calculated as follows:

S - S . S e ——
R | T G o [ VI -
Fi — Ne l ’ T = Ne l ) Uii Ne 1 .

Additionally, since the initial displacement (or rotation) is not prescribed but rather estimated from the experimental
measurements, the initial points of the curves include error bars in both the vertical and horizontal directions, as shown in
Figs. 3B, D, and F. Speci cally, the horizontal error bars represent the standard deviation of the displacement  ; (or of the
rotation - ) at the initial loading step, i.e., i =1. These standard deviations are calculated as follows:

S S

ng o . n o
jop Jun Ulf? ‘ j2

S A
ne 1 o ne 1 [66]

4. Discussion on Differences between Theoretical Analyses and Experimental Results

The di erences between theoretical analyses and experimental results are present in all frustrated models in Fig. 3, which
stem from three primary challenges. The rst major challenge is panel buckling and bending during folding. As the Kresling
structure deforms, panels can buckle in ways that are di cult to predict theoretically. Even advanced computational methods
like nite element analysis struggle to capture this behavior accurately because buckling often occurs suddenly and can follow
multiple possible deformation paths. The second challenge involves contact interactions between panels during folding. When
di erent parts of the structure come into contact, they create complex friction forces and localized stress distributions. These
interactions are highly sensitive to small variations in alignment, material properties, and surface conditions, making them
exceptionally di cult to model with precision. The third and perhaps most signi cant challenge comes from manufacturing
imperfections. While theoretical models assume perfect adhesion between rigid surfaces, real-world samples inevitably contain
small gaps, uneven bonding, or minor misalignments. These imperfections can trigger unexpected buckling modes that diverge
from theoretical predictions. Moreover, we observe from Fig. 3 that experimental results for global frustration mechanisms
show better agreement with theory compared to crease (local) frustration cases. This di erence occurs because crease (local)
frustration is more sensitive to the imperfections and modeling challenges described above. Nevertheless, our results provide
valuable insights into the mechanics of crease-frustrated cells, particularly in understanding how frustration modi es the energy
landscape of the system.

5. Experiment on Crease (Local) Stretch Model (Positive Mode)

We develop a modular fabrication protocol to realize the local stretch model with positive prestress, incorporating spring

elements, wire connectors, 3D-printed frames, and handles (Fig. S4A). The handle is used to control the level of prestress in the

spring. The spring extension, °, depends on the handle radiusrnange and the number of interval turns n, and is de ned as:
"= n(2r handle )=12. The prestressed spring deforms the standard Kresling cell into a new equilibrium con guration, which
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has a non-zero base energy due to both the deformed origami cell and the spring. By tuning the prestress, the base energy of
the initial stable states can be controlled, as shown in Fig. S4B (top-left). In compression experiments using a free-rotating
xture, we tested two di erent spring extensions and compared them with the standard Kresling cell. The results show that

the shape of the energy landscape depends on the spring extension: greater extension leads to a higher energy barrier for the
frustrated cell. This observation is consistent with the theoretical predictions shown in Fig. S4B (bottom-left).

Fig. S4. Experiment of crease stretch frustrated model with positive prestress. (A) Top-left: illustration of axial loading with a free-rotating xture. Top-right: schematic of the
design enabling prestress along some mountain creases. Bottom-left: photo of an undeformed origami cell. Bottom-right: photo of a prestressed unit in its initial stable state. (B)
Experimental results and theoretical predictions. Top: experimental results comparing the behavior of the frustrated models with the standard origami cell. The black curve
is the mean value of ve experiments, and the grey-shaded area represents the standard deviation. The red and blue colors represent different prestress levels. Bottom:
corresponding theoretical predictions. Left: axial displacement u versus stored elastic energy U . Right: displacement versus applied forces F . The insets highlight the early
stages of the tests.

6. Non-parallel Plates in Standard Kresling Assemblies

In Movie S5, we observe that the 3D-printed plates between the cells of a standard Kresling assembly become non-parallel
during the axially constrained twist experiment. To investigate this behavior, we compare the results from Movie S5 with those
from an alternative folding path under the same loading conditions (Fig. 4), as well as with results obtained from an assembly
constructed using newly fabricated cells. Fig. S5A shows the folding path from [0 1 O] to [1 O O] for both the old and new
specimens. In the old specimen, two discs become visibly non-parallel, whereas in the new specimen, only one disc exhibits this
behavior, resulting in noticeable di erences in the corresponding torque curves. This comparison suggests that fabrication
errors are a contributing factor to the non-parallel behavior.

Additionally, we compare the results in Fig. S5A with those in Fig. S5B. In the latter case, the red cells at the bottom
remain deployed throughout the experiment, providing stable support for the yellow and blue cells above. Consequently,
non-parallel deformation is less pronounced. In contrast, the red cell in Fig. S5A remains folded during testing. Because the
folded con guration is less sti than the deployed one, it cannot adequately support the upper cells, leading to more signi cant
non-parallel deformation.

7. Fixture Selection in Experiments of Assemblies

Figure 4 shows that the folding and deploying processes of the Kresling assembly are activated by four boundary conditions,
including rotationally constrained xture, free-rotating xture, axially constrained xture, and free-translating xture. The
selection of the xture is based on three conditions: the number of cells in the assembly, the geometric chirality of the Kresling
cell, and the intrinsic coupling between axial displacement and rotation. Here, we propose three rules of choosing a xture with
illustrative examples in Fig. 4. Rule number one is that we use either free-rotating (folding path 6 and 8) or free-translating
(folding path 2 and 4) xtures to sequentially fold single cells in an array because these xtures can decouple the axial
displacement and twist of the single cell. Rule number two is that we use either rotationally constrained (folding path 1 and
7) or axially constrained xtures (folding path 3 and 5) to simultaneously fold two cells with opposite chirality in the array.
Rule number three is that we use the free-translating xture to fold a cell in a dipole (two cells with opposite chirality but same
energy barrier) in the array (folding path 2 and 4). In summary, the complex, coupled kinematics of the Kresling structure
makes the folding process highly sensitive to the end conditions. As such, precise control over the folding sequence (enabled by
the correct xture setup) is essential when using Kresling cells in applications that rely on predictable and programmable
mechanical responses.
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Fig. S5. lllustration of non-parallel plates in standard Kresling assemblies. (A) Folding path from [0 1 O] to [1 0 0] performed using both old and newly fabricated specimens.
Snapshots of the old specimen correspond to 2:01-2:10 minutes in Supplementary Video 5. (B) Folding path from [0 1 1] to [1 0 1] achieved with the old and new specimens.

8. Energy Landscape of Kresling Arrays

Figures S6 and S7 show the energy landscapes of the non-frustrated and frustrated Kresling arrays, respectively. The energy
landscape of the non-frustrated arrays is computed using the following formulation:

x xX
Uexp, F = (Uexp 0+l Uexp ;i 1)Fexp B =2; Uexp, T = (I exp ;i +1 ' exp i 1)Texp i =2, [67]
i=1 i=1

where Fexp:i, Uexp:ii, Texp:i, @nd ' exp;i represent the experimental force, axial displacement, torque, and twist angle at the i-th
loading step (with n loading steps in total), respectively. The energy of the frustrated arrays is given by:

x3 X x3 X
Uexp, F = Uty gt (Uexp i+l Uexp ;i 1)Fexp i =2, Uexp, T = Uty it (' exp;i+1 ' exp ;i 1)Texp i =2, [68]
i=1 i=1 i=1 i=1

where Uy .1, Uru o2, and Uy .3 denote the base energy at the rst stable state for the blue, yellow, and red frustrated cells,
respectively. The base energies of the cells in the frustrated Kresling array are de ned as: Usy:1 = Uny:2 = 5:46 mJ and
Uty 3 = 15:61 mJ.

9. Reprogramming Frustrated Kresling Assemblies

To demonstrate the reprogrammability enabled by the frustrated Kresling assemblies, we consider an array composed of three
frustrated cells, where the prestress level of the bottom cell is controlled via a torsional (global) spring (Fig. S8A). The markers
on the handle indicate the applied prestress level. We conduct three experiments with varying prestress conditions in the
bottom cell (Fig. S8B). Two distinct folding paths, labeled path 1 and path 2, are observed, as shown in Fig. S8B (top and
middle). Interestingly, although path 2 and path 3 follow identical folding sequences (Fig. S8B - middle and bottom), their
corresponding energy landscapes and torque twist angle pro les di er signi cantly (Fig. S8C). These results con rm that both

the folding path and energy barrier of multi-cell arrays can be actively reprogrammed by adjusting the prestress con guration.
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